Intermittence en Turbulence pleinement développée et en Dynamique non linéaire by Naso, Aurore
Intermittence en Turbulence pleinement de´veloppe´e et
en Dynamique non line´aire
Aurore Naso
To cite this version:
Aurore Naso. Intermittence en Turbulence pleinement de´veloppe´e et en Dynamique non
line´aire. Dynamique des Fluides [physics.flu-dyn]. Universite´ Nice Sophia Antipolis, 2005.
Franc¸ais. <tel-00011134>
HAL Id: tel-00011134
https://tel.archives-ouvertes.fr/tel-00011134
Submitted on 30 Nov 2005
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
 
	ﬀﬂﬁﬀﬃ "!#ﬁ
$%
&' ($)*ﬀ+ﬀ
ﬀ
,-.("ﬂ0/ﬂ' 	1
243)57689:5;3)<=57>-?@68
A
3CBD8CEF3)8CGIHﬀ5JEFK'?JLM8CEN<O?@68CGP8Q<SR:TFTF6DBUWVFX)8CG
Y[Z]\_^a`
TF>=X)G=8)EW<=XC8bTc57Vd>P57ed<-8)EFB>P6D8f<-Bg<->=8:KF8
hjiPkﬀl%mnIopmq]rskutvmq:kcmw
rsxbykutvz|{}t~l%yf*Pw;tvsn:m
T'?J>
%Ł%1
IM JSI#  0:0 N+j# ¡j Na;0+ +1
¢£¥¤
a N¦§¡¡
£
 M + ¨ ©ª«§ ;¬p0 0¦1  N;
£
«­7f
A
5JVd<-8)E;Vd86D8¯®°Ed5±J8CL#ed>=8³²J´7´Nµ#¶+·µ@¸
¹»º¼½
¾¿
¾
?J>=3ÁÀv2ﬂ<-BD8CEFEd8³Â
	 ﬃ' Ã
?@TFTc5J>Ä<-8)VF>
¾¿ﬀÅ
VFÆ7Vd8CG¯Ç
ﬃ F Ã
?@TFTc5J>Ä<-8)VF>
¾¿
È
8É?JE%ÀËÊ57VFBGSÌ

(
	 Í
>=XCGÄBKF8)EN<
¾¿
È
8É?JE%ÀËH'>-?JEFÎ)57BGSÏ
ﬂ ÐÑ
?@L°BDE'?@<-8)VF>
¾
L°8
¿'Å
X)6ÒCEd8ÓÏ
ﬂ$;;  ÐÑ
?@L°BDE'?@<-8)VF>
¾¿
R:6?@BEÔÏ
(Õ¯	
9:B>Ä8C3Q<-8CVd>SKd8ÖP¸dÒCG=8
¶Ó6Ø×
,-.(p/ﬂ' 	1
 
	 ﬀﬀ	
 ﬂﬁﬀ
	
   	
 


8Q<=<-8¯<=¸FÒCGÄ8b8)GÄ<S68¯>ÄXCG=Vd6D<O? < KF8¯<->=5JBG ?JEFEdXC8CGSKF8¯<->=?É±J?@B6»¶¥6Ø×ËEFG}<-BD<=Vd<S57E ÊBDEFXÉ?JBD>=8fKd8
SB3C8
¿
È
8<=B8CEdG¥¶­>=8CLM8C>Ä3CBD8C>³<=57Vd<¥T'?J>}<-BD3CVF6DBÒC>Ä8CLM8CEN<#RI6?JBDE
Í
VFLMB>UWVFBPL × ?­KF5JEFEFX+6?­3O¸F?JEF3C8
KF8#<=>-?É±@?JB6D68)>:G=Vd>¯68ÓLM5%KFÒ)68bKFV<=X)<=>-?JÒ)KF>=8
¿
9:VF>-?@EW<3)8CG<->Ä57BG¯?@EFEFXC8)GBD64?a<-57VÄ57VF>=G ?@BD<
TF>Ä8CVd±J8sK»× VFEF8sÆJ>-?JEFKd8KFBDG=T
57EFBedB6Bg<-X4¶SL°5JE³XCÆ7?J>=K³<=57Vd<8CE#LM86?JBDG=G-?@EW<VFEF8Æ7>-?JEdKF8 6DBe
8C>}<-X
KF8#<=>-?É±@?JB6
¿
Ö>=?.±@?JBD66D8C>I¶G=8CG3ﬀJ<-X)GL × ?aTc8)>=LMBGfKu× ?JTdTF>=8)EFKF>=8Ó6D8CG¯KFBﬂﬁuX)>=8)EW<=8CG ?J3)8)<Ä<-8CGKFV
LMX)<=B8C>KF83O¸F8C>Ä3O¸F8CVF>
¿
È
8M>=8)L°8)>=3CBD8¥XCÆN?J6D8CLM8CEN<
¾
?J>Ä3QÀv2ﬂ<=B8CEdEF8ﬃ>=?J3O¸F8Q<³8Q<
Å
VFÆ7VF8)G

¸'?@<=XaT
57VF>?É±757BD>³?@3C3C8)Td<-X
K»× )<=>=86D8CGb>-?JTFT
57>}<-8CVd>=G³Kd83C8Q<=<-8°<-¸FÒ)G=8L°?JBGb?JVFGÄG=B!8)E3C8UWVFB3C57Ed3C8C>ÄEF8
Å
VdÆ7VF8CGﬀT
57VF>
6D8CG¯EF57L³eF>=8)VFG=8)GbKFBDG=3)VFG=GÄB57EFGUWVF8¥EF57VdGb?É±J57EFG8CVF8)GGÄVF>68ÓTF>Ä57eF6DÒCLM8ÓKF8¥6Ø× BEN<-8)>=LMBD<=<=8CEF3)8
GÄT'?@<-BD5@À~<=8CLMTc5J>=8C6D68
¿
9:Vd>-?JEN<s3)8)<Ä<-8I<=¸FÒCGÄ8")× ?JBﬀ8CVa6 × 5;3C3C?JG=BD57EMKF8:3)5766?Jec5J>=8C>|?É±J8C3
È
8C?JE%ÀvÊ57VdBG
¾
8CVFEdB8C>ﬀ%UWVFB
L × ?
e
8É?JVd3C57VFT ?@TFTF>=BDG³8)EpTd¸$#;GÄBUWVF8+GÄ<-?@<-BDGÄ<=BUWVF8
¿ﬂÈ
868°>=8)L°8)>=3CBD8aT
57VF>#3)8C6?%?@BEFGÄB UWVF8+T
57VF>
?É±75JB> ?J3)3C8CT%<-XKF8TF>=X)G=BKd8C> L°5JE
È
VF>&#+Kd8GÄ57Vd<=8CE'?JEd3C8
¿
È
8<-B8)EFG XCÆN?J6D8CLM8CEN< ¶ 8
Ñ
TF>ÄBLM8C> La?p>=8C3)57EFE'?@BG=G=?JEF3)8¶
Å
XC6Ò)EF8
Í
576Bg<O?JEd5"8Q<*¶
È
8C?JE%À
H'>-?@EFÎC57BDG
Í
BEN<-5JE'7UWVFB'57EN< ?J3C3)8CTd<=X KF8( ?JB>Ä8PT'?J>Ä<=B8sKd8S3)8
È
VF>&#
¿WÅ
XC6DÒCEF8 L × ?f8)E°TF?J>Ä<=B3CVd6B8)>
BDEFBD<=BXC8f?JVÔTd>=57eF6DÒCLM8¯KF86?#<-VF>ÄeFVF6D8CEF3)8¸)#;KF>Ä5%K%#;E'?@L°BDU;Vd8³¶¥6Ø× 5%3)3É?JGÄB57E KF8)GI3)57VF>ÄGSUWV»× 8C6D68
KF5JEFEF88CEÔ9
¿ Ð ¿
R
¿
+* 57VF6DK?J6DG=5Ô6B-,@8M<=5­?J3.,WEF5/* 6D8CKFÆ78
¾
BGÄ¸'?

¸d8C>Ä<0,J5.±12* ¸F5­¸F?JG³8)E'?JeF6D8CK1LM8¥<-53* 57>&, ?
 84* LM57EN<-¸FG¥BDE<-¸F8

8CEN<=8C>5 57>6I5JE'ÊBEF8C?J>
A
<-VdKFB8)G
¿"7
VF>ÓKFBDG=3CVdG=G=BD57EFGﬀ4eFVd<M?J6DG=5§L°5J>=8
Æ78)EF8C>=?J66ﬂ#L8# ±;BGÄBD<-G°BE Ê5JGaR:6?JLM57G4¸'?É±J8­ec8)8CEª±J8C>&#9 >=VdBD<0 Vd6 5J>°L8#:* 57>0,"?JEFK L8#
GÄ3CB8)EN<-B<;F3=,;Ed5* 6D8CKFÆJ8
¿
È
8>=8)L°8)>=3)B8XCÆN?@68CLM8CEN<
Í
¸FBD6BTdTc8
¾
? >~GÄG-?°8Q<

¸F>=BDGÄ<-B?JE
¾
?@<=¸FBGﬀﬀ?.±J8C3UWVFB%)× ?JB8)VÔ6 × 5;3C3C? À
GÄB57EÔKF8b3)5766?Je
57>=8)>SKdVF>-?JEN<:3C8)<Ä<-8<-¸FÒ)G=8@cTc5JVF>IEd57G:KFBDG=3)VFG=GÄB57EFGIG=VF>I6Ø× 8
Ñ
T
XC>=BD8CEF3)8³8Q<:T
57VF>
L × ?É±J57B>sTF?J>S?JB6D68CVd>=GT
8C>ÄL°BDGsK»× Vd<-BD6BDG=8C>68CVd>=G La?@3O¸FBEF8)GPKF83É?J6D3CVF6
¿
È
8 G=VFBDGﬂ?JVFGÄG=B%>=8C3)57EFE'?@BG=G=?JEN<-8¶I<-57V%<-8CG68)GT
8C>=GÄ57EFEF8)G4?É±78)3P68CGÄUWVF8C6D68CGA)× ?JB%8)V#6Ø× 5;3C3É?@G=B5JEbKF8
KFBDG=3)Vd<-8)>fKF8CG:TF>=57ed6ÒCLM8CGIUWVF8B)× ?@B>Ä8CEF3)57EN<->=X)GKFVF>-?@EW<f3C8)<Ä<-8³<=¸FÒCGÄ8@»8)E*T'?J>}<-B3)VF6BD8C>IÊB57EF8)6
C
B6!
È
8É?@E%À
Í
B8)>=>Ä8
Í
>=5.±J57GÄ<%RI6?JBDE S57VF6D68E 8Q<TF6DVFGÆ7XCEFX)>-?J6D8CLM8CEN< KF8IEd57L#eF>Ä8CV
Ñ
LM8CL#eF>Ä8CG
KFV
C
K
Ã
ÖVF>=eFVd68CEd3C8
¿
Ð
E%;'EF	Ä8<-B8)EFG¥¶*>=8)L°8)>=3CBD8C>#<=57Vd<¥T'?J>}<-BD3CVF6DBÒC>Ä8CLM8CEN<

¸F>ÄBG}<-57TF¸d8@4G-?@EFG¥U;VdBP3C8)<Ä<-8+<-¸dÒCG=8
EF8°G=8)>-?JBg<#T'?JG³3C8UWV»× 8C6D68a8)GÄ<
¿
Ë68CGÄ<#BLMTc57GÄG=BDeF68¥KF8KdX)<O?@B66D8C>B3)B<=57Vd<=8a6Ø× ?JBDKF8°UWV»× B6L × ?
?JTdTc57>}<-X)8T
57VF> LM8CEF8)>S¶MeFBD8CE 3C8<->=?.±@?JBD6
¿ﬀ¾
?MLMÒC>Ä88Q<:6DVFB»57EN<S<-57VÄ57VF>=G XQ<-Xb¶MLM8CG 3@<-XCG
K'?@EFG 68CGPLM57LM8CEN<-GPKdB<GM3CBD68CGﬀHÄ8¯68)VF>P8CE G=VdBGS¶#<-57VFG KF8)V
Ñ
BEI;'EFBLM8CEN<P>Ä8C3)57EFE'?JBDG=G=?JEN<-8
¿
    	 
 	
ﬀﬂﬁﬃ! #"%$&(')ﬃ!+*-,.%,.ﬁ0/2143 -
576 8:9<;>=?9#@.ABDCECF@HGI@KJL@.BMGI@.BNPOQCRCTSU@-OVAXWOZYMCTST[!C]\L^L_>A`;>_a^aSQJV=bBNPOQC ced
fgﬀﬂﬁﬃ! #"%$&(')ﬃ! Ih
igkjaﬁ0,Klm3.no/ﬀ(')ﬃ!p g"Eqrﬃ! 2s.1t3 f!
u
¿
·
¿
Ê8L°5;KFÒ)68
¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
²%·
u
¿
·
¿
·
¿
9B#;E'?JLMBUWVF8KF8
ρ
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿¿¿¿b¿¿b¿¿¿b¿¿b¿¿
²;·
u
¿
·
¿
²
¿
9B#;E'?JLMBUWVF8KF8
M
¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
²
u
u
¿
·
¿
u
¿[Í
>=57TF>ÄBXQ<-XCG G}<O?@<=BGÄ<=BUWVF8)GSKd8CG eF>=VdBD<-G
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
²@®
u
¿
²
¿
24UWV'?@<=B57E KF8H'5 ,$,J8C>vÀ
Í
6?@EF3.,8)<SeFBD6?JEaK»× X)EF8C>ÄÆ7B8
¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
²7µ
u
¿
u
¿
A
5J6Vd<=B57E+8)E <=8C>=LM8¯K»× BEN<-X)Æ7>-?@68CGPKd83O¸d8CLMBE
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
²wv
u
¿
®
¿ ¾
XQ<-¸F5;KF8)GIKF8>ÄXCG=5J6Vd<=B57EaÀ
Í
>=5JeF6X)La?@<=BUWVF8
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
²&x
u
¿
µ
¿
A
5J6Vd<=B57EFGKFVÔLM5;KFÒC6D8¯3É?J6D3CVF6DXC8CGPKF?JEFG 6Ø× ?JTFTF>Ä5
Ñ
BDLa? <-B5JEaKFXQ<-8C>ÄL°BDEFBG}<-8
¿¿
²&x
y
kzQ,Il`ﬃ!1D"n(')ﬃ!+ g"Eqrﬃ! 2s.1t3 /{%l|1~})/{2.ﬁ0ﬃn.'Dqr/ﬀ('4ﬃ!klm3.q'$ﬀ14/%l`lX')#"ﬀ3 i!
®
¿
·
¿
9:8)G=3)>=BT%<-B5JEÔKF86?#L°XQ<-¸F5;KF8¯8CLMTF6D5#JXC8
¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
u
·
®
¿
·
¿
·
¿[Ã
8)3O¸F8C>Ä3O¸F8³Kd86?#<->-?/Ä8C3)<=57B>Ä8¯K»× ?J3)<=B57E LMBEFBDLa?J6D8
¿¿b¿¿b¿¿¿b¿¿
u
·
®
¿
·
¿
²
¿ ¾
X)<=¸F5;KF8bKd8>ÄXCGÄ576Vd<=B57E
¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
u
²
®
¿
²
¿
Ö8CEN<O? <-BD±J8bKd8>ÄXCGÄ576Vd<=B57E+KdVÔLM5%KdÒC68:3C57LMTF68Q<
¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
u
®
®
¿
u
¿E
EF8¯±78C>ÄG=BD57EÔGÄBLMTF6Bﬂ;'XC8:KFVÔLM5;KFÒC6D8
¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
u
µ
®
¿
u
¿
·
¿
9:Xﬀ;FEFBD<=B57E
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
u
µ
®
¿
u
¿
²
¿[Í
?J>=?JLMÒ)<->Ä8CG KF86Ø× ?J6DÆ757>=Bg<-¸FLM8SK»× 5JTd<-BDL°BDG-?@<=B57E
¿b¿¿¿b¿¿b¿¿¿b¿¿
u
v
®
¿
®
¿
A
5J6Vd<=B57EFGG=8CLMBgÀ~3C6?JG=GÄBUWVF8CGPKd86?#±78C>ÄG=BD57EÔGÄBLMTF6Bﬂ;'XC8IKFV L°5;KFÒC6D8
¿¿¿b¿¿
uw
®
¿
®
¿
·
¿
Ê57BGPK»× XC3O¸d8C66D8CG
¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
uw
®
¿
®
¿
·
¿
·
¿
9:XCT
8CEdK'?JEF3)8³8CE  57EF3Q<-BD57E+KF8
α
¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
uw
®
¿
®
¿
·
¿
²
¿
9:XCT
8CEdK'?JEF3)8³8CE  57EF3Q<-BD57E+KF8
β
¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
u
x
®
¿
®
¿
·
¿
u
¿
9:XCT
8CEdK'?JEF3)8³8CE  57EF3Q<-BD57E+KF8
γ
¿¿¿¿b¿¿b¿¿¿b¿¿b¿¿
u
x
®
¿
®
¿
²
¿
H'57EF3)<=B57E KFBDGÄ<=>=BedVd<-BD57EKF8TF>Ä57e'?JeFBD6Bg<-X:KF?JEFG 68¯TF6?JE
(R,Q)
¿¿¿¿
®Wµ
®
¿
®
¿
u
¿
9:8CEdG=BD<=XCGSKF8UWV'?JEN<-Bg<-XCG K%#;E'?@L°BDU;Vd8CG K'?JEFG 6D8¯TF6?JE
(R,Q)
¿b¿¿¿¿
®Wµ
®
¿
®
¿
®
¿
9:BGÄ3CVFGÄG=BD57E
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
®

v
 
	
®
¿
µ
¿

57Ed3C6VdG=B5JE
¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
µ%·

kzQ,Il`ﬃ!1D"n(')ﬃ!+ g"Eqrﬃ! 2s.1t3pﬀ/.ﬁP"{ lm$%,.qr/+ 23 ﬁﬀ.3ﬃﬂ ﬃ!ﬀo3w  /.ﬁ71tﬃ

i
µ
¿
·
¿
9:8)G=3)>=BT%<-B5JEÔ8Q<2ÄVFGÄ<=B<;'3C?@<-BD57E KF86?#LMX)<-¸d5%KF8
¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
µ
u
µ
¿
²
¿Ã
XCGÄVF6D<-?@<-G
¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
µ7µ
µ
¿
²
¿
·
¿
H'57EF3)<=B57E KFBDGÄ<=>=BedVd<-BD57EKF8TF>Ä57e'?JeFBD6Bg<-X:KF?JEFG 68¯TF6?JE
(R,Q)
¿¿¿¿
µ"!
µ
¿
²
¿
²
¿
9:8CEdG=BD<=XCGSKF8UWV'?JEN<-Bg<-XCG K%#;E'?@L°BDU;Vd8CG K'?JEFG 6D8¯TF6?JE
(R,Q)
¿b¿¿¿¿
µ"!
µ
¿
²
¿
u
¿
Ê57BGPK»× XC3O¸d8C66D8CG
¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
µ&x
µ
¿
²
¿
u
¿
·
¿
9:XCT
8CEdK'?JEF3)8³8CE  57EF3Q<-BD57E+KF8
α
¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
µ&x
µ
¿
²
¿
u
¿
²
¿
9:XCT
8CEdK'?JEF3)8³8CE  57EF3Q<-BD57E+KF8
β
¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
µ&x
µ
¿
²
¿
u
¿
u
¿
9:XCT
8CEdK'?JEF3)8³8CE  57EF3Q<-BD57E+KF8
γ
¿¿¿¿b¿¿b¿¿¿b¿¿b¿¿
!7²
µ
¿
u
¿

57Ed3C6VdG=B5JE
¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
!
u
#g%$ 2{1 ' $w/ﬀ('4ﬃ!'&E1t/kﬂ"{ﬁ (2"{1t3..$w3 lmﬃ!"%l $n'4lm/2'D1 143.qr3.ﬀ #

!
¿
·
¿
ËEN<->Ä5%KdVF3)<=B57E
¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
!Nµ
!
¿
²
¿ ¾
XQ<-¸F5;KF8K»× X)<-VdKF8
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
! v
!
¿
u
¿Ã
XCGÄVF6D<-?@<-G
¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
!wx
!
¿
u
¿
·
¿
Ê57BGPK»× XC3O¸d8C66D8CG
¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
vJ´
!
¿
u
¿
²
¿
H'57EF3)<=B57E KFBDGÄ<=>=BedVd<-BD57EKF8TF>Ä57e'?JeFBD6Bg<-X:KF?JEFG 68¯TF6?JE
(R,Q)
¿¿¿
vJ´
!
¿
u
¿
u
¿
9:8CEdG=BD<=XCGSKF8UWV'?JEN<-Bg<-XCG K%#;E'?@L°BDU;Vd8CG K'?JEFG 6D8¯TF6?JE
(R,Q)
¿¿¿¿
v7²
!
¿
u
¿
®
¿
9:BGÄ3CVFGÄG=BD57E
¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
v7²
hg) ﬃg%$ﬀ1D"ﬀlX'4ﬃ! *!
5 56 5 SQ@KC A&=bB @ @KC S [!C G,+ JQ@.BD;.-@KC =/+V;aA`CTY YDC _ZJVS GOVS GI^eGI@10 =?C WVBM_PB2-
=?CTS GBM; SSQC Y_VC @KJZB Y YMC43 SZBMC 576
*gﬀﬂﬁﬃ! #"%$&(')ﬃ! *

8gkzQ,IlX"{1o/ﬀol 3 -2,.ﬁ 'Mqr3.no/{"ﬀ 8!
x
¿
·
¿
9:BDG=T
57G=Bg<-Bﬂ8
Ñ
TcX)>=BLM8CEN<-?J6»8)<SKFB?JÆ7>=?JL°LM8:Kd8CG TF¸'?JGÄ8CGSKFV G&#;GÄ<=ÒCLM8
¿¿¿b¿¿
xd·
x
¿
·
¿
·
¿
9:BGÄTc5JG=BD<=B<8
Ñ
T
XC>ÄBLM8CEN<O?J6
¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
xd·
x
¿
·
¿
²
¿
9:B?@Æ7>-?JLMLM8fKF8CG TF¸F?JG=8)GIKFV G&#;G}<-ÒCLM8
¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
xN²
x
¿
·
¿
u
¿
Ê?a<->-?@EFG=Bg<-B5JE­?JV*3O¸'?@57GfG=TF?@<-BD5@À~<=8CLMTc57>Ä8C6K'?JEdG¯68³>ÄXCÆ7BDL°8KF8Ó3)5@À
657EdEF8CG
¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
x
u
x
¿
·
¿
®
¿
Ê8CGSTF>=5;3C8)G=G=VdGIKF83)>=XÉ? <-B5JEFG9H VdG=B5JEFG
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
x v
x
¿
²
¿ ¾
XQ<-¸F5;KF8K»× X)<-VdKF8
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
x v
x
¿
u
¿Ã
XCGÄVF6D<-?@<-G
¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
x

x
¿
u
¿
·
¿
Ê8Ed57L#eF>Ä8Kd83)5765JEFEF8CG
¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
xwx
x
¿
u
¿
²
¿
Ê?  >=?J3)<=B57E K»× ¸d8
Ñ
? 8Q<6?aKdBGÄ<=>=BDeFVd<-BD57E­KF8)G¯KFBG}<O?JEd3C8CG8)EW<=>=8ÓTF6DVFG
TF>=5;3O¸F8)GS±J57BGÄBEFG
¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·.´N²
x
¿
u
¿
u
¿
Ê8Ed57L#eF>Ä8Kd83)>=XC?@<-BD57EFG9 VFG=BD57EFG
¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·.´wx

   
	  
x
¿
u
¿
u
¿
·
¿ 
E T'?J>=?JL°ÒQ<->Ä8¯K»× 5J>=KF>Ä8
¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·.´wx
x
¿
u
¿
u
¿
²
¿

?J>-?@3)<-X)>=BDG-?@<=B57E+KF86?¥KdBGÄ<=>=BDeFVd<-BD57EKF8
N
6D57BE+KFV G=8)VFB6 ·7·²
x
¿
®
¿
9:BDG=3)VFG=GÄB57E
¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·7·µ
x
¿
µ
¿

57Ed3C6VdG=B5JE
¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·7· !
# ﬂ ﬃ! 2,.1 ')l`/ﬀ(')ﬃ! - 8
·.´
¿
·
¿
Ê8L°5;KFÒ)68
¾

A
Ö
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·7·ﬂx
·.´
¿
·
¿
·
¿
9:8CGÄ3C>ÄBTd<=B57E KFV L°5;KFÒC6D8
¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·7·ﬂx
·.´
¿
·
¿
²
¿cÃ
X)G=VF6g<O?@<=GS?.±J8C33C57EdKFBD<=B57EFGs?JV
Ñ
6DBLMBD<-8)GT
XC>ÄB5;KFBUWVF8)G
¿¿b¿¿¿b¿¿
·²7²
·.´
¿
·
¿
²
¿
·
¿PÃ
J68¯KF8
r
¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·²7²
·.´
¿
·
¿
²
¿
²
¿PÃ
J68¯KF8
k
¿b¿¿¿b¿¿¿b¿¿b¿¿¿¿¿¿b¿¿b¿¿¿b¿¿b¿¿
·²7²
·.´
¿
²
¿
RITFTF6BD3É?@<=B57E ?@V G #;GÄ<-Ò)L°88
Ñ
T
XC>ÄBLM8CEN<O?J6
¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·²
u
·.´
¿
²
¿
·
¿u¾
X)<=¸F5;KF8b8)L°Td65/#7X)8
¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·²
u
·.´
¿
²
¿
²
¿cÃ
X)G=VF6g<O?@<=G
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·²@®
·.´
¿
²
¿
²
¿
·
¿

57EFKFBg<-BD57EFG ?JV
Ñ
ec57>ÄKFGP3O¸'?J5@<-BUWVF8)G
¿b¿¿¿b¿¿b¿¿¿b¿¿
·²@®
·.´
¿
²
¿
²
¿
²
¿
ËEN<-8C>ÄL°Bg<=<=8CEF3)8VdEFBKFBDL°8)EFG=BD57EFEF8)66D8:G=Vd>S6D8CGPe
57>=KdG
¿¿b¿¿
·²

·.´
¿
²
¿
u
¿cÃ
X)G=VFLMXfÀ 9:BGÄ3CVFGÄG=BD57E
¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·
u
²
·.´
¿
u
¿

57Ed3C6VdG=B5JE
¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·
u
®
- ﬃg%$ﬀ1D"ﬀlX'4ﬃ! Ii

5 5`576 SVS CLCFG c 6
$ 
	.3Kl 'Mn/.ﬁ ')/{nol
Q
3 
R
3 |1t/p ﬀ.%/2q' g"%3  e}L"{1t3.ﬁ z 3Kl ﬂﬁ03%'Mno3 Ii8
R
¿
·
¿
Ê8CGSBEN±@?J>ÄB?JEN<-G
Q
8)<
R
¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿¿¿¿b¿¿b¿¿¿b¿¿b¿¿
·
u
x
R
¿
²
¿
Ê?ÓK%#;E'?JLMBUWVF8K»×
Ð
VF68)>
Ã
8CG}<->Ä8CBEN<=8
¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·É®N´

VzQ,IlX"{1o/ﬀol  23 
y
i
P ﬂ ,K ﬀﬃ! 23Kl  <} ﬃ!n('Mq'4lm/n(')ﬃ! 
y
h

¿
·
¿
Ê?ÓL°XQ<-¸F5;KF8KF8KF8)G=3C8)EN<-8³KdVÔGÄBLMTF68
Ñ
8
¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·É®Kv

¿
²
¿
Ê8>=8)3CVFBg< G=BL³VF6X
¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·É®


¿
²
¿
·
¿
C
X)EFXC>=?J6Bg<-X)G
¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·É®


¿
²
¿
²
¿
R:6DÆ757>=Bg<-¸FLM8:Kd8
¾
8)<->Ä57T
576BDG
¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·µJ´

¿
²
¿
u
¿
A
3O¸FX)La?¥Æ7XCEdXC>-?@6KF86Ø× ?J6Æ75J>=BD<=¸FLM8IKFV >=8)3CVFBg< G=BDL#VF6X
¿b¿¿b¿¿¿b¿¿
·µ%·

¿
²
¿
®
¿
H'57>=3)8CG 8)< ?JBDeF68)G=G=8)G KFV >=8C3)VFBD<SGÄBL#VF6DX
¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·µ%·

¿
u
¿
Ê4× ?J6Æ75J>=BD<=¸FLM8¥?JL°8)eFG-?
¿¿b¿¿¿b¿¿b¿¿¿b¿¿b¿¿¿b¿¿¿b¿¿b¿¿¿b¿¿
·µ7²
 ##"%/n(')ﬃ!%l  e}Q"2143.ﬁ ﬀ	./%*!ﬁ0/2%*-3 

9
¿
·
¿
RITFTF>=5;3O¸F86?JÆJ>-?JEFÆJB8CEdEF8fKF86?³±J8C>ÄG=B5JEÔ3)57L°Td6Ò)<=8¯KFV L°5;KFÒC6D8ﬂﬁ
C/ = C⊥ ﬃ
·µ7µ
9
¿
²
¿
RITFTF>=5;3O¸F8¸'?JLMB6g<-57EFBD8CEFEd8:KF86?³±J8C>ÄG=B5JEÔ3)57L°Td6Ò)<=8¯KFV L°5;KFÒC6D8
¿b¿¿¿b¿¿
·µ"!
9
¿
u
¿
RITFTF>=5;3O¸F86?JÆJ>-?JEFÆJB8CEdEF8fKF86?³±J8C>ÄG=B5JEÔGÄBLMTF6Bﬂ;'XC8fKdVÔLM5%KdÒC68
¿b¿¿¿b¿¿
·µ

x
 
	
T $ ﬁ (' $ﬀ1t3Kl 

8
·.´
  
   
	  
 
P X
L
× X)U;VdB6BDeF>=8Æ76D57e'?J68CG}<¯VFEF8³G=BD<=V'?@<=B57E 8
Ñ
3C8)Td<-BD57EFEF8)66D8³8CE*Td¸$#;GÄBUWVF8
¿
Ê?°TF6VFTF?J>Ä<IKF8CG
G&#;GÄ<=ÒCLM8CGSG=57EN<S¸F57>ÄGPK»× X)UWVFB6DBeF>Ä8f8)< XQ±7576DVF8CEN<SG=T
57EN<O?JEdXCLM8CEN< Tc5JVF> #+>=8Q<-57Vd>=EF8)>g·
¿

8CV
Ñ
U;VdBG=5JEW<#BG=5J6XCGKFVLMB6DB8CV§8)EW±;BD>=57EFEF?JEN<ÓEF8T
8CVd±J8CEN<¥>=8)GÄ<=8C>#6D57BEKF86 × X)U;VdBgÀ
6DBeF>Ä8SUWVF8I<->-?@EFG=Bg<-57BD>=8CLM8CEN<
¿WÍ
?J> 3C57EN<->Ä8@%68CGG&#;G}<-ÒCLM8CGPKdBD<-G57Vd±J8C>}<-Gd3J× 8CGÄ<}Àv¶ À~KFB>Ä8IT
57Vd±@?JEN<
X)3O¸'?JEFÆ78)>sKF8I6Ø× XCEF8)>=Æ7BD8I57VaKF8f6?La? <-BÒ)>=8S?É±78)3¯68SL°BD6B8)V¥8
Ñ
<-X)>=B8)VF>%Tc8)Vd±78)EN< )<->Ä8fL°?JBEN<-8ÁÀ
EWVFGI¸F57>=GIK»× XCUWVFB6DBeF>Ä8bGÄ57VFGI6Ø× 8ﬀﬁc8)<fKd8³3C5JEW<=>-?JBDEN<-8CG
¿
RIBEFGÄB ﬀVFE­G #;GÄ<-Ò)L°8³Tc8)Vd<fX)3O¸'?JEFÆ78)>:KF8
 ?JÎ)57E*T
8C>=L°?JEF8)EN<-8#KF8Ó6?aL°?@<-BDÒC>=8b57V*KF8Ó6?a3O¸'?J6D8CVF>?É±78)3ÓG=57E§8)EW±;BD>=57EFEd8CLM8CEN<>=8)G=T
8C3)<=BgÀ
±J8CLM8CEN<SG=57VFGS6Ø× 8ﬀﬁc8)< Kd8ÆJ>-?JKFBD8CEN<-GPKd8Td>=8CGÄG=BD57EÔ5JVÔKF8¯<=8CLMTcX)>-?@<=VF>=8
¿
9:8I<-8C6D68)G3C5JEW<=>-?JBDEN<-8CGG=57EN<s<=57VHÄ57VF>ÄGEFX)Æ76BDÆ78É?@eF68)G KF8Q±@?JEN<P6Ø× BEN<-8)>-?J3Q<-BD57EaLM576X)3CVF6?JB>Ä8d57E
T
8CVd<KF5JEF3°KF?JEFG<-57VFG68)G3É?JGKFXﬀ;FEFB>VFEF8MXC3O¸d8C66D8¥KFBD<=8MLMXCGÄ57G=3)57TFBDU;Vd8@Tc5JVF>6?JUWVF8)668ÓBD6
8
Ñ
BDGÄ<=8VdEbX)U;VdB6BDeF>=865;3É?J6g·
¿Ð
66D8ﬂ8CG}<e
8É?@VF3C57VdTbTF6DVFGÆ7>-?@EFKF8|UWVF8|6Ø× XC3O¸F8)6684LMB3)>=57GÄ3C57TdBUWVF8
L°?JBG<->=Ò)G|Tc8Q<-BD<=8PKF8)±@?JEN<6?f<-?JB6D68L°?J3)>=57GÄ3C57TFBDUWVF8PKFVMG&#;GÄ<=ÒCLM8
¿
9f?JEFG68P3C?JG|KF8CG|G #%G}<-Ò)L°8)G
¸)#;KF>=5;K%#;E'?JLMBUWVF8)GP?@V
Ñ
U;Vd8C6Ga3C8)<Ä<-8­<=¸FÒCGÄ8*8CGÄ< 3)57EFG=?J3C>ÄXC8@P3)8)<Ä<-8­X)3O¸F8C6D68­LMXCGÄ57G=3)57TFBUWVF8
8)GÄ<¥?JGÄG=5;3CBDXC8+¶­6? EF5J<=B57EKd8T'?J>}<-B3)VF68°KF8'VdBKF8
¿
Ë68)GÄ<¥BDL°T
57>Ä<-?JEN<³Kd8>=8)La?J>ÄUWVF8C>#UWVF8
6 × X)U;VdB6BDeF>=8 6D5%3C?J6IEu× 8)L°T1 C3O¸F8*TF?JG68ÔG&#;GÄ<=ÒCLM8*K»× )<->Ä8*Æ765Je'?J68)L°8)EN<aK'?@EFGVFEF8*GÄBD<=V'?@<-BD57E
¸F5J>=G K»× XCUWVFB6DBeF>Ä8
¿
Ê?ÓK%#;E'?JLMBUWVF8¯K»× VFE'VFBDKF88CGÄ<SÆ75JVd±78)>=EFX)8bT'?@>S6 × X)UWV'?@<-BD57E+KF8 :?É±;B8)>}À
A
<-5 ,@8CGﬀ ²ﬁﬂ
∂~u
∂t
+ (~u.~∇)~u = ~∇τ + ~f
¶6?JUWVF8)66D8S5JE?JGÄG=5;3CB8S8CE°Æ7XCEdXC>-?@6c6?3)57EFKFBg<-B5JEMKu× BDEF3C57LMTF>Ä8CG=GÄBeFBD6Bg<-X
~∇.~u = 0 ¿
9f?@EFG3)8)<=<=8
X)U;VF?@<-BD57E'
~u(~r, t)
8CG}<¥68+3O¸'?JLMT KF8+±;BD<-8)G=GÄ8@
τ
68°<-8CEdG=8CVd>°KF8)G¥3C57EN<->=?JBEN<=8CGÓBEN<=8C>=Ed8CGM?JV
'VdBKF8 ﬁ >=8)Æ7>=57VdT'?JEN<68)Gf8ﬀﬁc8)<=GKd8ÓTF>=8)G=G=BD57E§8)<¯Kd8#±%BDG=3)57G=Bg<-X
ﬃ

~f
VFEF8  5J>=3C8Ó8
Ñ
<-XC>ÄB8)VF>=8ÓUWVFB
>=?JG=GÄ8CL#eF6D8Ó6Ø× 8ﬀﬁc8)<KF8Ó<-5JVd<-8)G6D8CG¯3)57EN<->-?@BEN<-8)G ﬁ 8
Ñ
<-X)>=BD8CVF>Ä8CG
ﬃ
?JTFTd6BUWVFX)8CGG=Vd>6D8ﬃ'VFBDKF8 ﬁ 57E
6 × ?JTdTc8)668)>-??JVFGÄG=B	 5J>=ÎÉ?@Æ78
ﬃ
8Q<
ρ
6?³La?@G=G=8I±7576DVFL°BDUWVF8IKdV'VFBKd8
¿
Ê8:<=8C>ÄL°8I8CG=GÄ8CEN<-BD8C6»T
57VF>
6?§KI#%EF?JL°BDUWVF8 8CGÄ<M6D8 <=8C>ÄL°8 EF57Ep6BDEFXÉ?@B>=8
(~u.~∇)~u
ﬁ <=8C>=LM8 K»× ?JKd±78)3)<=B57E
ﬃ
¿
Ö>ÄÒCGMTF>=Ò)G°Kd8
6 × X)U;VdB6BDeF>=8?»B6|8)GÄ<ÓEFX)Æ76BDÆ78É?@eF68
¿
Ê4× X)U;VF?@<-BD57E>=X)G=VF6g<O?JEN<=8 ﬁ X)UWV'?@<-BD57E1Kd8
A
<=5 ,J8)G
ﬃ
8CGÄ<#?J65J>=G
6DBEFXC?JB>Ä8 ²ﬁ
¿
9f?JEdG 3)8I3C?JGW68)G GÄ576V%<-B5JEFG4G=57EN< VFEFBDU;Vd8CG8Q<T
57GÄG=ÒCKd8CEN<s6D8CG|LD )L°8)G G #;L°XQ<->=BD8CG
GÄT'?@<-B?J68)GP8)< <-8)L°T
57>Ä8C66D8CGsUWVF868)G 3C57EN<->=?JBEN<=8CG
¿ﬀÐ
6D68¯G=5JEW<I>=X)Æ7VF6DBÒC>Ä8CGﬀF57E KFB>=?M?@VFG=GÄB! 
  #"
ﬁ   
	
¿

8CGbG=576DVd<-BD57EFG¯GÄ8aKFX)>=BD±J8CEN<b3C57EN<-BDEWVF8CLM8CEN<#TF?J>>-?JTFT
57>}<³¶ 6Ø× X)<-?@<K»× XCUWVFB6DBeF>Ä8@57E
KFBg<PUWV»× 8C66D8CGS?JTFTF?J>Ä<=B8CEdEF8CEN<I¶Ó6?#eF>=?JEF3O¸F8<-¸F8)>=LM5%KI#%EF?JL°BDUWVF8
¿
Í
6VdG³65JBEKF8a6 × X)U;VdB6BDeF>=8?3J× 8CG}<ÄÀv¶ÀËKFBD>=8aT
57VF>KF8)G³±@?J68)VF>=GbTF6VFGbBLMTc5J>Ä<O?@EW<=8CGKFV  57>ÄÎÉ?JÆJ8@
6D8 <-8)>=LM8­EF57E6BDEFXÉ?@B>=8
(~u.~∇)~u
E»× 8CG}< TF6VdG+EFXCÆ76DBÆ78C?JeF6D8
¿
Ê8)G+G=576DVd<-BD57EFG+?@TFT'?J>}<-8CEF?JEN< ¶
·7·
6? eF>=?JEF3O¸F8­<=¸F8C>ÄL°5;K%#;E'?JLMBUWVF8 EF8­GÄ57EN< TF6VFG°GÄ<-?JeF68)G
¿
Ê8)GG=5J6Vd<=B57EFGa?JKF57T%<-XC8)GT'?J>a68
G #%G}<-Ò)L°8¯?@TFT'?J>}<-B8)EFEF8)EW<s?J65J>=G ¶bVFEF8f?JVd<->Ä8:eF>=?JEF3O¸F8
¿FÐ
66D8CGEF8:T
57GÄG=ÒCKd8CEN< TF6VdG  57>Ä3CXCLM8CEN<
6D8CG+L  CLM8CG+G&#;LMX)<=>=B8)G G=T'?@<=B5@ÀØ<-8)L°T
57>=8)66D8CGMU;Vd8 6D8CG+3C5JEW<=>-?JBDEN<-8CG s5JEKFBg<+UWV»× B6+#?8)V
VFEd8:eFBﬂ VF>=3C?@<-BD57E  ·
¿

8Q<=<-8:KF8C>ÄEFBÒ)>=8:8)GÄ< ?@G=G=5;3CBDXC8:¶³VFEF8fT
8C>}<-8IKF8fTF>ÄXCKFBD3)<-BDeFB6DBD<=X@7L°?JBG|8)E
Æ7X)EFXC>=?J6;?JTF>ÄÒCG6? TF>=8)L°BDÒC>=8|eFBﬂ VF>=3C?@<-BD57E68)GGÄ576V%<-B5JEFG>=8CG}<-8)EW<6?JLMBEF?JB>Ä8CG
¿CÍ
57Vd>VFEd8 ±@?J68)VF>
3)>=57BDG=G-?@EW<=8PKF8CG43)57EN<->=?JBEN<-8)G76D8sG&#;G}<-ÒCLM8 G=VFedBD<4K»× ?JVd<=>=8)Gﬂ<->-?@EFG=Bg<-B5JEFGKFV¥L  CLM8sÆ78)EF>=8
¿
Ê57>=G
KF8 3O¸'?@3CVFEF8 K»× 8CEN<->Ä8 8C66D8CGÓKF8 EF5JVd±78)668)GÓG&#;LMX)<->ÄB8)GMGÄ57EN<MeF>=BDG=XC8)G46 × BDL°TF>ÄXCKFBD3)<=BeFBD6BD<=XÓKF8CG
GÄ576Vd<=B57EdG?JVFÆ7LM8CEN<-8
¿
"6? ;'E'6?PK%#;E'?JLMBUWVF8|KFVbG&#;GÄ<=ÒCLM8T
8CVd<KF8Q±78)EFB><->ÄÒCG3C57LMTF6BDUWVFXC8 
57E T'?@>=68?@657>ÄGsKF8
  
57V KF8
 
 
	ﬁ

	
¿
A
8)657E Ê
¿
9
¿
Ê?JEFK'?JVFc6?M<-Vd>=eFVF6D8CEF3)8³8)GÄ<?JBDEFG=B6D8³>=X)G=VF6g<O?@<IK»× VFEF8Ó?@3C3CVdL#VF6? <-B5JEÔBDEFKFXﬀ;FEFB8
KF8ÓLM5;KF8CGfBDEFGÄ<-?JeF6D8CG 
u

¿
9³× ?@TF>=Ò)G6DVFB 
3C8ÓEd57L#eF>Ä8ÓBEFKFX4;'EFBﬂ8)GÄ<EFX)3C8)G=G-?@B>=8MT
57VF>"ÄVFG}<-Bﬂ;'8C>
6?#E'?@<-Vd>=8¯3C5JEW<=BEWVF8¯KFV G=T
8C3Q<->Ä8Kd8  >ÄXCUWVF8)EF3C8KF8CG GÄ576Vd<=B57EdG
¿'¾
?JBGs3)8Tc57G}<-VF6?@<P8)GÄ< ?JV
Ñc¿
RIBEFGÄB É9
¿Ã
VF8)66D8ﬂ8)<H
¿
Ö?@,@8CEFG57EN<LM57EN<->=X48)E°·(x v%·  ® NUWV»× VFE³EF5JL#eF>=8 ;FEFBNKF84eFBﬂ VF>=3C?@<-BD57EFG
XQ<O?JBg<PG=V%GMG=?JEN<:T
57VF> UWVF868¯3O¸'?@57GP<-8CLMT
57>=8)6?JTFT'?@>-?JBDG=G=8
	
¿
7
E KFBG}<-BDEFÆ7VF8¯8)EÔ>ÄXÉ?J6DBD<-X:KF8CV
Ñ
< #;T
8CGSKF8¯<-VF>ÄeFVF6D8CEF3)8 

6?Ó<-VF>ÄeFVF6D8CEF3)8³KFBg<-8TF68)BEF8)L°8)EN<:KFXQ±78)657TFT
XC8 ﬁ  57>}<-8?
5JVÔ¸)#;KF>=5;K%#;E'?JLMBUWVF8
ﬃ
 µUWV'?J6Bﬂ;'8
68)G G #;GÄ<-Ò)L°8)G 5jKF8)G G}<->ÄVF3)<=VF>=8)G ﬁ Kd8CG <-57VF>ÄeFB6D657EdG
ﬃ
Kd8<-?JB6D68CG°<->=Ò)G+±J?@>=B?@eF68)G+BEN<-8)>}À
?JÆ7BDG=G=8)EN<
¿
Ê8CVF>ÄGMX)3O¸F8C6D68)G°KF8 6D57EFÆ7VF8)VF>¥3C57V%±%>Ä8CEN<M<-57Vd<M6 × BDEW<=8C>}±J?@668°8CEN<->Ä8Ô6 × X)3O¸F8C6D68+KF8
 57>=ÎC?JÆ78¥8)<6 × X)3O¸F8C6D68ÓKF8¥KFBDG=G=BDT'?@<=B57E
¿
Ê8MTd¸FXCEF5JL°Ò)EF8°6D8ÓTF6VdG¯G=VF>ÄTF>=8)E'?JEN<#K'?@EFG3C8¥3É?JG
8CG}<¯3C8)6VFBK»×
 ﬁﬀ	   	ﬁ

	
68CG 'VF3Q<-V'?@<=B57EdG:KF8)Gf3O¸'?JLMTFG:Kd8³±;BD<-8)G=GÄ8#KF8#6 × X)3C57VF6D8CLM8CEN<
TF>=X)G=8)EW<=8CEN<fKd8CG 'VF3)<=V'?@<=B57EFG >Ä8C6? <-BD±J8CGPKF8TF6DVFG 8CE TF6VdGPBEN<-8)EFG=8)GI6D57>=GÄU;Vu× 57E GC× BEN<=XC>=8)G=GÄ8
¶°KF8)G:X)3O¸F8C6D68CGIG=T'? <-B?@68CG KF8bTF6VdGI8)E­TF6VdGIT
8)<=BD<-8)G
¿

8C3)BGÄ8b<->=?JKFVFBg<ST'?J>S68  ?JBD<SUWVF8³6D8CG
KFBG}<->ÄBeFVd<=B57EdGSKd8³KFBﬂﬁuX)>=8CEd3C8CG:KF8b±;BD<=8CGÄG=8CG:8CEN<->Ä8³KF8)V
Ñ
T
57BDEW<=GIKd8³6Ø× XC3)57VF6D8CLM8CEN<SG=XCTF?J>=X)G
K»× VFEF8aKdBGÄ<-?JEF3)8
r
UWVFB GÄ57EN<³UWV'?@G=BgÀ~ÆN?JVFGÄG=BD8CEFEF8)G#¶ 6Ø× XC3O¸F8)66D8MKd8D 57>ÄÎÉ?JÆ78?GC× XC3C?J>Ä<=8CEN<#KF8
TF6VdGS8)EÔTd6VFGPKF83)8)<=<=8bÆ7?JVFG=GÄB?JEdEFBD<=XfTc5JVF> KF8CGP±@?J68)VF>=GPKdXC3C>Ä57BGÄG-?JEN<=8CGSKF8
r

6? <-VF>ÄeFVF68)EF3C81KFBD<=8  ?JBDeF68 ﬁ 5JV3O¸'?J57G G=T'?@<=B5@ÀØ<-8)L°T
57>=8)6
ﬃ
 ·b3C57EF3)8C>ÄEF868)G G #%G}<-Ò)L°8)G
5 68)G#GÄ<=>=VF3Q<-VF>Ä8CG¥8CE BEN<=8C>-?@3)<-BD57E57EN<Ó<=57Vd<-8)GÓ6? L  CLM8a<-?JB6D68M3É?J>=?J3)<=XC>=BDGÄ<=BUWVF8
¿
9f?JEFG
6Ø× X)<-?@<6?JLMBE'?@B>=8?@3)8CGGÄ<=>=VF3Q<-VF>Ä8CG  5J>=LM8CEN<8CEaÆJXCEFX)>-?J6ﬀVFE°L°5J<=B<
>=X)Æ7VF6DB8C>
¿$7
Ea>Ä8CEF3)57EN<->=8
XCÆN?@68CLM8CEN<³K'?JEFG#3)83É?@G#6? EF5J<-BD57E1Ku× BDEW<=8C>ÄL°Bg<=<-8)EF3C8?L°?JBDGbK'?@EFG#VFEGÄ8CEFG#<=57Vd<Ó?@Vd<->Ä8
¿
Ê4×
 ﬁﬀ 	    	ﬁ

	      "  	 ﬀﬂ
	
 # 
	
8)GÄ<+8)E08ﬀﬁc8)<+6 × VdE KF8)G+L°X)3É?JEFBDG=LM8CGMTc5JG=G=BDeF68)GaKF8
<->=?JEFG=Bg<-BD57E­¶a6?M<=VF>=eFVd68CEd3C8  ?JBDeF68 
K'?JEFGf3)8#3É?@GuBD6 #­?a3)5%8
Ñ
BGÄ<=8CEF3)8ÓK'?JEFG:68³G #;GÄ<-Ò)L°8
KF8P>=X)Æ7B5JEFGﬂ6?@L°BDE'?JB>Ä8CG8)<|KF8PKd57La?@BEF8)G3O¸'?J5@<-BUWVF8)G|KF57EN<|6?:KdBG=T
57GÄBD<-BD57E³8)GÄ<|±@?J>=B?JeF6D8 8)E
8CGÄT'?J3C8³8)<I8CEÔ<=8CLMTFGﬀ ! 
¿
Ê?  >-?@3)<-BD57E KFV­G #%G}<-Ò)L°8b5%3)3CVFT
XC8bT'?J> 6Ø× X)<-?@<S3O¸'?J5J<=BUWVF8#?@VFÆ@À
L°8)EN<-8b?.±J8C3b6Ø× BEN<-8)EFG=Bg<-XKFV3 5J>=ÎÉ?@Æ78@?ÄVFGÄUWV»× ¶M3C8bU;Vd8b6?¥<=5J<O?J6DBD<=XfKFV G #;GÄ<-Ò)L°8bG=8<->Ä57Vd±78
K'?JEFG VFE >=X)Æ7BLM8fKF83O¸'?@57GIGÄT'?@<=B5@ÀØ<-8CLMT
57>=8)6
9f?@EFG#3C8Q<=<=8a<-¸FÒ)G=83)8CG#Kd8CV
Ñ
< #%T
8CG³KF8a<-Vd>=eFVF6D8CEF3)8CGﬀ8)<³K»× BEN<-8)>=LMBD<=<=8CEF3)8CGﬀG=5JEW<³X)<=VFKFBX)G
¿
Í
?J>G=57VF3)B4KF8¥3C6?J>Ä<=XÓ57E§8CLMTF657BD8C>=?68#<-8)>=LM8#<-VF>ÄeFVF6D8CEF3)8MVdEFBUWVF8)L°8)EW<T
57VF>UWV'?J6DB<;'8)>f6?
<=VF>=eFVd68CEd3C8TF6D8CBDEF8CLM8CEN<ÓKFXQ±78)657TFT
XC8
¿
9f?JEdGÓ68GÄ8C3C5JEFK 3É?JG#5JET'?J>=6D8C>=? TF6V%< J<ÓKd83O¸'?J57G
GÄT'?@<-BD5@À~<=8CLMTc5J>=8C6
¿
ﬁﬀﬂﬃ !#"
$%!'&)(*ﬃ +-,.$-!/"
0"1&324,.!#ﬀﬂ&),'65 478"
0"17ﬀ:98$%+;(<ﬃ +-,."
0ﬀﬂ))<"
7=ﬀ:98$%+;ﬃ8$%&)+%>
(<ﬃ +-,.6?8@A+78B,.CD&E!8"1,.+-!8B7
,AﬀﬂFﬃ +-&)!G"
$%!8BH$<"17
ID&)J(</ﬃ8$-,.&E/"1'ﬀﬂ;9
JK?
·²
 
   
	, 	 
  
Ê?fTF>Ä8CLMBÒC>Ä8sT'?J>}<-BD8sKF8 3C8Q<=<-8s<=¸FÒCGÄ8I3)57EF3)8C>=Ed8S6?I<-Vd>=eFVF6D8CEF3)8( 57>Ä<=8
¿$7
EÓGC× BEN<=XC>=8)G=GÄ8I8)E°T'?@>}À
<=B3CVd6B8)>ﬂ¶fVFEMLM5%KFÒ)68 KF8P< #%T
8 6?JÆJ>-?JEFÆJB8CEF@3@× 8)GÄ<ÄÀË¶ ÀËKdB>=8K'?JEFG|68)UWVF8C6F5JEMGÄVFBD<|6?I<->=?Ä8C3Q<-57BD>=8
KF8bT'?J>}<-B3)VF68)G:KF8 'VFBDKF8
¿

8#LM5%KFÒ)68?
Td>=57T
57G=Xb8CE·ﬂx&xwx°T'?@>
¾ ¿

¸F8C>}< ,@5±1R
¿uÍ
VFLMB>S8)<
ﬃ
¿

¿
A
¸d>-?JBDLa?JE 4v!FGÄ8Td>=XCGÄ8CEN<-8G=5JVFG 6?8 57>ÄL°8fKu× VFE G&#;G}<-ÒCLM8K»× XCUWV'?@<=B57EFGPKdB<ﬁcXC>=8)EN<-B8)66D8CG
G}<-5;3O¸'?JGÄ<=BUWVF8)G
¿I7
E°TF>ÄXCGÄ8CEN<-8I68CG|GÄ576Vd<=B57EdGﬂKF8S3C8C6DVFBgÀ~3CB!J3É?@63CVd6XC8)G|T'?J>4KF8)V
Ñ
L°XQ<-¸F5;KF8)GKdB<À
 X)>=8CEN<=8CG8Q<68CVd>?J3C3)57>=K ?É±78C3MKF8)GGÄ576V%<-B5JEFG¯KF8Ó6Ø× XCUWV'? <-B5JEKd8DI?É±%BD8C>vÀ
A
<=5 ,J8)G3C?J63)VF6X)8CG
EWVFLMXC>ÄBUWVF8CLM8CEN<'La?JBDGP?JVFGÄG=B?É±78)3bKd8CGS>=XCGÄVF6D<-?@<-GP8
Ñ
TcX)>=BLM8CEN<-?JV
Ñ



¿
Ê?³KF8)V
Ñ
BÒ)L°8fTF?J>Ä<=B8:Kd8f3C8Q<=<-8f<=¸FÒCGÄ8¯8CG}< >=8C6DBX)8f?JV3O¸F?J57GPG=TF?@<-BD5@À~<=8CLMTc57>Ä8C6
¿

57L°LM8:5JE+68
±J8C>=>=?bT'?@> 6?GÄVFBD<=8@WVFEF8SL°XQ<-¸F5;KF8STc5JG=G=BDeF68 T
57VF>|8CGÄG-? #78)>sKF8I3C57LMTF>=8)EFKF>Ä8I6?E'? <-VF>Ä8IKF8S3C8
KF8)>=EFBD8C>3C57EdG=BG}<-8I¶bXQ<-VFKFBD8C>68)G KFBﬂﬁuX)>=8)EW<=G < #;T
8CGsKF8SG=3)XCE'?@>=B5JGT'?J>68)G=UWVF8)6GB6
?J>=>ÄBD±J8
¿
Ê4× VFE
KF8)G¥G=3CX)E'?J>ÄB57G¥68)GÓTF6VdGÓ3C57EFEWVFGM8CG}<M3C8C6DVFBPKF8+6 × BDEW<=8C>ÄL°Bg<=<-8)EF3C8aG=T'?@<=B5@ÀØ<-8)L°T
57>=8)66D8 ﬁ 
A
Ö
ﬃ

UWVF8SEF57VFG?É±757EFGKFX =¶bLM8CEN<-BD57EFEFX
¿%7
EMX)<=VFKFB8SB3)B'6?¯<->=?JEFG=Bg<-BD57EM?JV°3O¸F?J57GGÄT'?@<=B5@ÀØ<-8CLMT
57>=8)6
±;B? 
A
Ö0K»× VFE°G&#;GÄ<=ÒCLM8f¸)#%Kd>=5;K%#;E'?JLMBUWVF8SeFBKFBDL°8)EFG=BD57EFEF8)6'>=X)8C6 tx
¿

8)<Ä<-8S<->-?@EFG=Bg<-B5JEMGÄ8C>=?
K»× ?Je
57>=K³3É?J>=?J3)<=XC>=BDG=X)8sUWV'?JEN<-Bg<O?@<=BD±78)L°8)EN< JTdVFBG57EÓ8CGÄG-?JBD8C>-?IKF8s3C5JL°TF>Ä8CEFKd>=8s3)8C>Ä<-?JBEdGﬂ3C57LÓÀ
T
57>Ä<=8CLM8CEN<-GKFVÓG&#;GÄ<=ÒCLM8P8CEM?JTFTd6BUWV'?@EW<ﬂ¶:G-?¯Æ7X)57LMX)<->ÄB8T'?J>}<-B3)VF6BDÒC>Ä8 VFE¥LM5%KdÒC68LMBEFBDLa?J6
K»×
A
ÖKF8¯< #%T
8>=XCGÄ8É?JV K»× BD<=XC>-? <-B5JEFGP3C57VdTF6X)8CG g·É´
¿
·
u
·É®
  
 X    a



 


  X ?   k    

    

	     

 
 	  
·µ
   
   
	  

D
?JEFG|6?¯KF8)>=EFBDÒC>Ä8SKdXC3C8)EFEFBD8@W68P±;B8)V
Ñ
TF>Ä57eF6Ò)L°8PKd8S6?f<-VF>ÄeFVF68)EF3C8 ¸)#;KF>=5;K%#;E'?JLMBUWVF8
?Ô3)57EFEWVVFE EF8)<b>=8)ÆN?JBEK»× BEN<-X)>0 Q< EF5J<O?@L°LM8CEN<Æ7>J3C8°?JV
Ñ
EF57V%±78C6D68)G³?JTdTF>=5;3O¸F8CG
8
Ñ
T
XC>=BDL°8)EN<O?J6D8CG  ·7· 
·²c8)<s?JV
Ñ
3É?JTF?J3CBg<-XCG <-57VHÄ5JVF>=G 3C>=5JBG=G=?JEN<-8)GsKF8f6?bG=BDL#VF6?@<-BD57E
EWVFLMXC>ÄBUWVF8*KFBD>=8C3Q<-8 ﬁ 9+
A
ﬃ
 ·
u
¯·É®
¿
A
VF>+68*TF6?JE0<-¸FX)57>=BDUWVF8@sKd8Ed57L#eF>Ä8CV
Ñ
>ÄXCGÄVF6D<-?@<-G
?JEF?J6<#W<-BDUWVF8CGP57EN<SX)<=X57ed<-8)EWVFGIGÄVF> 68¯TF>Ä57eF6DÒCLM8fKFV G=3É?@6?JBD>=8fT'?@G=G=Bﬂ  ·µ · !
¿
Ê4× X)<-VdKF8ÓKF8Ó6?a<=VF>=edVF68)EF3C8ÓG)× 8)GÄ<ec8C?JVF3)57VFT§e'?JGÄXC8ÓG=Vd>6?aLM8CG=Vd>=8Ó8)<6 × XQ<-VFKd8#K»× VFE GÄBÆ7EF?J6
ﬁ<-8C6 UWV»× VFEF8­3)57LMTc57G=?JEN<-8ÔKF8 6?§±;BD<=8CGÄG=8
ﬃ
8CEªVFE 57V KF8)V
Ñ
Tc57BDEN<-GMKF8 6 × X)3C57VF6D8CLM8CEN<
¿
9:8
EF5JL#eF>=8)VFG=8)G BEN±78)GÄ<-BDÆN?@<=B57EFGa57EN< 8CEjT'?J>Ä<=B3)VF6BD8C>aT
57>}<-X­GÄVF> 68CG 5JEF3)<=B57EFGaKF8§GÄ<->ÄVF3)<=VF>=8
K»× 57>ÄKF>=8
n
FKFXﬀ;FEFB8)GP3C57LML°8:68CGL°57LM8CEN<=GsK»× 57>=KF>Ä8
n
KF86?³KdB<ﬁcXC>=8)EF3C8¯Ku× VFEd83)57LMTc57G=?JEN<-8
KF86?³±%Bg<-8)G=G=88CEN<=>=8KF8CV
Ñ
Tc57BDEN<-GPKF86Ø× XC3)57VF6D8CLM8CEN<
Sn(r) = 〈(u(~x+ ~r, t)− u(~x, t))n〉
Ê4× X)<-VdKF8PKF8 6?:KdXCT
8CEFK'?@EF3C8SKF8P3C8)G|Æ7>-?JEdKF8CVF>ÄGﬂ±;BG|¶:±;BG4KF8P6 × X)3O¸F8C6D68
r
	 78Q<|KF8PG-?¯KFXQ±;B?@<=B57E
¶#6?³657B
KF8S576LM57Æ757>Ä5.± ﬁ 65JB¯®F·
ﬃ
g·ﬂv?#T
8C>ÄL°BDGK»× BKF8)EN<-B<;F8C>s6D8fTF¸FX)EF57LMÒCEF8¯K»× BEN<=8C>=LMBD<}À
<=8CEF3)8 68)G 'Vd3)<-VF?@<-BD57EFGKF8CGb3O¸'?JLMTFG³Kd8M±;BD<=8CGÄG=8aTd>=XCGÄ8CEN<-8)EN<ÓKF8CG 'VF3Q<-V'?@<=B57EdGb>Ä8C6? <-BD±J8CG
KF8¯Td6VFGs8)E TF6VFGPBDEN<-8CEdG=8CG 6D57>=GÄU;Vu× 57E+G)× BDEN<-XC>Ä8CGÄG=8b¶#KF8CG XC3O¸d8C66D8CGPGÄT'?@<-B?J68)GKF8¯Td6VFGP8)E Td6VFG
T
8)<=BD<-8)G µﬁ
¿
Í
57VF>Ä<-?JEN< '6D8CG  57EF3Q<-BD57EFGPKF8GÄ<=>=VF3Q<-VF>Ä8bEd8  5JVF>=EFBDG=GÄ8CEN<I?JVF3CVdEF8bBDE% 57>ÄLa?@<=B57E°G=VF> 6?¥G}<->ÄVF3QÀ
<=VF>=8 Æ7X)57L°XQ<->ÄBUWVF8+KF8)G 'Vd3)<-VF?@<-BD57EFGÓKF8+±;BD<=8CG=GÄ8 <=VF>=edVF68)EW<=8CGﬀ3@× 8)GÄ<}Àv¶ À~KFB>Ä8+G=VF>¥6?*3)57E%;dÀ
Æ7Vd>-?@<=B57E BEFG}<O?JEN<O?@EFXC8+KFV3O¸F?JL°TKd8±%Bg<-8)G=G=8+KF?JEFGÓVFEF8+>ÄXCÆ7BD57EKF8a6Ø× XC3C5JVF68)L°8)EW<
¿
Ë6 8CGÄ<
8)E 8ﬀﬁc8)<:3C57EdE;VÔUWV»× ?@V­L°5JBEFG 68)G TF6VFGSÆ7>=?JEFKF8)G'VF3Q<-V'? <-B5JEFGIGÄ57EN<f?@G=G=5;3CBDXC8)Gf¶°Kd8CG:G}<->ÄVF3QÀ
<=VF>=8)GPeFB8)EKFXﬀ;FEFB8)GPKF8¯6Ø× XC3)57VF68)L°8)EN<
¿%Í
?J>P8
Ñ
8)L°Td68@%68)GsÆ7>-?@EFKF8CGs±@?J6D8CVF>ÄGsKF8f6 × 8)EFGÄ<=>=57Td¸FB8
ω2
ﬁ
~ω = ~∇ ∧ ~u
ﬃ
GÄ57EN<a?@G=G=5;3CBDXC8)G°¶*KF8)G ;F6?JLM8CEN<-G³KF8+±757>}<-B3)BD<=X@ﬂ57edG=8C>}±@?JeF68)G¥K'?JEFG¥KF8)G
X)3C57VF6D8CLM8CEN<-G³>=XC8)6G  ·

57VK'?JEdG#KF8CG¥9+
A
g·(xI4²@´ 
¿<
E3)57L°Td>=57LMBGBEN<-X)>=8)G=G-?@EW<¥8)EN<->=8
6 × XQ<-VFKF8:KF8CG  5JEF3)<=B57EFGKF8fGÄ<=>=VF3Q<-VF>Ä8¯8)<P3)8C6D68@;3C5JL°TF6DÒ)<=8@dKd8f6?³3)57E%;'ÆJVF>-?@<=B57EaBEFG}<O?JEN<O?@EFXC8
K»× VFEF8³>=XCÆJB57E­Kd8#6Ø× XC3)57VF68)L°8)EN<f3C5JEFG=BDGÄ<-8#¶GC× BEN<-X)>=8CGÄG=8)>?JV
Ñ
 57EF3)<=B57EdG:KF8Ó3)57>=>ÄXC6? <-B5JEÔKF8
6?Ô±;BD<-8)G=GÄ8 8)E TF6VFGÄB8)VF>=GÓT
57BEN<=G
¿

8Q<=<=8Ô?@TFTF>=5;3O¸F8+T
8C>ÄL°8Q<ÓKF8 KFXC3)8C6D8C>Ó68)G#Æ7>=?JEFKF8)G FVF3QÀ
<=V'?@<-BD57EFG La?JBDGs?JVdG=G=BuKF8f<-8)EFB>s3)57LMTd<-8fKd8¯6?³Æ7X)57LMX)<->ÄB8I65;3É?J6D8IKF8¯6 × X)3C57Vd68CLM8CEN<
¿
R:BDEFG=B!%BD6
 ?JV%<fLM8CG=Vd>=8C>:6?M±;Bg<-8CGÄG=8#8)E*TF6VdG:KF8#Kd8CV
Ñ
Tc57BDEN<-G:Kd8#6Ø× XC3)57VF68)L°8)EN<:T
57VF>:?.±J57B>:?J3C3)ÒCG?JV
<=8CEFGÄ8CVF>KF8¥Æ7>-?@KFB8)EW<KF8Ó±;BD<=8CGÄG=8
Aab = ∂aub
UWVFB4T
8C>=LM8)<K»× ?É±757BD>?J3C3)ÒCGb?JV±J8C3Q<-8CVd>bKF8

.	,.$-!8"178, !
<"14ﬃ#!8"
7
<"1
r
& 65 4ﬀﬂ+7
)(<!FF7
ﬃ
ﬃ +4*.$%&H .&
7
(<!;98+-(<+J!
 &)!1>
"14ﬃ !8"8$%!F"

~x 
&H+%,.+-ﬃ  &E!8"
4ﬃ !8"
$-!F"1*H$ "1&),Kﬀ.&E+! "1
~r 
ﬂ/ :$ .&E+!
!8$%&),. &)!8"14ﬃ#!8"
$%!/"17
(<ﬃ8

?
· v
±J57>Ä<=B3CBg<-X¯8Q<:?@V <=8CEFGÄ8CVF>SKF8CGSKFX4 57>=L°?@<-BD57EFG
S = 1
2
(A + At)
¿
Ë68CG}<S>=8C3)57EFEWV­UWVF86Ø× VFE KF8CG
?JGÄTc8)3)<=G 8)G=G=8)EN<-B8)6G KF8I6?f<-VF>ÄeFVF68)EF3C8 <->ÄBKFBDL°8)EFG=BD57EFEF8)66D88CG}<6?<=8CEFKF?JEF3C8IUWV»× ?6?¯±75J>Ä<-BD3CBg<-X
¶ÓGC× ?J6DBÆ7EF8)>P?É±78)3b6?¥KdB>=8)3)<=B57E+K»× X)<=B>Ä8CLM8CEN< BEN<-8)>=LMXCKFB?JB>Ä8fKF8
S
¿
Ê4× Vd<-BD6BG=?@<-BD57E KF8  57EF3Q<-BD57EFGKF8 3C57>Ä>=XC6?@<-BD57EªL#Vd6D<-B ÀËT
57BEN<=GMG)× 8)GÄ< KFX =¶?É±7XC>ÄXC8  >=Vd3)<-Vd8CVFGÄ8
T
57VF>46 × XQ<-VFKF8 KF8S6Ø× ?JKd±J8C3Q<-B5JEMKu× VFE°G=3C?J6?JBD>=8sTF?JG=GÄB<»TF?J>4VFEaX)3C57Vd68CLM8CEN<|<-Vd>=eFVF6D8CEN< ²;·@;²7²
¿
9³× VFE§T
57BEN<¯KF8#±;VF8Ó<=8C3O¸FEFBDUWVF8@3)8CGL°5;KFÒ)68CG:57EN<¯L°5JEW<=>=XÓ6 × BDEW<=XC>& )<¯K»× ?JTFTd>=5;3O¸F8CGTF¸FX)EF5@À
LMXCEF5J657Æ7BDUWVF8CGs8Q<SKF83C57EFGÄBKFX)>-?@<=B57EdGP6?JÆ7>=?JEFÆ7BD8CEFEd8CG
¿

8)G5JeFG=8)>Ä±@?@<-BD57EFG457EN<|3)57EFKFVFBg<
¾ ¿

¸F8)>Ä<0,J5.±1;R
¿NÍ
VFLMB>ﬂ8Q<"ﬃ
¿

¿
A
¸F>-?@BL°?JE¥¶fTF>=5JTc57GÄ8C>48)E
·ﬂx&xwx¯VFEaLM5%KdÒC68 TF¸dXCEF57LMXCEd57657ÆJBUWVF8PT
57VF>6?¯K%#;E'?JLMBUWVF8SKFV°<=8CEFGÄ8CVF> KF8SÆ7>-?JKdB8CEN<KF8 ±;BgÀ
<=8CG=GÄ8@75JVÓTF6VFGTF>=X)3CBGÄXCLM8CEN<|KF8sG=?fL°5/#J8CEFEF8PGÄVF>4VFEF8P>ÄXCÆ7BD57E#KF5JEW<ﬂ6?I<-?JB6D68|3É?J>=?J3)<=XC>ÄBGÄ<=BUWVF8
8)GÄ< K'?JEdGS6? EC57Ed8¯BEF8)>Ä<-BD8C6D68 
Mab =
1
V
∫
Γ
d3~r ∂aub
tv
¿

8)< 57e$Ä8)<S8CG}<:?@TFTc8)6X:<=8CEFGÄ8CVF> KF8
Æ7>=?JKFBD8CEN<KF8Ó±;BD<-8)G=GÄ8 
  
 	 "     ﬁ 	
¿
Ë64T
8C>ÄL°8Q<K»× ?.±J57B>?@3C3CÒ)G³?@V
Ñ
GÄ<-?@<-BDGÄ<=BUWVF8CG¶+E»× BLÓÀ
T
57>Ä<=8PUWVF8C6D68 XC3O¸F8)66D8SKd8S6?¯ÆN?JLML°8sBDEF8C>}<-BD8C66D8@@G=8C6D57E¥6?f<O?@B66D83C?J>-?J3Q<-X)>=BG}<-BDU;Vd8SKdV°KF5JLa?JBDEF8
Γ
¿
Ê4× X)3C57Vd68CLM8CEN<8CG}<#?@657>ÄG¯KFXC3)>=BD<8)E <-8)>=LM8¥KF8°3O¸F?JL°TLM5#J8CE ﬁ 57EG=VFBg<6?+K%#;E'?JLMBUWVF8
6?JÆ7>-?@EFÆ7B8)EFEF8KF8#TF?J>=3)8C66D8CGSKF8 'VdBKF8
ﬃ
¿
Ê?aT'?J>=?JL°XQ<->ÄBG-? <-B5JE LMBEdBL°?J68¯K»× VFE ±J576VdL°8<->=B À
KFBDL°8)EFG=BD57EFEF8)6dXQ<O?JEN<VFEM8CEFGÄ8CL#eF6D8 KF8PUWV'?@<->Ä8 Tc57BDEN<-GJ68PLM5%KFÒ)68sBDEN<->=5;KFVFBg<4K'?JEdGtv'KdXC3C>ÄBD<
6? K%#;E'?@L°BDU;Vd8°KF8MUWV'?@<=>=8aTF?J>Ä<=B3CVd68CG6?JÆ7>-?@EFÆ7B8)EFEF8)GUWVF8a6 × 57ET
8CVd<b3C57EdG=BKdXC>=8)>³3)57L°LM8
XQ<O?JEN<46D8CGGÄ57LML°8Q<-GKu× VFE#<=X)<=>-?JÒ)KF>=8
¿

× 8CGÄ<|T
57VF>ÄUWVF57B;57EÓ6Ø× ?JTFT
8C6D68C>=?STF?J>6?IG=VdBD<-8 IL°5;KFÒ)68
KFV <-XQ<->-?@ÒCKF>Ä8 
¿

8³Kd8C>=EdB8C>P<=B8CEN<I3C57LMTd<=8Kd8b6?¥KdXﬀ 57>ÄLa?@<=B57E Æ7X)57LMX)<->ÄBUWVF88)<IKFVÔ3O¸'?JE%À
Æ78)L°8)EN<IKd8<-?JB6D68fKd83)8)<I57e Ä8Q< 'Æ7>J3C8¶¥6Ø× BEN<->Ä5%KFVd3)<-BD57E+KF8
g
d<=8CEFGÄ8CVF>IL°57LM8CEN< K»× BEd8C>Ä<=B8
KFV+<=X)<->=?JÒCKd>=8
¿
Ê8¯LM5%KdÒC68I<-B8)EN< 3C57LMTd<-8?'¶Ó6Ø× XC3O¸F8)66D8fKFV+<-XQ<->-?@ÒCKF>Ä8@'KF8)GS3)57EN<->=?JBEN<-8)G K»× BDE%À
3)57L°Td>=8CGÄG=BDeFB6DBD<-X 8Q<sKF8f3)B>Ä3CVF6?@<-BD57E
¿
R:V3)57EN<->=?JB>Ä8@;B6
L°5;KFXC6DBGÄ8I6D8:LM57Vd±78)L°8)EN<sBEd3C57¸FX)>=8)EW<
KF8)G4G=57LMLM8)<-GKF8P3C8)6VFB ÀË3CB;T'?J>VFE¥eF>=VFBg<4ÆN?JVdG=G=BD8CEÓeF6?JEF3s8)EÓ<-8CLMTFG457e
XCBDG=G=?JEN<|?JVÓG=3C?J6BDEFÆfKF8
S576LM57Æ757>Ä5.±
¿
Ê?a<-¸FX)57>=BD8#TF>Ä57Tc5JG=XC8¥KFX)3C57LMT
57G=8ÓX)ÆN?J68)L°8)EN<¯6?TF>Ä8CGÄG=B5JE8)E§VFEF8Ó3C5JL°T
5@À
G=?JEN<-865;3É?J6D8@FKFXQ<-8)>=LMBEFX)8TF?J> 683O¸'?JLMT
M

8Q<:VdEF8b3)57LMTc57G=?JEN<-8EF57EÔ65;3É?J6D8@%L°5;KFXC6DBGÄXC8
8)668f?JVFG=GÄBT'?J>PVFEF8= 57>Ä3C8?J6DXÉ?@<=57B>Ä8:ÆN?JVdG=G=BD8CEFEd8b8Q< KF8C6g<O? À~3C57>Ä>=XC6DXC8¯8)E <=8CLMTFG
¿
Ê8 L°5;KFÒC6D8 G=8 TF>=X)G=8CEN<=8­G=57VdGa6?  57>ÄL°8 K»× VFEªG #%G}<-Ò)L°8ÔK»× X)UWV'?@<-BD57EFG°KFB<ﬁcXC>Ä8CEN<-BD8C66D8CGÓG}<-5@À
3O¸'?@GÄ<-BDUWVF8CGfKd57EN<f68)GI±@?J>ÄB?JeF6D8CGSG=57EN<:68b<=8CEFGÄ8CVF>:KF8³Æ7>=?JKFBD8CEN<fKF8±;BD<-8)G=GÄ8
M
8)<:68b<=8CEFGÄ8CVF>
LM57LM8CEN<K»× BEF8)>Ä<-BD8
g
¿
9f?JEFG6Ø× ?J>}<-B3)68#5J>=BÆJBE'?J6 4v  VFEd8MGÄ576V%<-BD57E?JTFTF>Ä5%3O¸FX)8°8)GÄ<3É?@63CVd6XC8
K'?@EFG¯6?a6DBLMBD<=8b3)6?JGÄG=BUWVF8 ﬁ KFX)<=8C>ÄL°BDEFBG}<-8
ﬃ
¿
9:?JEFGVFE  57>=L°?J6DBG=LM8K»× BEN<-X)Æ7>-?J6D8#KF8Ó3O¸F8)L°BDE'
6? L°XQ<-¸F5;KF8°3C57EFGÄBG}<O?JBg<Ó¶­3C5JEFGÄ<=>=VFBD>=86?3 57EF3Q<-B5JEKF8
C
>=8C8)E8CE G=VdBD±@?JEN<ÓG=BDL°Td68CLM8CEN<b6?
<=>-?Ä8)3)<-5JB>=8KFXQ<-8)>=LMBEFBDGÄ<-8?F3C8UWVFB>=8Q±%BD8CEN<:¶MEFX)Æ76BDÆ78C>P6D8CG 8ﬀﬁc8)<=GIKdV eF>ÄVFBD<
¿
ﬃB8)EÔUWVF83C8Q<=<-8
?JTdTF>=5
Ñ
BL°?@<-BD57EGÄ57BD<P<=>=ÒCG Æ7>Ä57G=GÄBÒ)>=8@'8)66D8f3C57EdKFVFBD<I¶ÓKF8)GS>ÄXCGÄVF6D<-?@<-G EWVFLMXC>=BDUWVF8CGS8CEÔ?J3C3)57>=K
GÄ8CLMBgÀËUWV'?@EW<=BD<-?@<-Bﬂd?É±J8C33)8CV
Ñ
57ed<=8CEWVFGT'?J>G=BL³VF6?@<=B57E¯EWVFLMXC>ÄBUWVF8 KFB>Ä8C3)<=8@L°?JBG?JVdG=G=B%?É±78)3
KF8)GL°8)G=VF>Ä8CG8
Ñ
T
XC>=BDL°8)EN<O?J6D8CG¯VF6g<-XC>ÄB8)VF>=8)G 


¿
Ê8¥L°5;KFÒ)68#GÄ8CL#eF6D8ÓKF57EF3¥>ÄXÉ?J6DBGÄ<=8@c8)<VFEF8
>ÄXCG=5J6Vd<=B57E TF6VdG ;'Ed8³KFV­G #;GÄ<-Ò)L°8³GÄ<-5;3O¸'?JG}<-BDU;Vd8³KF8Q±%>=?JBD<IT
57Vd±75JB>I?JTFT
57>Ä<=8C>SKF8CGf>ÄXCGÄVF6D<-?@<-G
8)E ?@3C3C5J>=K8CEF3)57>=8¥LM8CB6D68)VF>:?É±J8C3M68CG¯8
Ñ
TcX)>=B8)EF3C8)Gb8Q<6?+9
A
3C8ÓUWVFB4T
8C>ÄL°8Q<=<->=?JBD<fKF8¥68
±@?J6DBKF8)>
¿
Ê8CG?É±J?@EW<-?JÆ78)GﬂKF83)8sLM5%KFÒ)68|G=5JEW<ﬂEF57L#eF>Ä8CV
Ñc¿
Ë6d?@TFTc5J>Ä<-8 VFEF8 BE% 57>ÄLa? <-B5JE  5JEFK'?JLM8CEN<O?@68
GÄVF>+68)G+TF>=5;3C8)G=G=VdG EF57E6DBEFXC?JB>Ä8CGaKd86 × X)UWV'?@<-BD57E0KF8 :?É±;B8)>}À
A
<-5 ,@8CGﬀPTc8)>=LM8)< KF8§LMB8CV
Ñ
3)57L°Td>=8CEdKF>=8b68CG:TF>=5;3C8)G=G=VdG¯KF8b<=>-?JEFG  8C>}<¯K»× XCEF8)>=Æ7BD8³8CEN<=>=8ÓXC3O¸d8C66D8CG  ²
u
 cLa?JBDG Tc8)Vd<?JVFGÄG=B
·

 
    

	, 	 
 Q<->=8?JTdTF6BDU;VdX¶¥Kd8CG G=3O¸FX)La?@GIKF8Ê
Ð
A
ﬁ Ê?J>=Æ78
Ð
KFKI#
A
BL#Vd6?@<=B57E
ﬃ
 ²@® 
¿
Ê8 eFVd< KF8S6?TF>=8)L°BDÒC>=8 T'?@>Ä<-BD8PKF8S3C8)<Ä<-8S<-¸FÒ)G=8:8)GÄ< KF8S3É?J6D3CVF6D8C>4KF8)GG=5J6Vd<=B57EFG4Td6VFGTF>=X)3CBDG=8CG
KFVLM5%KdÒC68ÔKFV0<-XQ<->-?@ÒCKF>Ä8
¿
9:8Q±J?@EW< 6?3C57LMTF68
Ñ
BD<-XÔKFVTF>=5JeF6Ò)L°8?6?LMX)<=¸F5;KF8­6?Td6VFG
TF>ÄXC3)BG=8PGÄ8CL#ed68( )<=>=8PVFEd8I?@TFTF>=5;3O¸F8PEWVFLMXC>ÄBUWVF8PKF8P< #;Tc8
¾
57EN<-8QÀ

?J>=6D5
¿NÍ
57VF>Ä<-?JEN< N¶¯3C?JVFG=8
KFV*ÆJ>-?JEFK*Ed57L#eF>Ä8ÓKF8#KF8)Æ7>=X)GKd8#6BDec8)>Ä<-XbKFV§TF>=5JeF6Ò)L°8?cBD68CG}<BLMTc5JG=G=BDeF68K»× Vd<-BD6BDG=8C>SVFEF8
<=8C66D8#LMX)<-¸d5%KF8?68)GT
57BDKFG¯GÄ<-?@<-BDGÄ<-BDUWVF8CGKF8)GbKFBﬂﬁuX)>=8)EW<=8CG>=XC?J6BDG-?@<=B57EFGIKF8CGeF>ÄVFBD<=GT
57Vd±@?JEN<
KFBﬂﬁuX)>=8)>sKF8TF6VdG=B8)VF>=GP5J>=KF>Ä8CGPKF8L°?JÆ7EFBg<-VFKF8AI5JVFG ?É±757EFG KF5JEF3K'?JEFGPVFE TF>Ä8CLMB8C> <-8CLMTFG
BDEF3C57>ÄTc5J>=X 8CETF?J>Ä<=B8S6Ø× 8ﬀﬁc8)< KFVeF>ÄVFBD<8CEaVd<-BD6BG=?JEN<VFEF8f?@TFTF>=5;3O¸F8IKF8I< #;T
8:G=8)L°B ÀË3)6?JGÄG=BUWVF8?
K'?@EFG:6?JUWVF8C6D6857E­EF8³3C57EFGÄBKFÒ)>=8bU;Vd8#6?M>=XÉ?@6BG=?@<-BD57E KF8CG:eF>=VFBg<-GIKF57EN<f6D8bT
57BKdGIG}<O?@<=BGÄ<=BUWVF8
8)GÄ< 68:TF6VFGÆ7>-?JEdK ﬁ 6?bTF6VFGTF>=57eF?JeF68
ﬃ
¿

8)<=<=8¯X)<=VFKF8EF57VFG ?#T
8C>ÄL°BDGKF8¯3)57LMTF>=8)EFKF>=8¯Ku× 5
±J8CE'?JBD8CEN<s6D8CG3C57EN<=>=BedVd<-BD57EFG ¶b6?GÄ<-?@<-BDGÄ<=BUWVF8:6D8CGTF6VdG BDL°T
57>Ä<-?JEN<-8)GW3C8IU;VdBcEF5JVFGs?Tc8)>=LMBG
T'?@>S6?ÓG=VFBg<-8K»× XC6?@ec57>Ä8C>PVFEÔG=3O¸FX)La?MKF8< #%T
8
¾
57EN<-8ÁÀ

?J>Ä65M?JTFTF>Ä57TF>ÄBX?JV G&#;GÄ<=ÒCLM8@ﬀK'?JEFG
6D8CUWVF8C6 68)G#eF>=VdBD<-G³G=57EN<ÓTF>ÄBG#8)E3C57LMTd<=8TF6VdG#>=BDÆ757VF>Ä8CVFGÄ8CLM8CEN<
¿Ð
EI;'E'ﬂ3)8L°5;KFÒ)68?ÔX)<-X
TF>Ä57T
57G=X+T
57VF>ÓKFX)3C>ÄB>=8 6?­K%#;E'?JLMBUWVF8+KFV <-8)EFG=8)VF>¥KF8 Æ7>-?JKdB8CEN<¥KF8±;Bg<-8CGÄG=8 K'?JEFG¥6D83É?JG
K»× VFEMXC3)57VF68)L°8)EN< ¸d57L°5JÆ7ÒCEF8 8Q< BDG=5J<=>=57T
8@JLa?JBDG43C57LMLM8P57E°6D8s±78)>=>-?T'?J>46?GÄVFBD<=8 6? 57>=LM8
KF8 6 × X)3C57VF6D8CLM8CEN<¶¯Æ7>-?@EFKF8 XC3O¸F8)66D8ST
8CV%<  )<->Ä8  ?@3CB6D8CLM8CEN<43O¸F5JBG=BD8
¿
S57VFG?É±757EdG KF5JEF3@NT
57VF>
;'EdB>dX)<-VdKFBX68)G G=576DVd<-BD57EFGPKFVÔL°5;KFÒC6D8f8CE <-VF>ÄeFVF6D8CEF3)8bGÄ57VFGS3CBG=?JB6D68)L°8)EW<¸F57LM57Æ7Ò)EF8
¿
È
× ?JB
84ﬁu8)3)<-VdXM<=57Vd<-8)G3C8CGXQ<-VFKF8)G³?É±J8C3aRI6?JBDE
Í
VFLMB>
¿
I57VFG?É±75JEFG<=>-?É±@?JB6D6Xb8CE3C576D6?Je
57>-? <-B5JE
?É±78)3
¾
BD3O¸'?J8)6

¸d8C>Ä<0,J5.±MTc5JVF> 6?¯>=XCGÄ576V%<-B5JEMKdVaLM5%KFÒ)68PT'?@> 6?LMX)<=¸F5;KF8 KF8S< #;T
8
¾
5JEW<=8QÀ

?J>Ä65Ó8Q<IT
57VF>PGÄ57E X)<-VdKF8³?É±J8C3  57>=ÎC?JÆ78?JEFBDG=5J<=>=57T
8
¿
Ê8a3O¸F?JTFBD<=>=8
u
TF>=X)G=8)EW<=8 68ML°5;KFÒC6D8@?JBDEFG=BUWVF8G-?­KdXC>=Bg±@?@<-BD57E 8Q<ÓG=8)G#TF>ÄBEF3)BT'?J6D8CG3C57EdG=XQÀ
UWVF8)EF3C8)G
¿
Ê?ÓLMX)<=¸F5%Kd8¯KF8>=XCGÄ576V%<-B5JE+KFVÔG #;GÄ<-Ò)L°8K'?JEdGS6 × ?@TFTF>=5
Ñ
BL°?@<=B57E°G=8CLMBgÀ~3C6?JG=GÄBUWVF8
?JBDEFG=B
UWVF868)GsG=576DVd<-BD57EFG G=57VFGP3)8)<Ä<-8?JTFTd>=5
Ñ
BL°?@<-BD57EaGÄ57EN< KFXC3)>=BD<=8CG ?JV+3O¸F?JTFBD<=>=8f®
¿
Ê8¯3O¸'? À
TFBg<->Ä8Mµ<=>-?JBg<-8ÓKF8¥6? >ÄXCGÄ576Vd<=B57E*KdV LM5%KdÒC68¥?É±J8C3MTF>=BDG=8¥8CE3C57LMTd<=8MTd6VFG¯>ÄBÆ757Vd>=8CVdG=8¥KF8CG
eF>ÄVFBD<=G
¿
Ê8CGsGÄ576Vd<=B57EdGKFVG #;GÄ<-Ò)L°8¯KF?JEFGs6D8:3É?@Gs56 × X)3C57VF6D8CLM8CEN<s8)GÄ<P3)BG=?JB6D6X G=57EN<PTd>=XCGÄ8CE%À
<=XC8CGK'?JEFG 68S3O¸'?JTFBg<->=8 !%N<O?JEdKFBG U;Vd8f68S3O¸'?JTFBg<->Ä8Pv8)GÄ<P3)57EFG=?J3C>ÄX¯¶b6?b3C5JEF3C6DVFG=BD57EaKF8I3C8Q<=<-8
TF>Ä8CLMBÒ)>=8¯T'?J>}<-BD8
¿
·ﬂx
²J´
  
  

 

   

  
   
D
?JEFGP3)8f3O¸'?JTFBg<->Ä8f57E+TF>ÄXCG=8)EN<-86?KFXC>ÄBD±@?@<-BD57E8Q<P6?³KdXﬀ;'EFBg<-BD57EaKFV LM5%KdÒC68ﬀtvI'²7µ  d68
eFB6?JE³Ku× X)EF8C>ÄÆ7B8sUWVFB%8CEÓKFX)3C57Vd68@J?JBEdG=BdUWVF868CGKFB<ﬁcXC>Ä8CEN<-8)GﬂL°XQ<-¸F5;KF8)GﬂKF8s>ÄXCG=5J6Vd<=B57E
Tc5JG=G=BDeF68)G
¿
9f?JEFGa6? GÄ8C3Q<-B5JE
u
¿
µG=5JEW<L°57EN<=>=XC8)Ga6D8CGaGÄ576V%<-B5JEFG°KdVªL°5;KFÒ)68 K'?JEFG
6 × ?JTdTF>=5
Ñ
BL°?@<-BD57EaKdX)<-8)>=LMBEFBDGÄ<=8@d<=8C66D8CGPUWVF8TF>ÄXCG=8)EN<-XC8)G:K'?@EFG 4v
¿
 	 
 
6P6 c6 cV6 ^aSQJV=bBNPOQC _VC
ρ
Ê8TF>=8)L°BD8C>PT'?@GSKF?JEFGS6?Ó3C57EdGÄ<->ÄVF3)<=B57E KFV L°5;KFÒ)68¯3C5JEFG=BDGÄ<-8¶¥T'?J>=?JL°XQ<->Ä8C>P68)G Tc8Q<-BD<=G KF5@À
L°?JBEd8CG3C57EFGÄBKFX)>=X)G
¿ 7
>;6?bT'?J>-?@L°XQ<->=BDG-?@<=B57EMLMBEFBDLa?J6D8sK»× VFE+±7576DVFLM8:KF8fKdBLM8CEFGÄB57EM<->=5JBG
8)GÄ<¥VFEp8CEFGÄ8CL#ed68+KF8+UWV'?@<=>=8 T
57BEN<-G ﬁ VFE G=BDL°TF6D8
Ñ
8
ﬃ
UWVF8 6Ø× 57ET
8CVd<Ó±J57B>Ó3)57LML°8XQ<O?JEN<
6D8CGG=57LML°8Q<-GK»× VFE<-XQ<->-?@ÒCKF>Ä8
¿%Í
57VF> T'?J>=?JL°XQ<->Ä8C>VFET
8)<-Bg< ±J576VdL°8
Γ
KF8:6 × X)3C57VF6D8CLM8CEN< W57E
3)57EFG=BDKFÒC>Ä8:KF5JEF3:UWV'?@<=>=8IT'?J>Ä<=B3)VF68)G 6?JÆ7>-?@EFÆ7B8)EFEF8)G ?@TFT'?J>}<-8CEF?JEN<P¶b3)8I±J576VFLM8
¿
Ê8:LM57Vd±J8QÀ
LM8CEN<KF8Ó6D8CVF>f3)8CEN<->Ä8¥KF8¥La?JGÄG=8Ó>ÄXCG=Vd6D<-8ÓKd8Ó6Ø× ?JKd±78)3)<=B57E¶Æ7>=?JEFKF8ÓX)3O¸F8C6D68ÓKFV*±75J6VFLM8Ó8)<
E»× 8CG}<:Kd57EF3K»× ?@VF3CVFEÔBEN<-X)>0 Q<IT
57VF> 6?¥Td>=XCGÄ8CEN<-8bX)<=VFKF8
¿
Í
?J>I6?ÓG=VFBg<-857E GC× BEN<-X)>=8CGÄG=8)>-?aVFEdBgÀ
UWVF8)L°8)EW<?@V
Ñ
LM57Vd±J8CLM8CEN<-G>=8)6?@<=B< GIKF8CGT'?J>}<-BD3CVF6D8CG
¿
Ê8CVF>ÄG¯Tc57GÄBD<=B57EFG:>=8C6?@<-Bg±78)GfTc8)Vd±78)EN<
 Q<->=8>Ä8CTF>ÄXCG=8)EN<-XC8)G:T'?@>S6D8CGs<=>=57BDGs±78C3Q<-8)VF>=G
~ρ1

~ρ2
8Q<
~ρ3
<=8C6G UWVF8 


~ρ1 = (~r1 − ~r2) /
√
2
~ρ2 = (~r1 + ~r2 − 2~r3) /
√
6
~ρ3 = (~r1 + ~r2 + ~r3 − 3~r4) /
√
12
5
~r1

~r2

~r3
8Q<
~r4
G=57EN< 6D8CGs±78)3)<=8CVF>ÄGIT
57G=Bg<-BD57EFGKd8CG T'?J>}<-B3)VF68)Gs6?@Æ7>-?JEdÆ7B8)EFEF8CG ﬁ HBDÆ
¿
u
¿
·
ﬃ
¿
Ë6c8CGÄ<s8CE  ?JBD< TF6DVFGs3C5JL°LM5%Kd8IKF8f<=>-?JBg<-8)> 3)8CGs<->Ä57BG±78)3)<-8)VF>=G GÄ57VFGP6?  57>=LM8:K»× VFEF8:La?@<=>=BD3C8
ρ
<=8C66D8bUWVF8
ρai
8CGÄ<f6?
a
Ò)L°8b3C5;57>=KF5JEFEFXC8ÓKdV­±78C3Q<-8)VF>
~ρi
¿ 7
E*?JTdTc8)668)>-?
ρ
6D8
 	ﬁ  	-  	

 ﬂ ﬂﬁﬀﬁ	     	
Kd8CGsGÄ57L°LM8)<=G KdV<-X)<=>-?JÒ)KF>=8
¿A7
ET
8CV%<sKFX4;'EFB> KF8:L  CLM8S68I<=8CEFGÄ8CVF>
KF8)GP±%Bg<-8)G=G=8)GI>ÄXCKFVdBD<-8)G
v
5
vai = (~vi)a
ﬀ?.±J8C3 


~v1 = (~u1 − ~u2) /
√
2
~v2 = (~u1 + ~u2 − 2~u3) /
√
6
~v3 = (~u1 + ~u2 + ~u3 − 3~u4) /
√
12
5
~u1

~u2

~u3
8)<
~u4
G=57EN<S68)Gs±%Bg<-8)G=G=8)G:KF8)G T'?J>Ä<=B3)VF68)GP6?JÆ7>=?JEFÆ7BD8CEFEd8CG ﬁ HBÆ
¿
u
¿
·
ﬃ
¿
²%·
    	
r 2
r 1
r 4
u 4
u 2
u 1
r3
u3
&
u
¿
·
¿

   
	
	 ﬂ      
	    


 
	
 
     ﬁ    	ﬁﬀﬁ 	
Í
?J> KFXﬀ;'EdBD<-BD57E+KF8
ρ
8)<
v
F57E ?M6?#>=8)6?@<=B57E 
dρ
dt
= v
ﬁ
u
¿
·
ﬃ
5 d
dt
8CGÄ<I6?#KdXC>=Bg±7X)8b6?JÆ7>-?@EFÆ7B8)EFEF8 ﬁ d
dt
=
∂
∂t
+ (~u.~∇)
ﬃ
¿
Ð
E§G=X)T'?J>-?@EW<6D8CG¯3C5JEW<=>=BDeFVd<-BD57EFGfKd8CGKFB<ﬁcXC>Ä8CEN<-8)GXC3O¸F8)668)GKF8Ó6Ø× XC3)57VF68)L°8)EN< »57E§T
8CVd<= 5J>}À
LM8C6D68CLM8CEN<KFXC3)57L°T
57GÄ8C> 68¯3O¸'?@L°T KF8¯±;BD<-8)G=GÄ8
v
G=57VFG 6?8 57>=LM8 
v = v
k1/R
+ v
k≈1/R
+ v
k1/R
5b6Ø× 57Eb?JVF>-?@BD<?JTFTd6BUWVFX ¶
v
KF8CG ;'6D<=>=8CGG=TF?@<-B?JV
Ñ
>=8)G=T
8C3Q<-Bg±78CLM8CEN<T'?JG=GÄ8QÀ~e'?JG@T'?JGÄG=8QÀ~e'?JEFKd8
8Q<:T'?@G=G=8ÁÀË¸'?@Vd<ﬁ
R
8CG}<f6?¥<-?JB6D68f3C?J>-?J3Q<-X)>=BG}<-BDU;Vd8KFV <-XQ<->=?JÒCKF>Ä8@ﬀUWVF8³6 × 5JEÔT
8CVd<IKFX4;'EFB>ST'?J>
6?#>=8C6?@<-BD57E
R2 = Tr(ρtρ)
ﬃ
¿
 v
k1/R
»UWVFBﬂLM5;KFXC6DBG=8b68#KdXCTF6?J3C8)L°8)EW<ÆJ657e'?@6KFV*<=X)<->=?JÒCKd>=8@T
8CV%<= )<=>=8¥BÆ7Ed57>=Xb3É?J>¯57E
G=VFTdTc57GÄ8b6 × X)3C57Vd68CLM8CEN< ¸F5JL°57ÆJÒCEF8
¿
 v
k≈1/R
68#<-8)>=LM8Ó3C57¸dXC>=8)EN<#¶ 6Ø× XC3O¸F8)66D8#KFV§<-X)<=>-?JÒ)KF>=8?8CGÄ<VFELM57Vd±78)L°8)EN<bKu× 8)EFG=8)L#eF68
TF>=X)G=8)>Ä±@?JEN<P6?= 57>ÄL°8SKFV°<=X)<=>-?JÒ)KF>=8
¿FÍ
?@> KFX4;'EFBg<-B5JEaKF8
M
%3)8)<Ä<-8:3)57LMTc57G=?JEN<-8I8CGÄ<XCÆN?@68
¶
ρM
¿
 v
k1/R
L°5;KFXC6DBGÄ8I6 × ?J3Q<-BD57EKF8)GST
8)<=BD<=8CGPXC3O¸d8C66D8CG
¿

× 8)GÄ<SVFE+<-8)>=LM8fBEd3C57¸FX)>=8)EW<S¶Ó6 × X)3O¸F8C6D68
R
%UWV»× 57ELM5;KFXC6DBG=8)>-?KF57EF3IG=57VdGs6?= 57>=LM8SK»× VdEF8f3)57L°T
57G=?JEN<-8 'VF3)<=V'?JEN<-8:EF5J<-X)8fT'?J>6?
G=VFBg<-8
ζ
¿
7
E 57ed<=B8CEN<(;'EF?J68)L°8)EW<S6 × X)U;VF?@<-BD57E+G=VFBg±@?JEN<-8 
vai = ρ
b
iMba + ζ
a
i
ﬁ
u
¿
²
ﬃ
5
ζ
8CGÄ<VFEF8|L°?@<->ÄB3)8'VF3)<=V'?JEN<-8
¿
I5J<=57EFGUWVF8 6 × ¸)#;T
5J<-¸FÒ)G=8|K»× BEF3)57LMTF>=8)G=G=BDeFB6DBD<=XKF86Ø× XC3)57V%À
6D8CLM8CEN< BLMTc5JG=8f6?#3C57EFKdBD<-BD57E
Tr M = 0
¿
²7²
 
   
 
     ,  	  	
Ê8CG X)U;VF?@<-BD57EFG ﬁ
u
¿
·
ﬃ
8Q< ﬁ
u
¿
²
ﬃ
BLMTF6DBUWVF8CEN< ;FE'?J68)L°8)EN<
dρai
dt
= ρbiMba + ζ
a
i
ﬁ
u
¿
u
ﬃ
6P6 c6>6 ^aSQJV=bBNPOQC _VC
M

57LMLM8PKFX)<-?JB6D6XsK'?@EFG|6Ø× ?JEFEF8
Ñ
8 R
¿
²IWBD6F8CG}< T
57GÄG=Bed68 KF8 KFXC>ÄBD±J8C>KF8 6Ø× XCUWV'?@<=B57E¥KF8 :?É±;B8)>}À
A
<=5 ,J8)GPVFEF8¯X)U;VF?@<-BD57E+Tc5JVF>s68I<-8CEdG=8CVd>SKd8¯Æ7>-?JKdB8CEN<KF8f±;BD<-8)G=GÄ8b?@V+G=8CEdGSVdG=VF8)6
Aab = ∂avb
ﬁ±757BD> X)U;VF?@<-BD57E ﬁ R
¿
µ
ﬃ ﬃ
¿I7
ET
57GÄ<=VF68IUWVF8f6?K%#;E'?JLMBUWVF8IKF8
M
8)GÄ<sGÄBLMB6?JB>Ä8P¶³3C8)66D8IKF8
A

K»× 5 6Ø× 8
Ñ
TF>Ä8CGÄG=B5JE 
dMab
dt
+M2ab = Fab(p, ν),
ﬁ
u
¿
®
ﬃ
5 6D8:<-8)>=LM8
Fab(p, ν)
<->=?JKFVFBg<P68)GP8ﬀﬁc8)<-G KF8TF>Ä8CGÄG=B5JEÔ8Q< KF8¯±%BDG=3)57G=Bg<-X
¿

57EN<->-?@B>=8)L°8)EN<S?JV
3C?JG#KF8+6? K%#;E'?JLMBUWVF8Ku×
Ð
VF6D8C>
Ã
8CG}<->=8)BEN<-8 ﬁ 3ﬀI?JEFEd8
Ñ
8 R
¿
²
ﬃ
57EKFXCGÄB>Ä8GC× ? ﬁc>-?JEF3O¸dB>#KF8
6 × ¸)#;Tc5@<-¸FÒ)G=8EF57E TF¸)#;G=BUWVF8KF8TF>Ä8CG=GÄB57E BGÄ5J<->Ä57T
8@F8Q<I5JE T
57GÄ8C>-?
Fab(p, ν) = Tr(M
2) Πab + ξab
ﬁ
u
¿
µ
ﬃ
Ê8#<-8)>=LM8
Tr(M2) Πab
>=8)TF>=X)G=8CEN<=8°6?3C57LMTc5JG-?JEN<-8Ó6D5%3C?J68bKF8¥6?aTd>=8CGÄG=BD57E'68b<-8CEdG=8CVd>
Π
LM8CGÄVF>-?JEN<a6Ø× ?JEFBGÄ5J<->Ä57TFBD8 Kd8­3C8Q<=<-8 KF8C>ÄEFBÒ)>=8@?J65J>=GMU;Vd8
ξab
8CG}<VFEª<=8C>=LM8 G}<-5;3O¸'?JG}<-BUWVF8
LM5%KdXC6BDG-?JEN<6?ÓT'?J>}<-B8:EF57E 65;3É?J6D8fKF86?#TF>Ä8CGÄG=B5JEÔ8Q<I6D8CGP84ﬁu8Q<-G ±%BDG=UWVF8)V
Ñc¿
Ê8CG X)U;VF?@<-BD57EFG ﬁ
u
¿
®
ﬃ
8Q< ﬁ
u
¿
µ
ﬃ
BLMTF6DBUWVF8CEN<
dMab
dt
+M2ab − Tr(M2) Πab = ξab
ﬁ
u
¿
!
ﬃ
7
E Tc5JG=8 
Π =
(ρtρ)
−1
Tr
[
(ρtρ)−1
] ﬁ u ¿ v
ﬃ

8Q<=<-8¯KdXﬀ;'EFBg<-BD57EKFV<=8CEFGÄ8CVF>
Π
±JXC>=Bﬂ;'8¯6?b3C57EFKdBD<-BD57EaKu× BDEF3C57LMTF>Ä8CG=GÄBeFBD6Bg<-X
Tr M = 0
ﬁ 3É?@>
Tr Π = 1
T'?J>P3C5JEFGÄ<=>=VF3Q<-B5JE
ﬃ
¿

83O¸F57B
Ñ
T'?J>}<-BD3CVF6DB8C> KF8
Π
8CGÄ<SKFBD3)<=X¯T'?J> 68 ?JBg<PUWVF8 

K'?JEFGS68¯3C?JG KFX)<=8C>ÄL°BDEFBG}<-8ﬁ
ξ = 0
ﬃ
'6D8CG G=576DVd<-BD57EFGsKdV G&#;G}<-ÒCLM8EF8KFBD±J8C>=ÆJ8CEN<:TF?JG 8CE VdE
<-8)L°TFG(;'EdB

68 <-8)>=LM8ÔKF8ÔTF>=8)G=GÄB57EªEd8Ô<->=?É±J?@B66D8T'?JGﬀ 3)57LML°8 3C8 KF57BD<  Q<->=8Ô68 3É?@Ga8CE"<-VF>ÄeFVF68)EF3C8
¸F57LM57Æ7Ò)EF8*8)< BGÄ5J<->Ä57T
8 ﬁ XCUWV'? <-B5JEKF8*±J57E J>ÄL@E%À
Å
5*?J>}<-¸  ²ﬁ
ﬃ
¿

8)<Ä<-8 ?JG=GÄ8C>Ä<=B57E
G=8)>-?Ó±7XC>ÄB<;'X)8bTd6VFGP6D57BE
¿
²
u
    	
Ë6P>Ä8CGÄ<=8 ¶§LM5%KFX)6BDG=8C>Ó6D8<-8)>=LM8 G}<-5;3O¸'?JG}<-BUWVF8
ξ
¿

5JEFG=BDKFXC>Ä57EFGMTc57Vd>M3)8C6?VFEpT
576<#;EA7LM8
K»× 57>ÄKF>=8KF8)V
Ñ

ξ = η + ψM + α
(
M2 − Π Tr(M2)) ﬁ u ¿ 
ﬃ
5
η
8)<
ψ
GÄ57EN<f>Ä8CG=T
8C3Q<-Bg±78CLM8CEN<¯VdEF8³L°?@<->ÄB3)8b8Q<:VFE G=3É?@6?JBD>=8?J6XC?@<-5JB>=8)G
¿
Ê8b<=8C>ÄL°88CE
α
E»× 8CG}<¥3C6?JB>Ä8CLM8CEN<³TF?JGÓ68Td6VFG#ÆJXCEFX)>-?J6 U;Vu× 57E TFVdBG=GÄ8+XC3)>=B>Ä8
¿
A
?  57>=LM8a8)GÄ<¥BDEFG=TFBD>=X)8KF8CG
>ÄXCG=Vd6D<O? <-G¯KF8  ²"! 
¿
9f?JEFG3)8)<b?J>Ä<=B3)68#6D8CG?JVd<=8CVF>ÄG57EN<bXQ<-VFKdBXÓT'?J>¯GÄBL#Vd6?@<=B57E­EWVFLMXC>ÄBUWVF8
KFBD>=8)3)<-8*6D8CG GÄ<-?@<-BDGÄ<=BUWVF8CG KFVjLM8CL#eF>Ä8*KF8§KF>=5JBD<-8*Kd8 ﬁ
u
¿
!
ﬃ
ﬁ K'?@EFG 68*3É?@GÔKF8*<=X)<->=?JÒCKd>=8CG
BDG=5J<=>=57T
8CG
ﬃ
8)<°57EN<°3)57EFG}<O?@<=XÔUWVF8 6?*LM5#J8CEFEd8ÔKF8
ξ
3C5JEFKFBD<=B57EdEFXC8 G=Vd>
M
Tc5JVd±@?JBD<6 Q<->Ä8
eFBD8CE§?JTdTF>=5
Ñ
BLMXC8ÓT'?@>
α (M2 − Π Tr(M2))
ﬁ
α
XQ<O?JEN<VFEF8¥3)57EFGÄ<-?JEN<-8¥3C5JL°TF>ÄBGÄ8#8CEN<->Ä8M´
8Q<¯´%


8)<:±@?J>ÄB?JEN<:?É±78C3³6Ø× XC3O¸F8)668KF8#6D57EFÆ7Vd8CVF>S3C57EdG=BKdXC>=X)8
ﬃ
¿»Í
?@>fG=57Vd3CBKd8³G=BDL°Td6B3)BD<=X@F57E
GÄVFTFT
57G=8)>-?+B3)BUWVF8
α
8)GÄ<3)57EFGÄ<-?JEN<K'?JEFG¯6? EC5JEF8ÓBEF8)>Ä<=B8C6D68?'8)<UWVF8
ψ
8)GÄ<EWVF6
¿
A
57VdG¯3C8CG
¸)#;Tc5@<-¸FÒ)G=8CG ﬁ
u
¿
!
ﬃ
Kd8)±;B8)EW<ﬀ
dM
dt
+ (1− α) (M2 − Tr(M2) Π) = η ﬁ u ¿ x
ﬃ
Ê8CG¥X)U;VF?@<-BD57EFG ﬁ
u
¿
u
ﬃ

ﬁ
u
¿
x
ﬃ
8Q< ﬁ
u
¿
v
ﬃ
KFXﬀ;FEFBGÄG=8CEN<a6?­K%#;E'?JLMBUWVF8 KF8)GM<=8CEFGÄ8CVF>ÄG
ρ
8)<
M
¿
Í
57VF>+ 8)>=LM8C>:6D8³LM5%KdÒC68bB6>=8)GÄ<-8¥¶°KFXﬀ;'EdB>fTF6DVFG:Td>=XC3)BGÄXCLM8CEN<68)G:<-8)>=LM8CG 'Vd3)<-VF?JEN<-G
ζ
8)<
η
¿
6P6 c66>6  Am;+TAXBM9#@K9<G Gn@KJL@.BDGn@.BMNPO CFG _ZCFGW A&OZB @KG
Í
57VF>4UWVF8 68sLM5;KFÒC6D8sG=57Bg<468TF6VFG4GÄBLMTF68Tc57GÄG=BDeF68?J57E¥G=VdTFTc5JG=8 UWVF8
ζ
8Q<
η
G=5JEW<|Kd8CG|eF>=VdBD<-G
ÆN?@VFG=GÄB8CEdGKd8L°5/#J8CEFEF8)GÓEWVF66D8CGKF8)6D<O?ÀË3C5J>=>=X)6X)G³8CE<=8CLMTFG
¿27
EBLMTc5JG=8MXCÆN?J6D8CLM8CEN<#UWVF8
6D8CVF>ÄGbG}<O?@<=BGÄ<=BUWVF8)Gb±7X)>=Bﬂ;'8CEN<#6D8°GÄ3É?J6DBEFÆÔKF8 S576LM57Æ75J>=5.±
¿
9³× 568)G³8
Ñ
Td>=8CGÄG=BD57EFG#KF8°68)VF>=G
±@?J>ÄB?JEF3)8CG
〈ζab(ρ, t).ζcd(0, 0)〉 =
[
C/ ρab ρcd + C⊥
(
ρ2δac δbd − ρab ρcd
)]√
Tr (MM t) δ(t)
ﬁ
u
¿
·.´
ﬃ
〈ηab(ρ, t).ηcd(0, 0)〉 = Cη ε
ρ2
(
δac δbd − 1
3
δab δcd
)
δ(t)
ﬁ
u
¿
·7·
ﬃ
5
ε
8)GÄ< 6D8Ô<O?@V
Ñ
Kd8­KFBGÄG=BDT'?@<-BD57E Ku× X)EF8C>ÄÆ7B8­BDEN<->=5;KFVFBg<aKF?JEFG6?<-¸dXC57>ÄB8 ¯®F·@ 8Q<
ρ2 =
Tr (ρtρ)
¿
C/

C⊥
8)<
Cη
GÄ57EN<SKF8CGST'?J>=?JL°ÒQ<->Ä8CGPKFV L°5;KFÒ)68
¿
9f?@EFG:6 × X)U;VF?@<-BD57E ﬁ
u
¿
·.´
ﬃ
57E­?MG=XCTF?J>=X#6D8CGS3C57EN<=>=BedVd<-BD57EFGSKF8CGI3C57LMTc5JG-?JEN<-8)G:6D57EFÆ7Bg<-VFKFBDE'?J6D8
ﬁ<-8C>ÄL°8¯8)E
C/ ﬃ
8)< <=>-?JEFG}±78)>=G=8 ﬁ <=8C>ÄL°88CE
C⊥ ﬃ
KFV eF>ÄVFBD<
¿
Ê?MTF>Ä8CLMBÒ)>=8¯E»× ?ÓT'?JG 8CE >=XC?J6Bg<-X
VFE0>&768 TF>ÄBLM57>=KFB?J68)66D8Ô3)57EN<->=BDeFVF8*¶ 6Ø× X)<-BD>=8)L°8)EW<aKFV <=X)<->=?JÒCKd>=8@KFX =¶?@G=G=Vd>=X*T'?J>a68
²@®
 
   
 
     ,  	  	
<=8C>=LM8#KFXQ<-8)>=LMBEFBDGÄ<-8
ρM
ﬁ 3ﬀX)U;VF?@<-BD57E ﬁ
u
¿
u
ﬃ ﬃ
¿»Í
?J>f6?GÄVFBD<=8#57E*GÄVFTFT
57G=8)>-? G=8C6D57E*68)Gf3É?@G
UWVF8
C/ = 0
57V¥UWVF8
C/ = C⊥
¿NÍ
?J>43C5JEW<=>=8?N6?fTF>ÄXCG=8)EF3C8SKF8P6?f3C57LMTc5JG-?JEN<-8s<=>-?JEdGÄ±78)>=GÄ8IKFV
eF>ÄVFBD<
ζ
8CG}< 8)G=GÄ8CEN<-BD8C66D8@N3C?J>|8CEaGÄ57E°?JeFG=8)EF3C8S6Ø× X)<=B>Ä8CLM8CEN<|3C57¸dXC>=8)EN<KFVM<-XQ<->-?@ÒCKF>Ä8SLMÒCEd8C>-?@BD<
¶ÓVFEF83)>=57BDG=G-?@EF3C8¯<->ÄÒCGS>-?JTdBKF8¯KF86 × ?JEdBG=5@<->=5JTFB8
¿
Ê8CGSXCUWV'? <-B5JEFG ﬁ
u
¿
u
ﬃ
 ﬁ
u
¿
x
ﬃ
 ﬁ
u
¿
v
ﬃ
 ﬁ
u
¿
·.´
ﬃ
8Q< ﬁ
u
¿
·7·
ﬃ
KFX4;'EFBGÄG=8)EW<:68¯LM5%KdÒC68¯KdVÔ<-XQ<->=?JÒCKF>Ä8@
UWVFBGÄ8¯TF>=X)G=8CEN<=8 ;'E'?@68CLM8CEN<PGÄ57VFG 6?8 5J>=LM8fKFV G&#;GÄ<=ÒCLM8Ku× X)U;VF?@<-BD57EFG KFB<ﬁcXC>Ä8CEN<-BD8C6D68CG 57>=KdBgÀ
E'?@B>=8)GPGÄ<=5%3O¸'?@GÄ<-BDUWVF8CGSG=VFBg±@?JEN<
dρ
dt
= ρM + ζ
dM
dt
+ (1− α) (M2 − Tr(M2) Π) = η
Π =
(ρtρ)
−1
Tr
[
(ρtρ)−1
]
〈ζab(ρ, t).ζcd(0, 0)〉 =
[
C/ ρab ρcd + C⊥
(
ρ2δac δbd − ρab ρcd
)]√
Tr (MM t) δ(t)
〈ηab(ρ, t).ηcd(0, 0)〉 = Cη ε
ρ2
(
δac δbd − 1
3
δab δcd
)
δ(t)
7
E ?JTFT
8C6D68C>=?#T'?J>P6?¥GÄVFBD<=8¯3C8G&#;GÄ<=ÒCLM8 ﬁ
A
¿
u
ﬃ
¿
Ë6 8CG}<BDL°T
57>Ä<-?JEN<¥KF8 Ed5J<-8)>°UWVF8Ô3C8 LM5;KFÒC6D8+8CGÄ<aTF¸FX)EF57LMXCEF576D57Æ7BDU;Vd8@457E ? KF57Ed3Ô<-5JVd<-8
T
57G=GÄBeFBD6Bg<-X:Kd8 Ä5JVF8C>PGÄVF> 68CG KFBﬂﬁuX)>=8)EW<=GP<-8C>ÄL°8)G KF8 ﬁ
A
¿
u
ﬃ
¿
  
	  	  ﬁﬀﬂ ﬃ	 !" $#&% ('
Ê8³G #;GÄ<-Ò)L°8 ﬁ
A
¿
u
ﬃ
KFX4;'EFBD<:VFE*TF>Ä57eF6Ò)L°8bGÄ<=5%3O¸'?@GÄ<-BDUWVF8#eFBD8CE­T
57G=X
¿ 7
E*T
8CVd<¯Kd57EF3#8)E*KFXQÀ
>ÄBD±78)>aVFEd8­XCUWV'?@<=B57E KF8­H'5 ,$,J8)>}À
Í
6?JEF3.,pTc5JVF>a6?  57EF3Q<-BD57EªKFBDGÄ<->ÄBeFV%<-B5JE"KF8ÔTF>=5Je'?JeFBD6BD<=X
P (M, ρ, t)
¿ 7
E 5Jed<-BD8CEN< 
∂tP (M, ρ, t) = LP (M, ρ, t)
ﬁ
u
¿
·.²
ﬃ
5 6 × 57T
XC>=?@<-8)VF>PK»× X)±J576Vd<=B57E G)× X)3C>=Bg< ﬁ GÄB
C/ = 0 ﬃ

²7µ
   
 
  '	  
	             	    
L = (1− α) ∂
∂Mab
(M2ab − ΠabTrM2)−
∂
∂ρib
ρaiMab
+Cη
ε
ρ2
(
∂2
∂Mab∂Mab
− 1
3
∂2
∂Maa∂Mbb
)
ﬁ
u
¿
·
u
ﬃ
+C⊥
√
Tr (MM t)
∂
∂ρai
(ρ2δabδij − ρai ρbj)
∂
∂ρbj

EF84KFBG}<->ÄBeFVd<=B57E:KF84TF>=5Je'?JeFBD6BD<=X
P (M, ρ, t)
±7XC>ÄB<;ﬀ?@EW< ﬁ
u
¿
·²
ﬃ
T
8CVd<  Q<->Ä8BDEN<-8C>ÄTF>=XQ<-X)843C57LML°8
VFEd8SKdBGÄ<=>=BDeFVd<-BD57EÓKF8 TF>Ä57e'?JeFBD6Bg<-X8)VF6X)>=BD8CEFEF8S¶3C57EdKFBD<=B57EÓK»× BLMT
57G=8)>46?f3C5JEFKFBD<=B57EÓKd8IEF5J>}À
L°?J6BDG-?@<=B57E ∫
dM P (M, ρ) = 1
F3)8UWVFB>Ä8)±;B8)EW<I¶Ó3C5JEFG=BDKFXC>Ä8C>
P (M, ρ)
Ed57E TF6VFG 3)57L°LM8
VFEd8¯KFBG}<->=BDeFVd<=B57E°KF8¯TF>=5Je'?JeFBD6BD<=X Ä5JBEN<-8?dL°?JBG 3C57LML°8I6?³KdBGÄ<=>=BDeFVd<-BD57EKF8¯Td>=57e'?@eFB6DBD<-X KF8
M
3C57EdKFBD<=B57EFEdXC8¯G=Vd>
ρ

P (M |ρ) ¿
R±@?JEN<fKF8b3O¸F8C>Ä3O¸F8C>¯6D8CG:GÄ576V%<-B5JEFG KF8³3)8)<=<=8#XCUWV'? <-B5JE'c5JE GC× BEN<=XC>=8)G=GÄ8¥?JV­eFBD6?JE K»× XCEF8)>=Æ7BD8@
UWVFB%8CGÄ<ﬂVFE¥XC6X)L°8)EN<ﬂ8CGÄG=8)EW<=B8)6FTc5JVF>ﬂ6? ±@?J6BDK'?@<-BD57EKFVÓL°5;KFÒ)68
¿

8PeFBD6?JEbTc8)Vd<4GÄ8sKFXC>ÄBD±J8C>ﬂKF8
ﬁ
u
¿
·.²
ﬃ
8)< ﬁ
u
¿
·
u
ﬃ
8)E X)3C>ÄBD±@?JEN<P6Ø× XCEd8C>=ÆJB8f3)BEFXQ<-BUWVF8
1
2
Tr(V V t)
?É±78)3
V ia ≡ ρibMba
¿dÐ
E L#VF6 À
<=BTF6DB?JEN< ﬁ
u
¿
·.²
ﬃ
T'?J>
1
2
Tr(V V t)
8Q<:8)E LM5#J8CEFEF?JEN<:GÄVF>
M
c5JEÔ57e%<-B8)EN<I6D8eFB6?JE K»× X)EF8C>ÄÆ7B8
GÄVFBD±@?JEN<
	

1
2
∂t
〈
Tr(V V t)
〉
ρ
= − ∂
∂ρia
〈
V iaTr(V V
t)
〉
ρ
+α
〈
Tr(V V tM)
〉
ρ+
16
3
Cηε−C⊥Dd+C⊥f
ﬁ
u
¿
·É®
ﬃ
5 
Dd = 18
〈√
Tr (MM t)Tr
[(
ρρt − 1
3
ρ2
)
MM t
]〉
ρ
8Q<
f =
∂
∂ρia
(
ρ2δabδij − ρai ρbj
) ∂
∂ρjb
〈√
Tr (MM t)Tr(V V t)
〉
ρ
−2ρcj
〈√
Tr (MM t)(MM t)bc
〉
ρ
Ê4× XCUWV'?@<=B57E ﬁ
u
¿
·É®
ﬃ
?JTFT
8C66D8fUWVF8C6DUWVF8CGS3C57LMLM8CEN<O?JBD>=8)G 

Ê?3)57EN<->ÄBeFVd<=B57E³KF8 6?:T'?@>Ä<-BD8sKFXQ<-8C>ÄL°BDEFBG}<-8sKd8P6?fTF>Ä8CG=GÄB57E
ΠTr(M2)
?JVÓeFB6?JE#K»× XCEd8C>}À
Æ7B8³8CGÄ<fE;Vd668
¿ 7
E*>=8Q<->Ä57Vd±78ÓedB8CE*6D8  ?JBg<fUWVF8Ó6?°TF>=8)G=G=BD57E*EF8#<=>-?É±@?JB6D68T'?JGﬀ»3C57LMLM8³3C8
KF57Bg<( )<=>=868¯3C?JG 8CE+<-VF>ÄeFVF6D8CEF3)8¸d57L°5JÆ7ÒCEF8¯8Q< BGÄ5J<->Ä57Tc8ﬁ 3ﬀXCUWV'?@<=B57E KF8¯±J57E J>ÄL@E%À
Å
5/*?J>Ä<=¸  ²
ﬃ
¿
 〈. . .〉ρ ≡
∫
dM . . . P (M, ρ)
Aﬀ$%Hﬀﬂ78E4
ρ 
I14/BK G"
+-!8ﬀ +-!#ﬀ&)+-! "1F65 4Kﬀ:9
))-?
²"!
 
   
 
     ,  	  	

Ê8:<-8)>=LM8
− ∂
∂ρia
〈V iaTr(V V t)〉ρ
8)GÄ<P6?³KFBD±J8C>ÄÆ78CEF3)8fKFV'V
Ñ
K»× XCEd8C>=ÆJB8¯¶³ÆJ>-?JEFKd8fXC3O¸F8)66D8
¿
Ë6u8)GÄ<P3)57L°T
8CEdG=X¯EF57E+TF?JGsT'?J> VFE<-8)>=LM8fKF8fKdBG=GÄBT'? <-B5JE°±;BGÄU;Vd8CVFGÄ8@FL°?JBG T'?J> 68I<=8C>ÄL°8
KF8:KdBG=GÄBT'? <-B5JEMGÄ57VFGvÀËL°?JB6D68
α 〈Tr(V V tM)〉 ρ
;3C?J>
V
8CG}<6?±;Bg<-8CGÄG=8IL°5/#78)EFEFX)8fG=VF>VFEF8
XC3O¸F8)66D8Kd86?#ÆN?JLML°8:BEF8)>Ä<-BD8C6D68
¿

Ê8CG#<->Ä57BGbKF8C>ÄEFB8)>=G³<=8C>ÄL°8)G#KF8 ﬁ
u
¿
·É®
ﬃ
G=5JEW<¥KdVFGÓ?JV3)57VFTF6?JÆ78aKd8+6? K%#;E'?@L°BDU;Vd8?É±78)3
68)Gﬀ'VF3Q<-V'? <-B5JEFG³¶ Tc8Q<-Bg<-8MXC3O¸F8)668
¿
Ê8¥<-8)>=LM8a8CE
Cη
LM5;KFXC6DBG=8Ó6?ÔKFBDG=GÄBT'?@<=B57E§KFV 'V
Ñ
K»× XCEF8)>=Æ7BD8MKdVF8M?JV
Ñ
T
8)<-Bg<-8)G¯XC3O¸F8)668)G
¿
Ê8Ó<-8)>=LM8
−C⊥Dd
>Ä8CTF>ÄXCGÄ8CEN<-8°68ﬃ'V
Ñ
Ku× X)EF8C>ÄÆ7B8
<->=?JEFGÄ±J8C>ÄG=8@ﬀUWVFB»3)57>=>Ä8CGÄTc57EdKÔ¶Ó6?³>=8)KFBG}<->=BDeFVd<=B57EKd8¯6Ø× XCEF8)>=Æ7BD8fK'?JEFGP6?³3C5JVF3O¸F85
ρ
8CG}<
3C57EdGÄ<O?@EW<
¿
Ê8#<-8C>ÄL°8
C⊥f
8CGÄ<6?3C57EN<->ÄBeFV%<-B5JE*KFB<ﬁcVFG=Bg±78Ó¶+6?KFBGÄG=BDT'?@<-BD57E­GÄ57VFG}À~La?@B66D8
α 〈Tr(V V tM)〉 ρ ¿
   
	  	  
  $#  
	 % '    ﬀ  
  
7
E¯3O¸F8)>=3O¸F8La?@BEN<-8)E'?JEN<¶P8
Ñ
TF>ÄBLM8C>»6D8CG»KFBDGÄ<=>=BedVd<-BD57EFG»KF84Td>=57e'?@eFB6DBD<-X8CVd6XC>ÄB8)EFEF8CG
P (M, ρ)
GÄ576Vd<=B57EdGSKd8b6 × X)U;VF?@<-BD57EÔKd8#H'5 ,$,J8)>}À
Í
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ﬃ
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E GC× BEN<=XC>=8)G=GÄ8#VFEFBDU;Vd8CLM8CEN<¯?JV
Ñ
G=5@À
6DVd<-BD57EFGsG}<O?@<=B57EFEF?JB>Ä8CG
¿

8C6D68CGvÀË3)BG=57EN<SG=576DVd<-BD57EFGsKd86 × X)UWV'?@<-BD57E ﬁ 34 ﬁ
u
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LP = 0
ﬁ
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·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Í
57VF>UWV»× 8C6D68 G=57Bg<8)EW<=BÒ)>=8CLM8CEN<KFX)<=8C>=LMBEdXC85JE#KF57Bg<X)ÆN?J68)L°8)EN<BDL°T
57G=8)>VFEF8s3)57EFKFBg<-B5JEbKF8
e
57>=K
¿%Í
57VF>s3)8C6¶%W57Ea<-BD8CEN< 3C57LMTd<-8IKFV  ?JBg<ﬁ eFBD8CEa3)57EFEWV
ﬃ
UWVF8:6?KFBG}<->=BDeFVd<=B57EMKF8I±;Bg<-8CGÄG=8)G
K'?@EFG4VFE¥XC3)57VF68)L°8)EN<4<-VF>ÄeFVF68)EN<|8CGÄ<UWV'?JGÄBLM8CEN<4ÆN?@VFG=GÄB8CEdEF8S¶fÆ7>-?JEdKF8PXC3O¸F8)66D8
¿$7
E¥BLMTc5JG=8
KF5JEF3VFEF8KFBG}<->ÄBeFVd<=B57EaÆN?JVFGÄG=B8)EFEF8b¶Ó6Ø× XC3O¸F8)668¯BDEN<-XCÆJ>-?J6D8
L

P (M, ρ2 = L2) ∼ exp
[
−Tr (MM
t)
ε2/3L−4/3
]
ﬁ
u
¿
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ﬃ
Ð
E%;'EF43C57LML°8+5JE"6 × ? ±;V Td>=XC3)XCKF8)L°LM8CEN<4Tc57Vd>MT
57Vd±J57B>6 Q<->Ä8 3)57EFGÄBKFX)>=XC8 3C5JL°LM8VFEF8
 57Ed3)<-BD57EKFBDGÄ<=>=BedVd<-BD57EaKF8¯Td>=57e'?@eFB6DBD<-XS8CVd6XC>ÄB8)EFEF8@
P (M, ρ)
KF57Bg<±7X)>=Bﬂ;'8C>P6?³3C57EdKFBD<=B57E°KF8
EF5J>=L°?J6BDG-?@<=B57E 
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dM P (M, ρ) = 1
ﬁ
u
¿
· v
ﬃ
Ê8sG #%G}<-Ò)L°8 ﬁ
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Tc8)Vd<  Q<->=8P>ÄXCGÄ576V  57>ÄL°8)66D8CLM8CEN<8)E¥BEN<->Ä5%KFVdBG-?@EW<6?B 5JEF3)<=B57E
KF8
C
>=8)8CE KFV G&#;GÄ<=ÒCLM8@'UWVFBT
8C>ÄL°8Q< K»× 8
Ñ
TF>=BDL°8)>P6?8 57EF3Q<-BD57E+KFBG}<->ÄBeFVd<=B57EaKF8¯TF>=5Je'?JeFBD6BD<=X
ﬁ
Í
9:H
ﬃ
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(M, ρ)
8CE  57EF3)<=B57E KF86?
Í
9:HpKF8
(M ′, ρ′)
¶ÓVFE BEFG}<O?JEN<SKFBﬂﬁuX)>=8CEN<FG=57Bg<
P (M, ρ) =
∫
dM ′
∫
dt G−T (M ; ρ|M ′; ρ′) P (M ′, ρ′),
ﬁ
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8CG}<#?JGÄG=5;3CBDXC8°¶Ô6?+TF>Ä57e'?JedB6Bg<-X#Kd8°<->=?JEFGÄBD<-BD57E§6?JÆJ>-?JEFÆJB8CEdEF8
K»× VFE <-XQ<->-?@ÒCKF>Ä8
(M ′, ρ′)
¶¥VdE ?JV%<->=8
(M, ρ)
T
8CEdK'?JEN<:6?#KFVF>ÄXC8
T
¿ﬀÐ
6D68fG)× X)3C>ÄBD< 
G−T (M ; ρ|M ′; ρ′) =
∫ M(0)=M
M(−T )=M ′
[DM ′′]
∫ ρ(0)=ρ
ρ(−T )=ρ′
[Dρ′′] exp [−S(M ′′; ρ′′)] ,
ﬁ
u
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·ﬂx
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Ê8CGIBEN<-X)Æ7>-? <-B5JEFG 8ﬀﬁc8C3)<=VFXC8)GfK'?JEdGﬁ
u
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ﬃ
GÄ57EN<fKF8)G:BEN<=XCÆ7>=?@<-BD57EFG KF8³3O¸d8CLMBE'ﬀ3J× 8CG}<ÄÀË¶ ÀËKFBD>=8
UWVF8 6Ø× 57E KF57Bg<¥BEN<-X)Æ7>=8)>
exp [−S(M ′′; ρ′′)]
GÄVF>Ó<-57V%<-8CGM68)GÓ<->-?/Ä8C3)<=57B>Ä8CG¥>=8)6B?JEN<Ó68 T
57BEN<
BDEFBD<=B?J6
(M ′, ρ′)
¶­6Ø× BEFG}<O?JEN<
−T
?JVT
57BEN<
(M, ρ)
¶­6Ø× BEFG}<O?JEN<
0
¿
Ê4× ?J3)<=B57E
S
LM8CGÄVF>=8+6D8
T
57BKdGPGÄ<O? <-BG}<-BDU;Vd8¯KF83O¸'?JUWVF8<->-?/Ä8C3)<=57B>Ä8
¿
Ê8CGPX)UWV'?@<-BD57EFG ﬁ
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ﬃ
3)57EFKFVdBG=8)EN<:¶#6 × 8
Ñ
TF>=8)G=G=BD57E ;'E'?J6D8fKF86?³KdBGÄ<=>=BDeFV%À
<=B57E+KF8TF>Ä57e'?JedB6Bg<-Xﬀ
P (M, ρ) =
∫
dM ′
∫
dT
∫ M(t)=M
M(0)=M ′
[DM ′′]
∫ ρ(t)=ρ
ρ(0)=ρ′
[Dρ′′] exp−
[
S(M ′′; ρ′′) +
Tr (M ′M ′t)
ε2/3L−4/3
]
ﬁ
u
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ﬃ
H'57>ÄL°8)668)L°8)EN<6?KdBGÄ<=>=BDeFVd<-BD57E#KF8 TF>Ä57e'?JedB6Bg<-X
P (M, ρ)
GÄ8 3É?J6D3CVF6D8P8CEM3C57EFGÄBKFX)>-?JEN<4<=57Vd<-8)G
6D8CG<=>-?Ä8)3)<-5JB>=8)Gs3C5JL°LM8CEFÎC?JEN<P8CE VFE T
57BEN<
(M ′, ρ′)
¶#6Ø× XC3O¸d8C66D8fBEN<=XCÆ7>=?J68:¶#6Ø× BEFG}<O?JEN<
−T
8Q< G=8<-8C>ÄL°BDE'?JEN< ?JV T
57BEN<
(M, ρ)
¶Ó6Ø× BEFG}<O?JEN<
0
ﬁ±757BD> ;'Æ7VF>Ä8
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²
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r<L (r dans la zone inertielle)
(  ’, M’)
échelle intégrale:
Tr (     ) = r²
(  , M)
Tr (     ) = L²ρ ρ
ρ ρ
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EF8­X)±@?J6DV'?@<=B57Ep3C57>Ä>=8)3)<-8*Kd8­6?KFBG}<->=BDeFVd<=B57EpKF8­TF>Ä57e'?JedB6Bg<-X
P (M, ρ)
EFX)3C8CGÄG=Bg<-8­KF5JEF3
K»× BEN<=XCÆ7>Ä8C>6?¯K%#;E'?JLMBUWVF8SG=VF>|<-5JVd<-8)G68)G<=>-?Ä8)3)<=57B>Ä8CG|>=8)6B?@EW<
(M, ρ)
¶
(M ′, ρ′)
¿;Ð
E°TF>=BDE%À
3)BT
8b3)8C3CBTc8)Vd< Q<->=8  ?JBD<IEWVFL°X)>=BDU;Vd8CLM8CEN<f8)E*Vd<-BD6BG=?JEN<SVFE§?J6ÆJ57>=Bg<-¸FLM8¯KF8
¾
5JEW<=8QÀ

?J>=6D5
¿
Í
57VF>Ä<-?JEN< '¶#3C?JVFGÄ8Kd8¯6?#Æ7>=?JEFKF8¯KFBDL°8)EFG=BD57EKF8¯6 × 8)G=T'?@3C8KF8CGPTd¸'?JG=8)G ﬁ KFBDL°8)EFG=BD57E*· vI%3É?J>
M
KFX)Tc8)EFK°Kd8

TF?J>-?JLMÒ)<=>=8)G4BEFKFX)Tc8)EFK'?JEN<=G8Q<
ρ
KF8Vx
ﬃ
J8)<|KF57Ed3PKFV¥Æ7>-?JEdKMEd57L#eF>Ä8PKF8PKF8QÀ
Æ7>ÄXCGﬂKd8P6Be
8C>}<-XKFV¥TF>=5JeF6Ò)L°8?@3)8C3CBF?JTFT'?J>=?<3C5JL°LM8VFEd8s<O?J3O¸F8s<=>=57T¥?@>=KFVF8
¿7Ð
E¥8ﬀﬁc8)<JVFEF8
GÄBLMTF68ÓBDEW<=XCÆ7>=?@<-BD57EKF8°6? KI#%EF?JL°BDUWVF8°TF?J>
¾
57EN<-8QÀ

?J>=6D5 3)57EFKFVFBg<b¶ÔKF8)G³3C5JE%;'Æ7VF>=?@<-BD57EFG
KF5JEW<S6D8CGPT
57BKFGPG}<O?@<=BG}<-BUWVF8)GPTc8)Vd±78)EN<fKFBﬂﬁuX)>=8C>PKd8Td6VFGÄB8CVd>=G 57>=Kd>=8CG KF8Æ7>=?JEFKF8)VF>
¿
Ë6'GÄ8CL#eF6D8IKd57EF3SEFXC3)8CG=G=?JB>Ä8IKF?JEFGVFEaTF>Ä8CLMB8)>ﬂ<-8CLMTFGKF8S3C57LMTF>=8)EFKF>Ä8I6 × 57>ÄBÆ7BDEF8sKF8)G 3)57EN<->ÄBgÀ
eFV%<-B5JEFGfGÄ<-?@<-BDGÄ<=BUWVF8CG:G=BÆJEFB<;'3C?@<-Bg±78)GfK'?JEFG¯6 × BDEN<-XCÆJ>-?J6D8³KF8#3O¸d8CLMBE ﬁ
u
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
8)6?EF5JVFG¯Tc8)>}À
LM8)<Ä<->-?@BD<T'?J>s6?bGÄVFBD<=8fKF8f>ÄXÉ?J6DBG=8)>VFE ?@6Æ757>ÄBD<=¸FL°8PKd8
¾
57EN<-8ÁÀ

?J>Ä65Ó?@K'?JTd<=X¯?JV+TF>Ä57eF6Ò)L°8?
8Q<fKF57Ed3³8ﬀGM3C?J3C8
¿»Í
5JVF>:3)8C6?I
Ed57VFGf?É±J57EFGf3C?J63)VF6XK'?JEFGIVFE­TF>Ä8CLMB8)>S<=8CLMTFG:6D8CGSG=576DVd<-BD57EFG
KF8 ﬁ
u
¿
²J´
ﬃ
K'?JEFG6Ø× ?JTFTF>Ä5
Ñ
BDLa?@<=B57E¥GÄ8CLMBgÀË3)6?JGÄG=BDU;Vd8@WK'?JEFG6?JUWVF8)668S57EEd8:<-BD8CEN<s3)57L°T%<-8:UWVF8
KF8°6?+<->=?Ä8C3Q<-57BD>=8aKd57EN<#68MT
57BKFGGÄ<-?@<-BDGÄ<=BUWVF8M8CGÄ<#68MTF6VFGbBLMTc5J>Ä<O?@EW< ﬁ 6? >=XÉ?@6BG=?@<-BD57E§KF8CG
eF>ÄVFBD<=G 6?ÓTF6VdGITF>Ä57e'?Jed68
ﬃ
¿
Ê8CGS>=XCGÄVF6D<-?@<-GSKF83C8Q<=<-8³?JTFTF>Ä5%3O¸d8bGÄ57EN<:TF>ÄXCGÄ8CEN<-X)G¯?JV 3O¸F?JTFBD<=>=8
®
¿
Ë6DG EF57VFG 57EN<ITc8)>=LMBGPKF8>=XC?J6BDG=8)>STF?J> 6?ÓG=VFBg<-8VFE G=3O¸FX)La?MKF8< #%T
8
¾
57EN<-8ÁÀ

?J>Ä65¥K'?JEFG
6D8CUWVF8C668CG¯ed>=VFBg<-G¯G=5JEW<<=>-?JBg<-XCG:TF6VFG¯>ÄBÆ75JVF>=8)VFG=8)L°8)EW<
¿
Ê8CGG=5J6Vd<=B57EFG:KF8 ﬁ
u
¿
²J´
ﬃ
3C?J63)VF6X)8CG
T'?@>P3C8)<Ä<-8LMX)<-¸d5%KF8GÄ57EN<ITd>=XCGÄ8CEN<-X)8CG:?JVÔ3O¸F?JTFBD<=>=8µ
¿

EF8+>=8)TF>=X)G=8CEN<-?@<-BD57E 3C57LML°5;KF8°KF8CG¥>=X)G=VF6g<O?@<=G#3C5JEFG=BDGÄ<-8 ¶­3C?J63)VF68)>#68)G#KFBDGÄ<->ÄBeFV%<-B5JEFG³KF8
TF>Ä57e'?JedB6Bg<-X Ä5JBEN<-8)G
P (R,Q)
G=5J6Vd<=B57EFG|KFV°L°5;KFÒ)68 8)<KF8I6D8CG 3C57LMT'?J>Ä8C>¶b3)8C66D8CG3É?J6D3CVF6DXC8)G
T'?@>+9
A
¿
Ê8CGUWV'?JEN<=BD<-X)G
Q
8Q<
R
KFX4;'EFBD8CG+8CEj?JEdEF8
Ñ
8*R
¿
·  G=57EN<  57EF3Q<-BD57EªKF8
M
8)<
KFXQ<-8)>=LMBEF8)EW< 6?#<-57T
5765JÆ7B8S65;3É?J6D8fKF86Ø× XC3)57VF6D8CLM8CEN<
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j<-BD<=>=8IKF8:3)57L°TF?J>-?JBDG=57EF;5JE+TF>=X)G=8CEN<=8¯K'?JEFGs3)8)<Ä<-8fGÄ8C3)<=B57Ea68CG G=576DVd<-BD57EFG KFVLM5%KFÒ)68SK'?JEFG
6 × ?JTdTF>=5
Ñ
BL°?@<-BD57EKFXQ<-8)>=LMBEFBDGÄ<-8
¿
Ê? ;'ÆJVF>=8
u
¿
u
LM57EN<->Ä8 Kd8CG5 57EF3)<=B57EdGMKdBGÄ<=>=BDeFVd<-BD57EFGÓKF8
TF>Ä57e'?JedB6Bg<-X=Ä57BEN<-8)G
P (R,Q)
G=576DVd<-BD57EFGÓKF8 6?*T'?@>Ä<-BD8+KFX)<=8C>ÄL°BDEFBG}<-8+KFVpL°5;KFÒ)68 ¶§KF8CV
Ñ
X)3O¸F8C6D68CGKF8¥6D57EFÆ7VF8)VF>¯KFBﬂﬁuX)>=8CEN<=8CG
¿
Ê8CGÆ7>=?JTF¸F8)GG=57EN<8
Ñ
<->=?JBD<=GKF8 4v
¿

8CGKFBDGÄ<=>=BedVd<-BD57EFG
T
8CVd±J8CEN<  )<->Ä8¥3C57LMT'?J>ÄXC8CG¶+3)8C66D8CG¯3C?J63)VF6X)8CGT'?J>¯GÄBL#VF6?@<-BD57E EWVFLMXC>ÄBUWVF8¥KFBD>=8C3Q<-8 ﬁ 9
A
ﬃ
ﬁ±757BD>?JEFEF8
Ñ
8 ﬃ
ﬃ
¿
Ê8CGG=576DVd<-BD57EFGfKdX)<-8)>=LMBEFBDGÄ<=8CG¯KFVL°5;KFÒ)68#TF>ÄXCGÄ8CEN<-8)EW<³VFE?J3C3)57>=KUWV'? À
6DBD<O? <-B<<->ÄÒCG?J3C3)8CTd<-?JeF6D8¥?.±J8C3¥6?+9+
A
K'?JEFG¯6?T'?J>Ä<=B8#KdVTd6?JE
R < 0
¿»Í
?J>¯3)57EN<->=8?8C6D68CG
TF>ÄXCGÄ8CEN<-8)EW<#VFEF8  ±J?@66X)8 KF8  ?JBeF6D8¥TF>=57eF?JeFB6DBD<=XÓK'?JEFGb6? T'?J>Ä<=B8
R > 0
8CEKdXCG-?@3C3C5J>=K
?É±78)3+68)G#>=X)G=VF6g<O?@<=G#KF8+9
A
¿

8+TF¸dXCEF57LMÒCEd8+GC× 8
Ñ
TF6BDUWVF8T'?J>³68D ?@BD<#UWVF8?ﬂK'?JEdG#68Td6?JE
(R,Q)
6?­TF>ÄXCBL°?JÆ78aT'?J>#6?­K%#;E'?JLMBUWVF8+KFXQ<-8C>ÄL°BDEFBG}<-8Ku× VFE T
57BEN<ÓGÄVF>¥683ﬀJ<-X
R > 0
KF8:6?bGÄXCT'?@>-?@<=>=B3)8f3C5JEW±J8C>ÄÆ78?JVa±J57BGÄBE'?JÆJ8:KF8f6 × 5J>=BÆJBEF8?NKF57EF3fKF?JEFGsVFEd8f>=X)Æ7B57EaKF8fÆ7>=?JEFKF8
TF>Ä57e'?JedB6Bg<-X?<-?JEFKFBDGﬂUWVF8P6?fTd>=XCBDLa?@Æ78K»× VFE¥T
57BEN<ﬂKF?JEFG46?f>ÄXCÆ7BD57E
D > 0

R > 0
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R > 0
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Dρ = dρ
dt
− ρm
7
E ?¥?JVÔTd>=XÉ?@6?JeF6D8f8ﬀﬁc8C3Q<-VFX68¯3O¸F?JEFÆ78)L°8)EW<SKF8¯±@?J>ÄB?JeF6D8CGPGÄVFBD±@?JEN<
{
dt′ = ε−1/3ρ2/3dt
M = ε1/3ρ−2/3m
Ê8CG X)U;VF?@<-BD57EFG K»×
Ð
Vd68C>vÀvÊ?JÆ7>=?JEFÆ78f?JG=GÄ5%3)BXC8)G:?@VÔÊ?JÆJ>-?JEFÆJB8CE ﬁ ®
¿
²
ﬃ
G=57EN<S68)G G=VFBg±J?@EW<=8CG
d
dt
∂L
∂m˙ab
=
∂L
∂mab
d
dt
∂L
∂ρ˙ab
=
∂L
∂ρab
 6 c6>6 9#@-\ ; _ZC _ZCAm9FGﬀ; Y OL@.BM;>S

57LMLM8#57E§6Ø× ?°±;V 8)E
u
¿
µIc57E§G=8¥TF>Ä57Tc5JG=8ÓKF8¥3É?@63CVd68C>:68CG¯KdBGÄ<=>=BDeFVd<-BD57EFGIKF8ÓTF>=5Je'?JeFBD6BD<=X
Ä57BDEN<-8CGSKF8)G:BEN±@?J>ÄB?JEN<-G
Q
8)<
R
8CE  5JEF3)<=B57E KF8³6 × X)3O¸F8C6D68
r
¿
Í
57VF>:3)8C6?%ﬀ57E GÄ8³KF57EdEF8³VFEd8
3)57EFKFBg<-B5JE³BEdBD<-B?J68¶f3)8)<=<=8PTc8Q<-Bg<-8sX)3O¸F8C6D68@@TFVFBDGﬂ57EÓBEN<=ÒCÆ7>Ä8s68 G&#;GÄ<=ÒCLM8 ﬁ ®
¿
u
ﬃ
8)EM>Ä8CLM57EN<O?JEN<
6D8f<-8CLMTFGﬀHÄVFG=UWV»× ¶°3)8U;Vd8b6 × X)3O¸F8C6D68fBDEW<=XCÆ7>=?J68
L
G=57Bg<S?@<=<=8CBDEW<=8 
d
dt


∂L/∂m˙ab
∂L/∂ρ˙ab
mab
ρab

 =


∂L/∂mab
∂L/∂ρab
m˙ab
ρ˙ab

 ﬁ ® ¿ u ﬃ
7
>@8CEMG=8(;
Ñ
?JEN<|68)Gﬂ<->Ä57BGﬂUWV'?@EW<=BD<=XCG
Q

R
8Q<
r
J68CG43)57EFKFBg<-BD57EFGﬂBDEFBD<=B?J6D8CG ﬁ ¶¯Tc8Q<-Bg<-8sX)3O¸F8C6D68
ﬃ
EF8GÄ57EN<ITF?JG 8CEN<-BDÒC>=8)L°8)EN<IKdX)<-8)>=LMBEFX)8CG
ﬀﬂH$/ﬃ +-7
C+-&),&)!DC-,:, )A!87
,
Gab,cd = C/ ρab ρcd +C⊥
(
ρ2δac δbd − ρab ρcd
) ? $%&H )Gﬃ
,.+
	
)J(<
ﬃ#71<$-78.&ﬂ,.0478"1&)4 "8$%!8 $ C,:&)+-! 98$-(<&EE+!
&E!
!
   C-+&E,ﬁ$-!
!
IDﬁ?

?;$%!8*ﬀﬂ ﬀ$-ﬁ+-!
ﬃ#71/,4K+78"1,.'E*ﬃ
,.+
	
)J(< ﬃ#+7
,;"
;C $%)7
,: 
7
)ﬀ+-! 
7
KG"1
C/
ﬂ
C⊥
?  K ,.47
E.$%. 
78 !
+78
$ C-+-!# +	1!D78Bﬃ8$%,Aﬀﬂ/(<4ﬂ.9
+1"1'+! "
7 ((<F Dﬃ  
78Fﬀ71I ﬃ
,.4!4K ﬃ#$%, H$*7
&E?
u
²
 
              	   	
	             	    ﬁ  1
 m
8CGÄ<:VFEF8#L°?@<=>=B3)8
u
Ñ
u
c8)668?aKd57EF3 xM3C57LMTc5JG-?JEN<-8)G
¿
 3É?@VFG=8#Kd8#6?¥3C57EdKFBD<=B57EÔK»× BDE%À
3C57LMTF>Ä8CG=GÄBeFBD6Bg<-X
Tr(m) = 0
8Q<fKF8)G:<->Ä57BGSKF8CÆJ>=XCG:KF8³6DBe
8C>Ä<=XT'?J>:>Ä5J<O? <-B5JE''3C8)GPx°3)57L¥À
Tc5JG-?JEN<-8)GPEF8¯KFX)Tc8)EFKF8CEN<SUWVF8¯KF8µ³T'?@>-?JLMÒ)<=>=8CGBEFKFX)Tc8)EFK'?JEN<=G
¿
9:8)V
Ñ
K»× 8CEN<=>=8¯8CV
Ñ
G=5JEW<
;
Ñ
XCG¯T'?@>
Q
8)<
R

L°?JBG <->Ä57BGS>=8)GÄ<-8)EN<BEFKFXQ<-8)>=LMBEFX)G 
3C8#GÄ57EN<¯68)G:3C5JL°T
57G-?@EW<=8CGIKF8#6?
±757>}<-BD3CBD<=X
 ρ
8)GÄ<I8CEN<-BDÒC>=8)L°8)EN<IKdX)<-8)>=LMBEFX
¿17
E 68¯3O¸d57BGÄBD<SBGÄ5J<->Ä57Tc8¶¥6Ø× BEdGÄ<O?@EW<SBDEFBD<=B?J6!;GÄ57BD< 
ρab =
rδab
 m˙
8Q<
ρ˙
GÄ57EN<S?¥Td>=B5J>=BuBDEFKFXQ<-8C>ÄL°BDEFXCGﬀF6?@BG=G=?JEN<

x#· v³T'?@>-?JLMÒ)<=>=8CGP6DBeF>Ä8CGsGÄVFTFTF6DXCLM8CE%À
<O?JBD>=8)GPTc57Vd>SKdXﬀ;'EFBD>P68)GP3C57EFKdBD<-BD57EFGPBDEFBD<=B?J6D8CG
RIV¥<=5J<O?@6 J8)E¥G=8(;
Ñ
?JEN<
Q

R
8Q<
r
57E¥ÆN?J>ÄKF8S²J´¯T'?J>=?JL°ÒQ<->Ä8CG4BEdKFX)<=8C>=LMBEdXCGﬂT
57VF>4KFX4;'EFBD>468CG
3)57EFKFBg<-B5JEFGﬂBEdBD<-B?J68)G
¿ Ð
E¥TF>=BDEF3CBDTc8?JB6%8CG}< EdXC3C8)G=G=?JB>Ä8SKu× BDEW<=XCÆ7>Ä8C>46?
Í
9:HGÄVF>43C8)G|±@?J>ÄB?Jed68CGﬀ
L°?JBG|T
57VF> XC3C5JEF57LMBG=8)>KFV°<-8CLMTFG KF8f3É?@63CVd6c57Ea8ﬀﬁc8C3)<=VF8fBD3CB
VFEF8fGÄ8C3C5JEFKF8¯?JTdTF>=5
Ñ
BL°?@<-BD57E
ﬁ ?JTFTF>Ä5
Ñ
BDLa?@<=B57E³KFV°3)576
ﬃ
78CEM>=8)L°Td6?JÎC?JEN<|6Ø× BEN<-X)Æ7>-?@<=B57E³T'?J>4VFEF8SL°?
Ñ
BLMBG-? <-B5JE³G=Vd>6D8CG²J´
±@?J>ÄB?JeF6D8CG
¿
Ê4× ?J6Æ75J>=BD<=¸FLM8IUWVF8EF57VFGS?É±75JEFGIV%<-B6DBGÄX:8CG}<B;FE'?J68)L°8)EN< 68¯G=VdBD±@?JEN<

7
EÔGÄ8 ;
Ñ
8
Q

R
8Q<
r
8)<:²J´ÓT'?J>=?JLMÒ)<->Ä8CGP6DBeF>Ä8CG
¿

7
E+BEN<-Ò)Æ7>=8f6D8:G #%G}<-Ò)L°8ﬁ ®
¿
u
ﬃ
ÄVFG=UWV»× ¶Ó3C8fUWVF8¯6 × X)3O¸F8C6D68IBEN<-X)Æ7>-?J6D8:GÄ57BD<s?@<=<=8CBEN<=8@d3@× 8)GÄ<}Àv¶ À
KFB>Ä8 ÄVFGÄUWV»× ¶#3)8fUWVF8
Tr (ρtρ) = L2
¿A7
E+?³?J657>ÄG 6 × 5JTFTc5JG=X:Kd8f6Ø× BEN<-X)Æ7>-?@EW<
Sc(M
′′; ρ′′) +
Tr (M ′M ′t) /ε2/3L−4/3
ﬁ 3ﬀXCUWV'?@<=B57E ﬁ ®
¿
·
ﬃ ﬃ
8CE  57EF3Q<-BD57E KF8CGI²J´ÓT'?J>=?JLMÒ)<->Ä8CG
¿

7
E­3É?J6D3CVF6D8b6D8bLMBEdBL#VFL KF8³3)8)<=<=8  57Ed3)<-BD57E
f
KF8Ó²@´M±@?J>=B?JeF6D8CG c3@× 8)GÄ< u?JV GÄBÆ7Ed8³TF>ÄÒCG
68¯6D57ÆN?J>ÄBD<-¸dL°8IKF86?
Í
9fH >=8C3O¸d8C>=3O¸dXC8 ﬁ
f ≡ − ln(PDF )
ﬃ
¿
 9F@-\Q; _VC _~;+ @.B =bBDGﬀJL@.BM; S
Í
57VF>#>ÄXCG=5JVFKF>=8+6D8aTF>Ä57eF6DÒCLM8aK»× 57Td<=BLMBG-? <-B5JE >ÄXCG=Vd6D<O?@EW<EF5JVFGÓ?É±757Ed3<-57Vd<#K»× ?@ec57>ÄKVd<=BgÀ
6DBG=X+6?*L°XQ<-¸F5;KF8 KFV GÄBLMTF68
Ñ
8?JLM5%8)e'?   ²

!|U;VdBS3)57EN±78)>=Æ78Ô657>ÄG=UWVF8 6?  57EF3Q<-B5JE"?
KF8)GfTF>Ä57TF>=BDX)<=XCG:Kd8#3C57EN±J8
Ñ
BD<=XÓG=BLMTF6D8CGSK'?JEFGf6 × 8)G=T'?@3C8³Kd8CG¯TF¸'?@G=8CG
¿ 7
>
K'?JEdGf68bTF>=57ed6ÒCLM8
3)57EFG=BDKFXC>ÄX@6? 57EF3Q<-BD57E¶ L°BDEFBLMBGÄ8C>
f
GC× 8CG}<¥?É±7X)>=XC8?.±J57B>VFEd8aGÄ<=>=VF3Q<-VF>Ä8a3)57L°Td68
Ñ
8?Kd8
GÄ57>Ä<=8aUWVF8a6 × V%<-B6DBG=?@<-BD57E*KF8a3)8)<#?J6Æ75J>=BD<=¸FLM8Ó3C57EFKdVFBG=?JBD<³¶ÔKF8)G#LMBEFBDLa?6D5%3C?JV
Ñ
L°?JBGT'?JG
Æ76D57e'?JV
Ñu¿

8Q<=<-8bKFB<GM3)VF6D<=XT
8CV%< )<=>=83C57EN<=57VF>=EdXC8³8)E­3C5JL#eFBEF?JEN<I6?MLMX)<=¸F5;KF8bKdV G=BDL°Td68
Ñ
8b?É±78C3b6?
<=8C3O¸FEFBDUWVF8aKFV1>=8C3)VFBD<bG=BDL#VF6DX
¿
I5JVFG#?É±75JEFG³KF5JEF3aVd<=B6DBG=X¥6 × ?J6DÆ757>ÄBD<-¸dL°8  ?JLM8CeFG=?   ²&x 
¿
  $*ﬃ8$%,:$%(<4ﬂ.,&H.$ &)+-! "1
M
K AH$<7
&)C $%!	


ﬃ#+7
,
D > 0  M =

 λ ∆eγ ω2−∆e−γ λ ω1
0 0 −2λ




ﬃ#+7
,
D < 0  M =

 λ + ∆ ω3 ω20 λ−∆ ω1
0 0 −2λ

 ?
 *ﬀ+-7
ﬃ8E
(λ, ∆)
/! ,)$%&)+-! 	8&  Kﬀ&)C- $ Cﬀ
(Q, R)
?
ω1  ω2
ﬂ
ω3
+-!/EKFﬀﬂ+-(<ﬃ +.$%!K "
*H$
C-+-,&Hﬀﬂ&E4  "
$%!8B)'ﬀ$
D > 0  ω3 ≡ 2∆ch(γ) 
?
uwu
    
   ,    	     	   	     
Í
57VF>¥VFEF8 KF8CGÄ3C>ÄBTd<=B57Ep3C57LMTF6DÒ)<-8+Kd8Ô3)8CGaLMX)<=¸F5;KF8CG¥EWVFLMXC>=BDUWVF8CGﬀ5JE"T
57VF>Ä>-?§3C57EFGÄVF6D<=8C>
6 × ?JEdEF8
Ñ
8

¿
    
	 
	    %   
	  
  ﬀ 
  ﬃ	
S57VFG+?É±75JEFG K'?JEFG+VFE0Td>=8CLMB8)>a<-8)L°TdG+?JTFTF6DBUWVFX­6?1LMX)<-¸d5%KF8 KFXC3)>=BD<=8­K'?JEdG+6?1GÄ8C3)<=B57E
TF>ÄXC3)XCKF8)EW<=8 ?JVG #%G}<-Ò)L°8 ﬁ
A
¿
u
ﬃ
¿
Ê? ;'Æ7Vd>=8®
¿
·aLM57EN<->Ä8aVFEd8aKFBDGÄ<->ÄBeFV%<-B5JE KF8°TF>=5Je'?JeFBD6BD<=X
Ä57BDEN<-8
P (R,Q)
< #;TFBDU;Vd8¯3É?J6D3CVF6DXC8SKF8f3C8Q<=<=8¯La?JEdBÒC>Ä8
¿
Ê?³KFBDGÄ<->ÄBeFV%<-B5JE'W3C57LMT'?J>ÄXC8f¶b3C8C6D68)G
3C?J63)VF6X)8CG T'?J>S9
A
ﬁ ;FÆ7VF>=8 ﬃ
¿
²
ﬃ
'8)GÄ<I<->=Ò)GIEd8)<=<=8CLM8CEN<IG=57VFGvÀË8)GÄ<-BDL°X)8K'?JEFGS6?¥T'?J>}<-B8
D >
0, R > 0
¿
& 
®
¿
·
¿

   ﬂﬁ 	     
 
    ﬂ ﬁﬀ	
P (R,Q)
  ﬀ	


 6

 
	   ﬁ 
 
  
 #"
   ﬂﬁ  	 #"
  
ﬂ  	     	 
	 
 


r/L = 0, 5

α = 0, 5

Cη = 0, 01

C/ = C⊥ = 0, 01
ﬃ      
 
   	  8  " 	  	   ﬁ 
 

    	
R,Q > 0


8MTF>=5JeF6Ò)L°8#±;B8)EN<³KFV  ?JBg<U;Vd8@Tc57Vd>Kd8CG±J?@68CVd>=GTc5JG=BD<=BD±J8CGKF8
Q
8)<
R
6Ø× ?J6Æ75J>=BD<=¸FLM8
K»× 57Td<=BLMBG=?@<-BD57E 3C57EN±78)>=Æ78*±J8C>=G+Kd8CG+LMBEFBDLa?*65;3É?@V
Ñ
ﬁ 8)<EF57E0T'?JGaÆ7657eF?JV
Ñ
ﬃ
KF8
f
¿
Ê8)G
T'?@>-?JLMÒ)<=>=8CG|KF8 6 × ?J6DÆ757>ÄBD<-¸dL°8 ?JLM8CeFG=?GÄ57EN<EF5JL#eF>=8)V
Ñc¿ 7
E°T
8CVd<?JBDEFG=BF3O¸d57BGÄB>46?f<-?JB6D68sKFV
GÄBLMTF68
Ñ
8BEdBD<-B?J6 C68Ed57L#eF>Ä8KF8s>Ä8C3)VFBD<=GJ6D8CG±J?@68CVd>=GﬂBDEFBD<=B?J6D8CGKF8s6?S<=8CLMTcX)>-?@<=VF>=8P¶I3O¸'?J3CVdE
K»× 8CEN<=>=8S8CV
Ñ
W68PGÄ3O¸FXCL°?bKF8 KFX)3C>Ä57BGÄG-?JEF3)8:KF8 3)8)<=<=8S<=8CLMTcX)>-?@<=VF>=8?N68PEF5JL#eF>=8 KF8ST'?J6DB8)>=GﬂKF8
<=8CLMTcX)>-?@<=VF>=8b8)<f6D8bEd57L#eF>Ä8³K»× BD<=XC>-? <-B5JEFGIKd8#6Ø× ?J6ÆJ57>=Bg<-¸FLM8fKFV*GÄBLMTF68
Ñ
8b¶a3O¸'?@3CVFE*KF8³3C8CG
T'?@6B8)>=Gﬀu?JBDEFG=BU;Vd8M6?aKFBﬂﬁuX)>=8CEd3C8¥>=8)6?@<=BD±78³8CEN<->Ä8M6?aTF6DVFG¯Æ7>-?@EFKF8Ó8)<6?TF6VdGfTc8Q<-Bg<-8#±@?J68)VF>
KF8I6?= 57EF3Q<-B5JE?JV
Ñ
GÄ57LML°8Q<-GKdVaG=BDL°Td68
Ñ
8S8CE%À~KF8CGÄG=57VdGPKF8:6?JUWVF8C6D68P57E3)57EFGÄBKFÒ)>=8:UWV»× 57E+?
KFXQ<-8)3)<-X¯VdE 5JTd<-BDL#VFL65;3É?J6cKF8f6?8 57EF3)<=B57E ﬁ ±75JB>P?JEdEF8
Ñ
8

ﬃ
¿FÈ
× ?JBu8ﬀﬁc8C3)<=VFX¯KF8¯EF5JL#eF>=8)V
Ñ
<=8CGÄ<=G KF8¯3C57EN±J8C>=ÆJ8CEF3)8³KF8¯6 × ?J6DÆ757>ÄBD<-¸dL°8 T
57VF>PKF8)G ±@?J6D8CVF>ÄGPKFB<ﬁcXC>Ä8CEN<-8)GPKF83C8)GSTF?J>-?JLMÒ)<=>=8)G
¿
Ð
E+?JVd3CVFE3C?JG6?3)57EN±78)>=Æ78)EF3C8f±J8C>=G68SL°BDEFBL#VdL Æ76D57e'?J6'KF8
f
T
57VF>|<-5JVd<-8)G68)G±@?J6D8CVF>ÄG Kd8
u
®
 
              	   	
	             	    ﬁ  1
Q
8)<
R
E»× ? XQ<-XM?JGÄG=VF>ÄXC8
¿Í
57VF>¯3)57L°Td>=8CEdKF>=8Ó3)8)<XC3O¸F8)3¥KF8¥6Ø× ?J6Æ75J>=BD<=¸FLM8@?)× ?JB>Ä8CÆN?J>ÄKFXÓ6?
<=57Tc5J657Æ7BD8:KF8
f
8CEN<=>=8G=8)GIKd8CV
Ñ
TF6DVFGPe'?JG LMBEFBDLa?65;3É?JV
Ñ
KFXQ<-8C3Q<-X)G:T'?J>P>Ä8C3)VFBD<
¿
Ê? ;'Æ7Vd>=8+®
¿
² >=8)TF>=X)G=8CEN<=8@|Tc5JVF>#TF6DVFG=BD8CVF>ÄG³±@?J68)VF>=GÓT
57G=Bg<-Bg±78CG³KF8
Q
8Q<
R
ﬂ6?ÔKFB<ﬁcXC>Ä8CEF3)8
>Ä8C6? <-BD±J88CEN<->Ä8³6?Ó±@?J68)VF> KF86?6 57EF3)<=B57E 8)<I6?¥TF6DVFGIT
8)<=BD<=8±@?J6D8CVF> 57e%<-8CEWVF8³T'?J> >=8)3CVFBg<f?JV
±J57BGÄBE'?JÆJ8KF8s3)8sLMBEFBDL#VFL
¿
f
KFXCT
8)EFK¥KF8 ²J´:±@?J>ÄB?JeF6D8CGﬀ L°?JBDG57E¥?f>Ä8CTF>ÄXCGÄ8CEN<-X 6?S3C57VdTc8sKd8
3)8)<=<=8  5JEF3)<=B57E¥G=Vd>VdEF8IKd>=57Bg<-8P>=8)6B?JEN<|68CG4Kd8CV
Ñ
LM8CB6D68)VF>=GL°BDEFBL°?I<->Ä57Vd±JXCG
¿

8)<Ä<-8SG=BDL°TF6D8
XQ<-VFKF8bKF8
f
K'?JEFGIVFEF8³KdB>=8)3)<=B57EÔEF8³GÄV%G¥<¯eFBD8CE G F>:TF?JG:T
57VF>I3É?J>=?J3)<=XC>=BDG=8)>:G-?¥<-57T
576D57Æ7B8?
L°?JBG8C66D8s8CG}<GÄV%GMG-?JEN<=8IT
57VF>|8CEM57eFGÄ8C>}±78C>6?¯Æ7>=?JEFKF8PBD>=>ÄXCÆ7VF6?J>=Bg<-X?@8Q< GÄVF>Ä<=57Vd<6?¯TF>ÄXCGÄ8CEF3)8
KF8 e'?@>=>=BDÒC>Ä8CG  ﬁ ±J57B>¯GÄVF>Ä<=57Vd<HBDÆ
¿
®
¿
² ﬁ ?
ﬃ
8)< ﬁ e
ﬃ ﬃ
»UWVF8¥6Ø× ?J6ÆJ57>=Bg<-¸FLM8EF8ÓT'?J>}±%BD8CEN<T'?JG
<=57VHÄ57VF>ÄG ¶  >-?JEF3O¸dB>'>Ä8CG}<O?JEN<I?JBEdG=B»eF6D5%UWVFX¯Td>=ÒCGSKF8LMBEFBDLa?65;3É?JV
Ñc¿
È
× ?JB¯8CGÄG-? #7X1K»× ?@K'?JTd<=8C> 6Ø× ?J6ÆJ57>=Bg<-¸FLM8­¶ 3C8Q<=<-8§<-5JTc576D57Æ7BD8 T'?J>}<-BD3CVF6DBÒC>Ä8@sTF?J> 8
Ñ
8CLMTF68§8)E
?JVdÆ7L°8)EN<O?JEN<Ó6? <-8CLMT
XC>-? <-VF>Ä88CE TF>ÄXCG=8)EF3C8 KF8<=8C66D8CG#eF?J>=>ÄBÒC>Ä8CG
¿4¾
?J6D¸F8CVd>=8CVdG=8CLM8CEN<MVFEF8
<=8C66D8ITd>=5;3CXCKdVF>=8fT
57GÄ8fKF8CGTF>=57ed6ÒCLM8CG KF8f3)57EN±78C>ÄÆ78CEd3C8
¿
Ê?#LMX)<=¸F5%Kd8:8
Ñ
T
57G=X)8¯8CE+®
¿
·
¿
²EF8
EF5JVFGS?¥Kd57EF3T'?JG T
8C>=LMBGKF8>=XCGÄ57VFKF>Ä8b6D8¯G&#;GÄ<=ÒCLM8 ﬁ
A
¿
u
ﬃ
¿
            
  %   
 
 66P6 cV6+9 3 SZB @.BM; S
S57VFGI?.±J57EFGIKF57EF3  ?JBD< 6D8b3O¸F5JB
Ñ
KF83C57EdG=BKdXC>=8)>:VFEd8±J8C>=GÄB57E G=BLMTF6DB<;'X)8¯KFV LM5%KdÒC68 ﬁ
A
¿
u
ﬃ
¿

8Q<=<-8GÄBLMTF6Bﬂ;'3É?@<=B57E°>=8)Tc57GÄ8G=VF> KF8)V
Ñ
Tc5JBEN<-G

7
E­3C57EdG=BKdÒC>=8b68<-8)EFG=8)VF>
g
ﬀKFXﬀ;'EdBT'?J>S6?M>=8)6?@<=B57E
g = ρtρ
u?JV 6DB8)VÔKFVÔ<-8CEdG=8CVd>
ρ
¿
g

<-8)EFG=8)VF>fLM57L°8)EN<:K»× BEd8C>Ä<=B8KFV­<-XQ<->=?JÒCKF>Ä8@
EF8#KFX)Tc8)EFK*UWVF8³Kd8 !°T'?@>-?JLMÒ)<=>=8CGIBEFKdXCT
8CE%À
K'?JEN<-GﬀF57E ÆN?JÆJEF8fKF57Ed3
u
±@?J>=B?JeF68)GK'?@EFGP68fLM5;KFÒC6D8
¿
Ê?#KI#%EF?JL°BDUWVF8fKF8
g
GÄ8KdXC>=Bg±78fKd8
3C8)668PKd8
ρ
ﬁ 8)E°T'?@G=G-?@EW< KF8 6?f±@?J>ÄB?JeF6D8
ρ
¶¯6?¯±@?J>ÄB?Jed68
g
75JE°EF8 3O¸'?@EFÆ78ST'?JG|68PLM5%KdÒC68
ﬃ
¿

9³× ?JVd<->Ä8T'?J>Ä<F57E ?ÓKFX =¶#±;V UWVF86?#3C5JL°T
57G-?@EW<=8¯657EdÆ7BD<=VFKFBEF?J68SKFV eF>=VdBD<S?JÆ7BDG=G=?JEN<PG=VF>
6?MK%#;E'?JLMBUWVF8³Kd8
ρ
EF8³KF8)±@?JBg<:T'?@G:BE 'VF8C>IG=VF>I6?MK%#;E'?JLMBUWVF8@
3É?@>:8C6D68 Ä57VF868bLD )L°8
>076D8¯UWVF8³6D8f<-8C>ÄL°8KFXQ<-8)>=LMBEFBDGÄ<-8
ρM
ﬁ 344XCUWV'? <-B5JEﬁ
u
¿
u
ﬃ ﬃ
¿
Ê?¥3C5JL°T
57G-?@EW<=8¯<->-?@EFGÄ±J8C>=GÄ8
KFV¥eF>=VdBD<	Ä57Vd8PT'?J>43C5JEW<=>=8PVFEM>0J68Td>=BLM57>ÄKFB?J6W3C?J>48C6D68s8)L°T1 C3O¸F8 6 × ?J3)3C>Ä5 GÄG=8CLM8CEN<4Ku× ?JEdBgÀ
G=5J<=>=57TdB8aKdV<-X)<=>-?JÒ)KF>=8aK  ¶ 3C8aLD )L°8M<-8C>ÄL°8aKFX)<=8C>=LMBEdBGÄ<=8
¿ 7
E3O¸F57BDG=BD<bKF57Ed3KF8EF8
<-8)EFB>|3C5JL°Td<=8 K'?JEFG68PLM5%KdÒC68PUWVF8SKF8S3C8Q<84ﬁu8Q< Kd8I>ÄXCBGÄ5J<->Ä57TFBDG-?@<=B57E'@8)<T
57VF>|G=BDL°TF6DB<;'8)>
8CEF3)57>=857E+<->=?JBD<=8¯3C8)6VFB ÀË3CBc8CE 3O¸'?JLMTÔLM5/#78)E
¿
Ê8¯G&#;G}<-ÒCLM83C57EFGÄBKFX)>=X?
UWVF86 × 57E ?JTdTc8)668)>-? ﬁ
A
¿
®
ﬃ
F8)GÄ<;'E'?J6D8CLM8CEN< 68¯GÄVFBD±@?JEN< 
u
µ
  
 
  ,    ﬁ        	    	
0 10 20 30
x
0
10
20
30
40
(f(
x)−
f(x
b))
/f(x
b)
(a)
0 10 20 30
x
0.0
2.0
4.0
6.0
8.0
(f(
x)−
f(x
b))
/f(x
b)
(b)
0 10 20 30
x
0.0
0.5
1.0
1.5
2.0
(f(
x)−
f(x
b))
/f(x
b)
(c)
0 10 20 30 40 50
x
0.0
1.0
2.0
3.0
4.0
(f(
x)−
f(x
b))
/f(x
b)
(d)
& 
®
¿
²
¿

  
	ﬁ

	 
	
 
    	 	ﬁﬀ 	
f
	   ﬂ
 
	-    ﬁﬀ 
 
	    	ﬁ  	    	

   	ﬁﬀ 
	
 
	 	-  	
 # 
	-
   ﬁﬀ 


 6

 
 
r/L = 0, 5

α = 0, 5

Cη = 0, 01

C/ = C⊥ = 0, 01

 

R = 0, 67, Q = 1, 33
 ﬂ

R = 0, 67, Q = 4
 



R = 2, Q = 1, 33
	  

R = 2, Q = 4
  	 ﬀ    ﬂﬁ  	 	-  	
 # 
	-

  ﬁﬀ 
 



 
    
 

 
 ﬂ  	  ﬂﬁﬀ 
	  	    	 

ﬀ	   	

	
 

ﬀ8 
 
	 ﬀ	
  
 ﬂ
 
	- 	 	 	   ﬁﬀ 
 
	 
 
u
!
 
              	   	
	             	    ﬁ  1
dM
dt
+ (1− α) (M2 − Tr(M2) Π) = η
dg
dt
= gM +M tg + β
√
Tr (MM t)
(
g − 1
3
Tr(g)δ
)
Π =
g−1
Tr (g−1)
〈ηab(ρ, t).ηcd(0, 0)〉 = γ ε
ρ2
(
δac δbd − 1
3
δab δcd
)
δ(t)
5+6 × 5JE+?#EF5J<=X
β
8Q<
γ
68CGs?JL°Td6BD<=VFKF8)GKF8)GPeF>=VFBg<-G
C⊥
8Q<
C η
Tc57Vd>P?J66DXCÆ78)>6D8CGsEF5@<O?@<=B57EFG
¿

× 8CG}<I3)8C6DVFBUWVF8b6 × 5JE+G=8TF>=5JTc57GÄ8KF8>=XCGÄ57VFKF>Ä8bKF?JEFGP<-57V%<-86Ø× X)<=VFKF8¯UWVFBG=VFBg<
¿
ﬁ
A
¿
®
ﬃ
KFXCT
8CEdKKd8#<->=5JBGfT'?@>-?JLMÒ)<=>=8CG:G-?JEFG¯KdBLM8CEFGÄB57E 
α
c6?a>ÄXCKFVF3Q<-BD57E§KF8ÓEF57E%À~6BDEFXÉ?J>ÄBD<=X
T'?@>ﬂ6?fTF>Ä8CGÄG=B5JE'
β
JUWVFB'LM8CG=Vd>=8P6?:<=8CEFKF?JEF3C8 KF8)G|Tc8Q<-BD<=8CG4X)3O¸F8C6D68CG¶f>ÄXCKFVFBD>=8P6 × ?JEdBG=5@<->=5JTFB8?
8Q<
γ
d6 × ?@L°TF6DBD<=VFKF8PKFV<=8C>=LM8:Kd8feF>=VdBD<?JÆ7BGÄG-?JEN<G=VF>s6?bK%#;E'?@L°BDU;Vd8:KF8
M
¿ 7
E+G=8fTd>=57T
57G=8
K»× X)<=VFKFBD8C>P68)G G=576DVd<-BD57EFGsKF8 ﬁ
A
¿
®
ﬃ
8)E  5JEF3)<=B57E+KF8)GITF?J>-?JLMÒ)<=>=8)G
α

β
8Q<
γ  
¿
 66P6>6  J A`JV= 0F@.A`C<G _ZC Y ~JZYa;aAB @-\V=?C	_; +Q@.B=bBDGﬀJL@.BD;>S
Í
57VF>M>=XCGÄ57VFKF>Ä8 ﬁ
A
¿
®
ﬃ
KF?JEFGa6 × ?@TFTF>=5
Ñ
BL°?@<=B57EGÄ8CLMBgÀ~3C6?@G=G=BDUWVF8@457E"? V%<-B6DBGÄX+6?*L°XQ<-¸F5;KF8
8
Ñ
T
57GÄXC8¥8CE§®
¿
·
¿
²
¿
9f?@EFG¯3C8¥3É?@G¯6?D 57Ed3)<-BD57E
f
EF8ÓKdXCT
8CEFKTF6VdGfUWVF8¥KF8+·7·#±@?J>=B?JeF6D8CGf?@V
6DB8CV³KF8 ²J´ﬃ
u
T'?J>-?@L°ÒQ<->=8)Gﬂ6BDeF>=8)GﬂT
57VF>ﬂKFXQ<-8)>=LMBEF8)>
M
8)<

T
57VF>
M˙
3C?J>
Tr(M˙) = 0
Tc57Vd>
L°?JBEN<=8CEFBD>I6 × BDEF3C57LMTF>Ä8CG=GÄBeFBD6Bg<-X
¿
Ê4× ?J6ÆJ57>=Bg<-¸FLM8³?@L°8)eFG-?3)57EN±78C>ÄÆ78°?J657>ÄG:e
8É?JVd3C57VFTLMB8CV
Ñ
±J8C>=G°68 LMBEFBDL#VFL Æ7657eF?J6sKF8
f
¿
I5JVFGa?É±J57EFGa3O¸d57BGÄBS6D8CGÓ±@?J68)VF>=G¥6D8CGMTF6VFG¥84G°3C?J3C8)GKF8)G
T'?@>-?JLMÒ)<=>=8CGK»× 57Td<=BLMBG-? <-B5JE'J8)E8ﬀﬁc8C3Q<-V'?JEN<KF8CG<-8CG}<-GsKd8I3)57EN±78C>ÄÆ78CEd3C8¯TF>ÄXC6BDL°BDE'?JBD>=8CG
¿
Ê8CG
±@?J6D8CVF>ÄG#KF8+3C8)GÓT'?J>=?JL°ÒQ<->Ä8CG#UWVF8+EF5JVFG¥?É±757EFG¥Vd<=B6DBG=X)8CGbG=57EN<6;'E'?@68CLM8CEN<Ó6D8CG#GÄVFBD±@?JEN<=8CG 
T
57VF>3O¸'?JUWVF8M±@?J68)VF>KF8
(Q,R, r)
57E 3C57EdG=BKdÒC>=8MVFE G=BLMTF6D8
Ñ
8¥BEFBg<-B?@6>ÄXCÆ7VF6DB8)>Kd8M<-?JB6D68
3C?J>-?J3Q<-X)>=BG}<-BDU;Vd8Ó´% ²
¿

8Q<57e Ä8)<GÄVFeFBg<¯VFE§TF>=8)L°BD8C>I>=8C3)VFBD<uKF5JEW<6?°<-8)L°T
XC>=?@<-Vd>=8#BDEFBD<=B?J6D8
8)GÄ<XCÆN?@68¥¶:vITFVFBDGKd8CV
Ñ
?JV%<->=8)GKF8M<=8CLMTcX)>-?@<=VF>=8)GBEFBg<-B?@68CG #;e9@®A5 #;e 8)GÄ<b6?±@?J68)VF>
57T%<-BL°?J6D8Kd8Ó6?D 57Ed3)<-BD57E­>Ä8CEF3)57EN<->=X)8¥657>ÄGfKFV*>=8)3CVFBg<¯TF>ÄXC3CX)KF8CEN<
¿
9:?JEFG¯3C8)Gf<->Ä57BGf>Ä8C3)VFBD<=G
6?³<-8CLMT
XC>-? <-VF>Ä88)GÄ<IKFBLMBEWVFX)8¯UWV'?JKF>=?@<-BDU;Vd8CLM8CEN< '8Q<IT
57VF>·.´#±@?J6D8CVF>ÄGS>ÄXCÆ7Vd6BÒ)>=8)L°8)EW< 8)G}À
T'?@3CXC8)G Kd8S3)8C6D68QÀ~3CBF6 × ?@6Æ757>ÄBD<=¸FL°8 ?JLM5%8)e'?f8CG}<Bg<-X)>=X
u
´7´ 57BDG
¿
Ê4× ?J6ÆJ57>=Bg<-¸FLM8GÄVFTFT
57G=8SUWV»× VdE
LMBEFBDL#VFL 65;3É?J648)GÄ<ÓKFXQ<-8)3)<-Xa657>ÄG=UWVF8a6? KdB<ﬁcXC>=8)EF3C8a>=8C6?@<-Bg±78M8CEN<->Ä8a6?ÔTF6DVFGbÆJ>-?JEFKd8a8)<³6?
TF6DVFGPT
8)<-Bg<-8f±@?J6D8CVF>PKF86?8 57EF3)<=B57E ?JV
Ñ
G=57LMLM8)<-GPKdVÔGÄBLMTF68
Ñ
8¯8)GÄ<SBEI XC>=BD8CVF>Ä8¶
10−3
¿
   +E71.&E+!8"
70ﬃ
,.+
	
)J(<G"14ﬃ#!8"1! 4  $%)(<! $/ﬃ8,&)+-,.&#"1K "
71I<ﬃ8$%,:$%(<J,. "1&)(<!8&)+-!
!
4K
L
ﬂ
ε 
(<$-&) ﬀﬂ'"14ﬃ#!8"
$%!#ﬀﬂ/"1&Hﬃ8$-,.$) ﬃ8$-, 7
! &)(<ﬃ
E'ﬀ:9#$%! (<!A"1FC $%,.&)$
	
EK?
u
v
           7  	    ﬁ  1 	     ﬁ        	    	
Ê8CGG=5J6Vd<=B57EFGKF8 ﬁ
A
¿
®
ﬃ
3É?J6D3CVF6DXC8)GbT'?@>3)8)<Ä<-8aLMX)<=¸F5;KF8°GÄ57EN<#TF>ÄXCGÄ8CEN<-X)8CG#K'?@EFG³6? GÄ8C3)<=B57E
GÄVFBD±@?JEN<-8
¿
       
	    
   ﬀ	       "    
  
  %   
   
Ê?LMX)<-¸d5%KF8 KFXC3)>=BD<=8­TF>ÄXC3CX)KF8CLMLM8CEN< Tc57Vd>3É?J6D3CVF6D8C>°68CG+GÄ576V%<-B5JEFGaGÄ8CLMBgÀË3)6?JGÄG=BDU;Vd8CGKFV
LM5%KdÒC68 ﬁ
A
¿
®
ﬃ
Tc8)>=LM8)<¯K»× X)<=VFKFBD8C>f6D8³3C5JL°T
57>Ä<=8CLM8CEN<¯KF8)G¯G=576DVd<-BD57EFGS8CE  57EF3Q<-BD57E­KF8)Gf<->=5JBG
T'?@>-?JLMÒ)<=>=8CG
α
ﬁ 6?>ÄXCKFVF3Q<-BD57E§KF8¥EF57E%À~6BEdXÉ?J>ÄBD<-X
ﬃ

β
ﬁ U;VdBﬂL°8)G=VF>Ä8¥6Ø× 8ﬀﬁc8)<K»× BGÄ5J<->Ä57TFBG=?@<-BD57E
KF8)G 'VF3Q<-V'?@<=B57EdGfKF8#±;BD<=8CG=GÄ8¥¶Tc8Q<-Bg<-8#X)3O¸F8C6D68
ﬃ
8)<
γ
ﬁ 6 × ?JLMTF6DBD<-VdKF8KFV§eF>=VFBg<¯?JÆJBG=G=?JEN<¯G=Vd>
M
ﬃ
¿
Ê8CGS>=XCGÄVF6D<-?@<-G KF8b9
A
TF>ÄXCGÄ8CEN<-X)GfK'?JEFG 6 × ?JEdEF8
Ñ
8 ﬃjGÄ57EN<:VFE T
57BEN< KF83C5JL°T'?@>-?JBDG=57E
E'? <-VF>Ä8C6T
57VF>PKFBDG=3CV%<-8C> EF5JGS>ÄXCGÄVF6D<-?@<-G
¿
Ê8M>=XCGÄVF6D<-?@<TF>=BDEF3CBDT'?J64KF8M3C8Q<=<=8°GÄ8C3)<=B57E 8CG}<#686 ?JBg<UWVF8a6D8MTF?J>-?JLMÒ)<=>=8
α
Ä57VF8M68¥>076D8¥68
TF6DVFG³GÄBÆ7EdB<;'3C?@<-Bﬂs8CEKdX)<-8)>=LMBE'?@EW<³68°3C57LMTc5J>Ä<-8)L°8)EN<#UWV'?J6DBD<O? <-B<KF8CG³G=576DVd<-BD57EFG
¿
ËLMTc57GÄ8C>
UWVF8¥68)G¯G=576DVd<-BD57EFG¯?@B8CEN<¯6D8Óec5JE3)57LMTc57>}<-8)L°8)EW<fTc57Vd>¯68CG¯LM57LM8CEN<-G:KF8¥6?a±75J>Ä<-BD3CBg<-X@cKF8CG
KFX4 57>=L°?@<=B57EFG³8)<MKFV <->-?@EFG& 8)>Ä<°K»× X)EF8C>ÄÆ7B8?|?JBEdG=BsUWVF8 Tc5JVF>¥6?  57EF3Q<-B5JEpKdBGÄ<=>=BDeFVd<-BD57EKF8
TF>Ä57e'?JedB6Bg<-X?%>Ä8CGÄ<=>=8)BEN<S3C57EFGÄBKFX)>-?Jed68CLM8CEN< 6D8CGs±@?J68)VF>=G T
57G=GÄBeF6D8CGPKF8
α
¿
 6  6 cV6 Q; BMG _~9e[L\QCTY YDC<G
7
E_KFBDG=3CV%<-8<-57V%<*K»× ?Jec5J>=K_68)G*TF>=5JTF>=BDX)<-X)G*K»× XC3O¸F8)668)G*KF8UWV'?JEN<-Bg<-X)G§<=8C6D68CG U;Vd86? ±@? À
>ÄB?JEF3)8KF8)G4KFXﬀ 5J>=L°?@<-BD57EFG
〈Tr(S2)〉
@6Ø× 8CEFG}<->Ä57TF¸FBD8
〈ω2〉
8Q<468<-8C>ÄL°8KF8<->=?JEFG  8C>Ä<|Ku× X)EF8C>ÄÆ7B8
〈−r2Tr(M2M t)〉
'KF57EN<I6Ø× 8
Ñ
TF>=8)G=GÄB57EÔ8CGÄ<IKFX)>=BD±JXC8KF8 ﬁ
u
¿
·É®
ﬃ
K'?JEdGS6D83É?JGS5 68¯<-XQ<->-?@ÒCKF>Ä8
8)GÄ<SBGÄ5J<->Ä57Tc8
¿
y

y
 ~ P,.3.. 2/2.$w3H3. ﬃ!.$&('4ﬃgp 3
α
Ê? ;'ÆJVF>=8­®
¿
u
LM57EN<->Ä8 6? KFX)Tc8)EFK'?JEF3)8*KF8
〈Tr(S2)〉
8Q<
〈ω2〉
8)E  57EF3Q<-B5JEªKF8­6 × X)3O¸F8C6D68
T
57VF>TF6VdG=B8)VF>=G±@?J68)VF>=GbKF8
α
¶
β
8Q<
γ
;
Ñ
X)G ﬁ
β
¯´% ®A
γ
¯´% ²7µ
ﬃ
¿
A
8C6D57E68MG=3C?J6BDEFÆ ¯®F·
8Q<68)G>=X)G=VF6g<O?@<=GaKF8­9
A
TF>ÄXCG=8)EN<-XCG+KF?JEFG+6Ø× ?JEFEd8
Ñ
8 ﬃ+ 3C8)G+KF8CV
Ñ
UWV'?JEN<-Bg<-X)GKF8)±;>=?JB8)EW<
XQ±7576DVF8C>P8)E
r−4/3
¿

8Q<=<-86D57Bu8)GÄ< 3C5J>=>=8)3)<=8CLM8CEN< ±7XC>ÄB<;'X)8T'?J>
〈ω2〉
T
57VF>s<=57Vd<=8CGP68)Gs±@?J68)VF>=G
KF8
α
ﬁ HBDÆ
¿
®
¿
u
ﬁ e
ﬃ ﬃ
¿

8)Tc8)EFK'?JEN<46? UWV'?JEN<=BD<-X
〈Tr(S2)〉
8)GÄ<¥e
8É?JVF3)57VFT TF6DVFG#G=8)EFG=BDeF68¶
6?a±J?@68CVd>Kd8
α
ﬁ HBÆ
¿
®
¿
u
ﬁ ?
ﬃ ﬃ
¿
Ê86;F<KF8M6?+KFX)Tc8)EFK'?JEF3)8°Kd8
〈Tr(S2)〉
8CE  57EF3)<=B57E§KF8
r
T'?@>VFEF8I657BﬀKF8:TFVFBGÄG-?JEd3C8fTF>ÄXCGÄ8CEN<-8¯VFEaec57E?J3C3)57>=K+?É±J8C3¯6Ø× 8
Ñ
T
57G-?@EW<ÀË®19
u
ﬁ ±JXC>ÄB<;'XIT'?J>6D8CG
>ÄXCG=Vd6D<O? <-GKF8f9
A
%HBÆ
¿
ﬃ
¿
·
ﬃ
T
57VF>68CG±@?J68)VF>=GKF8
α
KF8I6Ø× 57>=KF>Ä8 KF8f´% µIWL°?JBG|LM57EN<->=8SVFEF8
KFXQ±;B?@<=B57E°G=BÆJEFB<;'3C?@<-Bg±78SKF8f3)8)< 8
Ñ
T
57G-?@EW<sTc57Vd>68)G  ?JBDeF68)G±@?J6D8CVF>ÄGKF8
α
¿
Ê? ;'ÆJVF>=8f®
¿
µ ﬁ ?
ﬃ
LM57EN<->Ä8:6Ø× X)±J576V%<-B5JEKF8f6 × 8
Ñ
T
57G=?JEN< KF8f6?b657B
KF8¯TFVFBDG=G=?JEF3C8¯Kd8
〈Tr(S2)〉
8CE
r
8)E  57EF3)<=B57E
KF8
α
¿
9³× ?JTF>ÄÒCG 3C8)G >ÄXCGÄVF6D<-?@<-GﬀP68CG+GÄ576V%<-B5JEFGG=8)L°B ÀË3)6?JGÄG=BUWVF8)GKFVLM5%KFÒ)68­Ed8GÄ8CL#ed68CEN<
uw
 
              	   	
	             	    ﬁ  1
3)57L°TF?@<-BDeF68)GI?É±J8C3#6D8CGS>=XCGÄVF6D<-?@<-GI3É?J6D3CVF6DXCGST'?J>:9
A
UWVF8³Tc57Vd>IKF8)G:±@?J68)VF>=GIG=V%GMG=?JL°LM8CEN<
Æ7>=?JEFKF8)G KF8
α

α &
´% ®
¿
Ê? ;'Æ7Vd>=84®
¿
®PL°5JEW<=>=846?KFXCT
8CEdK'?JEF3)8 KFV¯<=>-?JEFG  8C>}<K»× X)EF8C>ÄÆ7B84KdBD±;BGÄXﬂT'?J>
r2

〈−Tr(M2M t)〉

8)E  57EF3)<=B57E³KF8s6Ø× XC3O¸d8C66D8
r
@T
57VF>TF6VFGÄB8)VF>=G±J?@68CVd>=GﬂKF8
α
@¶
β
8)<
γ
;
Ñ
XCG ﬁ
β
¯´% ®A
γ
¯´% ²Jµ
ﬃ
¿
Ê8>=X)G=VF6g<O?@<S68TF6DVFG La?@>=UWV'?JEN<SKF83C8)<Ä<-8b?JE'?J6ﬂ#;G=88CG}<:6D8  ?@BD< UWVF868G=BDÆ7EF8KF83C8)<Ä<-8UWV'?JE%À
<=BD<-Xa8CGÄ<M3)57>=>Ä8C3)< ﬁ Tc57GÄBD<=B<
ﬃ
G=8)VF68)L°8)EW<¥T
57VF>¥6D8CGÓT
8)<-Bg<-8)G#±J?@68CVd>=GÓKF8
α
ﬁ
α .
´% µ
ﬃ
¿4Í
57Vd>
3)8CGI±@?J6D8CVF>ÄG KF8
α

6?Ó657BK»× XC3O¸d8C66D8bKdV <->=?JEFG& 8)>Ä<IK»× XCEF8)>=Æ7BD8b8)GÄ<f8)E­?J3)3C57>ÄK­?É±78)3#68GÄ3É?J6DBEFÆ
¯®F· ﬁ ±JXC>ÄB<;'X¥T'?J>6D8CG¯>=X)G=VF6g<O?@<=GKF8M9
A
HBDÆ
¿
ﬃ
¿
·
ﬃ

〈−Tr(M2M t)〉 ∝ r−2
8Q<bKd57EF3M68
<=>-?JEFG  8C>}<fK»× XCEF8)>=Æ7BD8
〈−r2Tr(M2M t)〉
8CG}<¯BEFKdXCT
8CEFK'?@EW<fKF8³6 × X)3O¸F8C6D68
¿	7
E*?°<=>-?J3)X#G=Vd>:6?
;'ÆJVF>=8P®
¿
µ ﬁ e
ﬃ
68G=BÆJEF8PKFVÓ<->=?JEFG& 8)>Ä<|K»× XCEd8C>=ÆJB8P8CE5 57EF3Q<-BD57E#KF8
α
¿
9f?JEFG|3)8C>Ä<-?JBEdG43É?JGﬀ73C8Q<=<-8
UWV'?JEN<=BD<-X8CG}<fEFX)ÆN?@<=BD±78³?JV
Ñ
Æ7>=?JEFKF8)G:XC3O¸d8C66D8CGI8)<ITc57GÄBD<=BD±78b?JV
Ñ
T
8)<=BD<-8)Gﬀ
57E ?a?J6D57>=G <->=?J3CX
6?#L°5/#78)EFEF8KFV G=BÆJEF8¯G=VF>P<=57Vd<-8)G 68CG X)3O¸F8C6D68CG 3)57EFG=BDKFXC>ÄXC8)G
¿
A
8)657E 6? ;'Æ7VF>Ä8 ®
¿
µI46 × BDEN<-8C>}±@?J66D8°KF8 ±@?J68)VF>=GÓKd8
α
T
57VF>¥6D8CG=UWVF8)66D8CGÓ68)G¥G=576DVd<-BD57EFG#GÄ8CLMBgÀ
3)6?JGÄG=BUWVF8)G KFVL°5;KFÒC6D8­TF>ÄXCG=8)EN<-8CEN<ÔVFE?J3C3)57>=KUWV'?J6DBD<O? <-B<?É±J8C3§6?9
A
8)GÄ<  57>}<-8CLM8CEN<
3)57EN<->-?@BEN< G=8)VF68)Gb6D8CGf±@?J68)VF>=GKF8
α
TF>Ä5%3O¸d8CGKF8a´I ®Wµ ﬁ ´% ®
. α .
´% µ
ﬃ
TF>=5;KFVFBDG=8)EW<KF8)G
>ÄXCG=Vd6D<O? <-GP8CEÔ?J3)3C57>ÄK ?É±78)3b6?¥9
A
¿
y

y
  fg P,.3.. 2/2.$w3H3. ﬃ!.$&('4ﬃgp 3
β
Ê? ;'ÆJVF>=8f®
¿
!³LM57EN<->Ä8:6?³KFXCT
8CEdK'?JEF3)8¯KF8
〈Tr(S2)〉

〈ω2〉
8)<
〈−Tr(M2M t)〉
8)E 57EF3)<=B57E
KF8Ó6 × X)3O¸F8C6D68ÓT
57VF>¯TF6DVFG=BD8CVF>ÄGf±@?J68)VF>=G¯KF8
β
¶
α
8Q<
γ
;
Ñ
X)G ﬁ
α
¯´% ®A
γ
¯´% ²7µ
ﬃ
¿
Ê?+±@?J6D8CVF>
TF>ÄXC3)BG=8KF8
β
G=8CL³eF68EF8T'?JGPBDE'VF8)> KFV <=57Vd< 6D8CGP65JBGsK»× XC3O¸d8C66D8CGSKF83C8)GSUWV'?@EW<=BD<=XCG
¿
7
E?3O¸F57BDG=BfKd8CG±@?J68)VF>=GaKF8
β
TF?JG<->Ä57T  ?JBed68CG
¿
β
KF57Bg<+8CE84ﬁu8Q<  )<->Ä8*G=V%GMG=?JL°LM8CEN<
Æ7>=?JEFKpTc5JVF>ÓUWVF8Ô6 × 84ﬁu8Q<MK»× BDG=5J<=>=57TdBG-? <-B5JEKF8CG 'VF3Q<-V'?@<=B57EdGMKd8 ±;Bg<-8CGÄG=8 ¶§T
8)<=BD<=8 X)3O¸F8C6D68
GÄ57BD<P84GM3É?J3)8@ﬀG-?JEdGIUWVF57B6 × ?@EFBGÄ5J<->Ä57TFB8IKFV <-X)<=>-?JÒ)KF>=8?JVdÆ7L°8)EN<-8KFXCLM8CGÄVF>=X)L°8)EN<
¿
y

y
  ig P,.3.. 2/2.$w3H3. ﬃ!.$&('4ﬃgp 3
γ
Ê? ;'ÆJVF>=8f®
¿
vbLM57EN<->Ä8:6?³KFXCT
8CEdK'?JEF3)8¯KF8
〈Tr(S2)〉

〈ω2〉
8)<
〈−Tr(M2M t)〉
8)E 57EF3)<=B57E
KF86 × X)3O¸F8C6D68fT
57VF> TF6DVFG=BD8CVF>ÄGs±J?@68CVd>=GPKF8
γ
'¶
α
8)<
β
;
Ñ
X)G ﬁ
α
¯´% ®A
β
¯´% ®
ﬃ
¿
Ê?S±@?J6D8CVF>TF>=X)3CBDG=8sKF8
γ
E»× ?Hﬁu8)3)<-8T'?JG6 × 8
Ñ
Tc57G=?JEN<4KF8)Gﬂ657BDGK»× X)3O¸F8C6D68)G
¿7Ð
6D68L°5;KFB<;F8 6D8CGTd>=XQÀ
 ?J3Q<-8)VF>=G|KF8)G6D57BGKF8 TFVFBGÄG-?JEd3C8 KF8CGG=8)3C57EdKFG LM57LM8CEN<-G4Kd8
S
8)<
ω
JL°?JBDGﬂE»× ?T'?@G|±;>=?JBLM8CEN<
K»× BE 'VF8CEd3C8 GÄVF>a3)8C6D68CGMKF8
〈−Tr(M2M t)〉
 G=?JV%¶6?§TF6VFGMÆ7>=?JEFKF8ÔXC3O¸F8)668 3C5JEFG=BDKFXC>ÄXC8@
L°?JBG3C8 3C57LMT
57>Ä<=8CLM8CEN<|Tc8)Vd<  )<=>=8 BEN<=8C>=Td>=X)<=X 3C57LML°8P6?:<->=?J3C8 K»× VFE¥<->-?@EFG=Bg<-57BD>=8P¶¯Æ7>=?JEFKF8
X)3O¸F8C6D68
¿
Ê8CGI±J?@68CVd>=GfKF8
γ
3)57EFGÄBKFX)>=XC8)G¯B3)BG=5JEW<¯?JG=GÄ8E¥Tc8Q<-Bg<-8CG ﬁ
≤ 0, 5
ﬃ
¿
γ
L°8)G=VF>Ä8Ó8CE*8ﬀﬁc8)<f6Ø× ?JL¥À
TF6DBD<=VFKF8fKFV eF>ÄVFBD<FUWVFBKF57Bg< >=8CG}<-8)> ?@BeF6D8fTc5JVF>PUWVF8b6?#TF>=X)G=8)EW<=8#?JEF?J6<#;G=8?@BD<PVFE G=8)EFG
¿
u
x
           7  	    ﬁ  1 	     ﬁ        	    	
0.1 1.0
r/L
1
10
100
<
S2
>
α=0.7
α=0.6
α=0.55
α=0.5
α=0.45
α=0.4
α=0.3
α=0.1
r
−4/3
(a)
0.1 1.0
r/L
1
10
100
<
ω
2 >
α=0.7
α=0.6
α=0.55
α=0.5
α=0.45
α=0.4
α=0.3
α=0.1
r
−4/3
(b)
& 
®
¿
u
¿

 ﬂ 



ﬀ	
 # 
	 	  	

ﬂﬁ ﬂ ﬂ	ﬁﬀ  
 	   	 ﬂ   ﬂﬁ  	 ﬂ
 	
 

 ﬂ 

   ﬀ8    	ﬁﬀ 	 ﬂ
 
	-
 	
α

β
   
γ
    
    
ﬂ 	 	
ﬀ	ﬁﬀ	ﬃ"    	 	    	 ﬀ8 
  

 

α
  #    	    ﬂ	   ﬂ  
ﬂ	  
   
	   	 ﬂ 	ﬁ     	ﬁ 
 	 	     	ﬁ ﬂ 	ﬁ ﬂ
 
®N´
 
              	   	
	             	    ﬁ  1
0.0 0.1 0.2 0.3 0.4 0.5
r/L
−50
0
50
100
<
−
Tr
(M
2 M
t )>
α=0.3
α=0.4
α=0.45
α=0.5
α=0.525
α=0.55
α=0.6
α=0.7
(a)
0.1 1.0
r/L
1e−02
1e−01
1e+00
1e+01
1e+02
1e+03
<
−
Tr
(M
2 M
t )>
α=0.1
α=0.2
α=0.3
α=0.4
α=0.45
r
−2
(b)
& 
®
¿
®
¿

  ﬁ  	 	 

ﬁ 	    	        
r2
 〈−Tr(M2M t)〉  	ﬁ	 ﬂﬁ

  ﬂﬁ 	
 


ﬀ	
 # 
	
ﬀ8     
	ﬁﬀ 	 ﬂ
 
	- 
 	
α

β
   
γ
    
  
 

ﬀ	
 # 
	
 
 ﬁ   	ﬂ



ﬀ	
 # 
	
 
        	  8 
 
	     ﬁ 	 ﬂ
 
	-
 	
α

	  	   ﬁﬀ    	
ﬁ       	
®F·
           7  	    ﬁ  1 	     ﬁ        	    	
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
α
−2.2
−2.0
−1.8
−1.6
−1.4
−1.2
e
xp
os
an
t
(a)
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
α
−1.5
−1.0
−0.5
0.0
0.5
1.0
1.5
si
gn
e
(b)
& 
®
¿
µ
¿

 ﬀ	ﬁ   ﬁ

	      ﬀﬂ  
α

 	
 
	ﬁ ﬀ   ﬁﬀ 	
 

 
ﬂ 



ﬀ	
 # 
	 	
〈Tr(S2)〉 	 ﬂ
      ﬁ 	      ﬁ  	 	 

ﬁ 	    	 〈−r2Tr(M2M t)〉  β    
γ
    
   ﬁ 

 

 
   ﬁ 	 ﬀﬂﬂﬂﬁﬀ 
 
	 	ﬁ ﬀﬂ ﬁﬀ 
 # 
  ﬁ   ﬀ	
 
   

  ﬂﬁ 	


 
 ﬂ ﬀ"     ﬁ ﬂ
 ﬂﬁ   

 ﬀ8

   	 ﬂ
 
	- 	
α
 
  	ﬁﬀﬁ 	
     ﬁ 	      ﬁ  	 	 

ﬁ 	    	 - 8 	
 
	 

ﬀ	
 # 
	       	 	 ﬂ "
 
	- 
 	
α
ﬀ8 
 
	ﬀ	
 # 
	
 
	 
 
  ﬂﬁ     
 
	 ﬂﬁﬀ ﬁ

ﬂ ﬀﬂ 		ﬁﬀ

 
	    
 
	       	
 

 
ﬂ 



ﬀ	
 # 
	 	 〈Tr(S2)〉 	     ﬁ 	      ﬁ  	 	


ﬁ 	    	 	  
 
    	   
 
	        	 

   
®W²
 
              	   	
	             	    ﬁ  1
0.1 1.0
r/L
1e+00
1e+01
1e+02
<
S2
>
β=0.2
β=0.4
β=0.6
r
−4/3
(a)
0.1 1.0
r/L
1e+00
1e+01
1e+02
1e+03
<
ω
2 >
β=0.2
β=0.4
β=0.6
r
−4/3
(b)
0.1 1.0
r/L
1e−02
1e−01
1e+00
1e+01
1e+02
<
−
Tr
(M
2 M
t )>
β=0.2
β=0.4
β=0.6
r
−2
(c)
 
®
¿
!
¿

 ﬂ 



ﬀ	
 # 
	 	  	

ﬂﬁ ﬂ ﬂ	ﬁﬀ  
 	   	 ﬂ   ﬂﬁ  	 ﬂ
 	
 

 ﬂ 

   


  ﬂ 



ﬀ	
 # 
	      ﬁ  	 	 

ﬁ 	    	        
r2


8 	

	
 
ﬂ 



ﬀ	
 # 
	  ﬂﬁﬀ 
	    	ﬁﬀ 	 ﬀ8   
ﬂﬂ
 
	- 	
β

α
   
γ
    
 
®
u
           7  	    ﬁ  1 	     ﬁ        	    	
0.1 1.0
r/L
1e+00
1e+01
1e+02
1e+03
<
S2
>
γ=0.1
γ=0.25
γ=0.5
r
−4/3
(a)
0.1 1.0
r/L
1e+00
1e+01
1e+02
1e+03
<
ω
2 >
γ=0.1
γ=0.25
γ=0.5
r
−4/3
(b)
0.1 1.0
r/L
1e−02
1e−01
1e+00
1e+01
1e+02
<
−
Tr
(M
2 M
t )>
γ=0.1
γ=0.25
γ=0.5
r
−2
(c)
 
®
¿
v
¿

 ﬂ 



ﬀ	
 # 
	 	  	

ﬂﬁ ﬂ ﬂ	ﬁﬀ  
 	   	 ﬂ   ﬂﬁ  	 ﬂ
 	
 

 ﬂ 

   


  ﬂ 



ﬀ	
 # 
	      ﬁ  	 	 

ﬁ 	    	        
r2


8 	

	
 
ﬂ 



ﬀ	
 # 
	  ﬂﬁﬀ 
	    	ﬁﬀ 	 ﬀ8  
ﬂ ﬂ
 
	-
 	
γ

α
   
β
   
 
®7®
 
              	   	
	             	    ﬁ  1
 6  6>6 Q;>S [!@.BD;>S _>BDGn@.AXB WOL@.BM; S _VC +TA`; W JZWVB Y BD@K9	_ZJSQGYMC +YDJVS
(R,Q)
7
±	

®
¿
®
¿
·
¿
·
ﬂ±


α 
ﬀ
ﬁﬁ
ﬃﬂ
»×! "O¸#$
〈Tr(S2)〉

〈ω2〉
&%'(%)
*
&+ﬁ%'u×, 

ÄÆ
ﬂ

〈−r2Tr(M2M t)〉



%
-
"ﬁ"



±ﬃ".
0/
12


%

ﬀﬀE


3%)ﬁ4	

%5"


%)

ﬂ

%ﬀ
¿e6
%)ﬁ7"

4

%ﬀ4

%58ﬀ&%)

d±ﬃ8

 &%)
ﬂ
9
%-8


"ﬁ%
ﬂ



ﬂ
%ﬀ
ﬂ:
#%
ﬂ

7


ﬃ:

:#ﬂ

ﬂ
%) 
ﬃﬂ

%)ﬁ
P (R,Q)
¿
Ê

;FÆﬃﬀ°®
¿

4


%)ﬀﬁ;
ﬂ
%ﬀ
ﬂ:
#%
ﬂ

<


ﬃ:

:ﬂ

ﬂ
%) -"

"ﬁ ﬁ(
9
2


*
(R,Q)


α
¯´% !I
β
¯´% ®=ﬁ%
γ
¯´% ²7µI¶>
ﬂ
ﬁ? 

%)ﬁ- "O¸ﬁﬁ-8


Æﬃﬁ
¿
Ê


ﬀﬁ4
ﬂ
Òﬀ@ﬀQÀ
4

ﬀ
A
7Ø×



ﬁ#% 

ﬂ
ﬀB"


"ﬁ

Ø×

""

ﬀ;



ﬂ
%

%
ﬂ
C7"ﬁ'"


:


±9"ﬁ4  4


9
%
ﬂ
%) ﬁ."

"ﬁ ﬁ



/
D1
¿
Ê4×

ﬀ Æﬃ 

 

6
ÍB/DE
"

" ﬁ.
9
7Ø×




Ñ
ﬂ
4

À
%
ﬂ

ﬀﬁ4
ﬂ
ÀF"ﬁ


ﬂ

Gﬁ%
:


"


H




"O¸I

#%
ﬂ

-
/
1J
I"ﬁG
Í$/E


#%
ﬂ

A<



%
ﬂ
 &%)ﬁﬀ4
ﬂ

ﬂ
%)DG4

FÒﬂﬁK"&%
ﬂ

u
¿
µ
ﬃ
¿
Ê

±

 6=

ﬂ:



ﬃ:

:#ﬂ

ﬂ
%) 
9
0



3%
ﬂ
<


9
D > 0

R > 0


ﬂ



'LØ×

&#4 ﬁ%ﬀ
ﬂ
<(


ﬂ
%ﬀ
ﬂ
À
:
C%
ﬂ

3%
:


"


M
B

ﬂ:
@"

44;"J×!3%(;"

N
O/
D1>ﬁ%<
Ñ

 
ﬂ
4

%

4

%



¿
Ê

;FÆﬃﬀ°®
¿
xI4


%)ﬀﬁ;
ﬂ
%ﬀ
ﬂ:
#%
ﬂ

<


ﬃ:

:ﬂ

ﬂ
%) -"

"ﬁ ﬁ(
9
2


*
(R,Q)

(ﬁ;4  4b±

;
β
¯´% ®P&%
γ
¯´% ²7µIQ4

ﬂ

?
;

a±

ﬁ



&%
ﬂ
%ﬀ	#
α
ﬁ
α
¯´% ²
ﬃ
¿
Ê


ﬂ
ﬁR ﬁﬀ

"84

#ﬀ

±9"8ﬁ
Í$/E
"

"# ﬁ


α
¯´% !P"


"

8


ﬁ7


ﬂ
%)
ﬂ:
C%
ﬂ

*

ﬀﬁ?ﬁ%

S

&%
ﬂ
%ﬀ±

#ﬀ#
α
"&%ﬀ%ﬀ7


FÆﬃ4

%)
 ﬁ4	ﬁﬀ 4

%6<


Æ	(

 




%)
ﬂ
"ﬁ2I"9%ﬀ 
R > 0
ﬁ+


ﬂ
Æ

N(
ﬂ
ﬀ"
ﬂ
4
ﬂ
L*
%

#
ﬁ%Aﬀ

ﬀ 

%) ﬁD

ﬃﬂ

%
ﬂ
 '$ ;'Æ9ﬀﬁ ®
¿

ﬁ% ®
¿
x
ﬃ
¿WÍ

$|±

ﬁﬀ$ ﬁ"
9ﬂ
ﬀ
9
%)ﬁ
DØ×! "O¸ﬁ6"&%ﬀ%)D
#<C×

"ﬁ"

%7
Ñ#
Æﬃ  4

% 
:


"


8
#7
N"

ﬂ
%
ﬃ:
ﬀﬁÄ±9 

T/
1
¿PÍ

8

Æﬃ
9
ﬁ ±

U
α

Í$/EV
×,ﬁ%


8 ﬁ%
ﬂ
ﬀ ﬁ=>


ÆW


ﬀ 




%)
ﬂ
"
¿ 7
±9ﬀ



;


ﬂ
%ﬀU
8"&%ﬀ%)@
ﬂ
ﬁ? 

"ﬁU
Ñ


ﬂ

U


ﬂ
ﬁR ﬁﬀ

"U
"

4

3%)4

%$0


ﬃﬂ
»×! "O¸ﬁ6
〈Tr(S2)〉
&%.#	
ﬂ
Æ

%)
9
&+ﬁ%A»×! 

ﬁ=Æ
ﬂ



ﬁP±

#ﬀ
ﬂ
ﬁ? 

%)ﬁ
α
¿
 6  66>6+C SQG2B @K9<GR_ZCbNPOQJSL@.B @K9<GR_a^aSQJV=bBNPOQC<G _ZJVSQG YDC +VYMJVS
(R,Q)
ÊXD;'Æﬃ+®
¿
·.´Y&% ®
¿
·J·>ﬀ

ﬀ ﬁﬀ

%ﬀ

%Z@


ﬂ
%ﬀ 8ﬁ8

9
%
ﬂ
%ﬀ 
Tr(S2)

ω2
ﬁK ×,

À
3%)
9
¸
ﬂ

ﬃ

ωSω
ﬁK




"&%
ﬂ

»×,

%ﬀ
ﬃ
¸
ﬂ

ﬃ

−r2Tr(M2M t)
ﬁK6%)
*
&+ﬁ%»×! 

ﬁ=Æ
ﬂ

ﬃ
&%
−Tr(S3)

9
(


9
(R,Q)

?
#
α
¯´% µ 
β
´I ®Zﬁ%
γ
¯´% ²7µ ¶8ﬁ
Ñ
 "O¸ﬁ<



Æﬃﬁ7 Ê 97²5&%6 ¯Ê 9

¿

ﬁ6


ﬂ
%) ﬁ

×


%




< 




9
"2



ﬂ
%

%
ﬂ
±9

&%ﬀ%)





"&%
ﬂ


r
¿

2"

#
:


ﬁd±ﬃ

%8 ﬁ%ﬀﬀ"

4


 


Ñ
 %

%)<
/
1 ﬁ ±
ﬃﬂ

9#

Ñ
 ﬃ
ﬃ
¿
ÊX
ﬂ
ﬁR ﬁﬀ

"ﬁ


ﬂ

"
ﬂ

.
u×



#%


%ﬀ


%Dﬀ
ﬂ
±
9
%)ﬁ 

Ê

#


ﬂ
%) N#
Tr(S2)
"

"ﬁ ﬁN
9
 ×




Ñ
ﬂ
4

%
ﬂ

ﬀ4
ﬂ
À["

ﬀ
ﬂ

Z4

FÒﬁ6%



ﬁI4
ﬃﬂ

7"


"

%ﬀﬀ 

#%

<Ø×


ﬂ
Æ
ﬂ

D
<"ﬁ
ﬃ:
%)





/
1
¿

Ê



%
ﬂ


 CÆ

%
ﬂ
±92#
ωSω


4
ﬂ

N



%
ﬂ



ﬂ
%
ﬂ
±9@L"ﬁ;

ﬂ
"



ﬂ
%SÆﬃ
ﬃ:

4

%
¶;





"&%
ﬂ

»×!

3%)
ﬃ
¸
ﬂ
4

#9



 CÆ

%
ﬂ
±9
¿

ﬀ ﬁﬀ\%

%

×!%




¸$#
ﬂ

@
"J×!3%DN ﬀ

C%64

ﬁ

#%
ﬂ

ﬀ4
ﬂ
À["

ﬀ
ﬂ


¿
®Wµ
           7  	    ﬁ  1 	     ﬁ        	    	
 
®
¿

¿

   ﬂﬁ  	  
   
 
  	 ﬂ ﬁﬀ	
P (R∗, Q∗)


 6

 
	 ﬀ8
α
    
β
  
	
γ
      
   ﬂ
    


   	  
      	
  ﬁﬀ   
R∗
	
Q∗
 ﬂﬁﬀ ﬁ ﬂ
 
 	   
 
 ﬂ   ﬁ

	 	   	 ﬂ   ﬂﬁ 
Q∗ = Q/ 〈Tr(S2)〉  R∗ = R/ 〈Tr(S2)〉3/2  	
 
   ﬁ 	 

  
   
 
    ﬂﬁﬀ
	  

	
 
       ﬀ		ﬁﬀ 	      	 	 	 

	-

e

® !
 
              	   	
	             	    ﬁ  1
 
®
¿
x
¿

   ﬂﬁ  	  
   
 
  	 ﬂ ﬁﬀ	
P (R∗, Q∗)


 6

 
	 ﬀ8
α
    
β
  
	
γ
     
  ﬂ
    


   	  
      

ﬂﬁ 	ﬁ "
  ﬂﬁ 	
 
  	ﬀ	 -
 
    
	     
®Kv
           7  	    ﬁ  1 	     ﬁ        	    	



%B"ﬁB
ﬁ
ﬁA4

ﬀ
ﬁﬁ


ﬂ
%ﬀ B

9
%
ﬂ
%ﬀ $%#
L
4
ﬂ

ﬁ$

#%
ﬂ

'4
ﬂ
À
"ﬁ


ﬂ

ﬁ2# 4

dÒ 


%³Æﬃ
ﬃ:

4

%N"



ﬂ
%
9
%)

±ﬃ""ﬁ("

" 



/
1
¿
Ð


%
ﬂ
"ﬁ
ﬂ
 

Ê4×,

%ﬀ
ﬃ
¸
ﬂ
;ﬁ%N"


"ﬁ

%) 5
*


ﬀ )Æ
ﬂ

D > 0
 ﬀ )Æ
ﬂ



4
ﬂ

 ﬁ


60%)

"QÀ
%
ﬃﬂ
ﬀﬁ7%


:ﬂ


#L9
%)ﬁ
¿

Ê4×,

%ﬀ
ﬃ
¸
ﬂ
 3%<"ﬀ ﬁ 
9
N



3%
ﬂ
-#


9
D > 0

R < 0
 &%2# ﬁ%)
ﬂ
%ﬀ5
9
(

ﬀ )Æ
ﬂ

D > 0

R > 0



ﬁ%ﬀ

d±9@


"	 

ﬂ
%
:ﬂ


"


W
	Ø×!

3%)
9
¸
ﬂ
 ﬁ%
4




ﬂ
%

ﬂ
ﬀ4

%0"  ﬁ-
9
+;

4

%)6³±

%
ﬂ
"
ﬂ
%) 2ﬁ%N &%)
ﬂ
%ﬀ;
9
N
L


¯±

3%
ﬂ
"
ﬂ
%ﬀ g·


¿

Ê

"


%ﬀ
ﬂ:
#%
ﬂ

4

#ﬀ

 L
Ñ
»×! 

ﬁ=Æ
ﬂ
a±
ﬂ


%;U



3%
ﬂ

R > 0
@

 


À


%ﬀ
ﬂ
"
¿

×,ﬁ%G

=ﬀ CÆ
ﬂ



4
ﬂ

 


U


."=

ﬂ
ﬁ%G"

¸ 

%

±ﬃ"=
ﬀ ﬁﬀ\%

%ﬀ0# 
u
´ﬁ
¿

7


ﬂ
% 
# 
−Tr(M2M t) = −Tr(S3)+ 1
4
ωSω

u
·!

;


%'
Ñ


ﬂ
"
ﬂ
%)ﬁ4	

%S 


ﬀ ﬁ
ﬁ("


%)
ﬂ:
#%
ﬂ

(#( ﬀ

4

%
ﬂ

ﬁ%2 




#"ﬁ%
ﬂ

»×!

3%)
9
¸
ﬂ


M%)
9
&+ﬁ%
»×! 

ﬁ=Æ
ﬂ

¿
ÊX ;FÆﬃﬀﬁP®
¿
·.´5ﬁ%P®
¿
·7·N4


%)

%
N

ﬀ CÆ
ﬂ



ﬂ
"


%)
ﬂ:
#N




%)
9
&+ﬁ%6»×! 

ﬁ=Æ
ﬂ
(ﬁ%6

4  4<
#2"ﬁN

ﬂ


4
ﬂ


−Tr(S3)
ﬁ
D ≈ 0
ﬁ%
R > 0
ﬃ

ﬀ )Æ
ﬂ



ﬂ




3%
ﬂ
"
ﬂ
@
U%ﬀ=Òﬁ 

ﬂ:
4

% ﬁ+

±



:



ﬃ
¶>




#"ﬁ%
ﬂ

»×!

3%)
9
¸
ﬂ

¿ /

?9ﬂ

%¯±NG%)
9
&+ﬁ%»×! 

=Æ
ﬂ
@# CÆ
ﬂ



"ﬁ%
ﬂ
±ﬃﬁ04
:


%



"0

4
ﬂ

 


$B ﬀ

4

%
ﬂ

ﬁ%





$

±

%
ﬂ
"
ﬂ
%) 
¿ 7

ﬁ#% 

ﬂ
ﬀ

4  4
"


%

%

%
ﬂ


I/
D1
¿
 6  6  6EBMGﬀ[QOQGnG2BD;>S
Ê4×! ﬁ%)#<

#%
ﬂ

Aﬀﬁ4
ﬂ
ÀF"

ﬀ
ﬂ

ﬁG4

FÒ




ﬂ
s±

ﬁﬀ
α

β
&%
γ

4


%) N
#(




4°Ò&%)


%

±



ﬀ "
ﬂ

ﬂ

L#

"ﬁ(

#7

%#
L
4
ﬂ

#N%
α
¿
7WZ
ﬂ


ﬂ
ﬀﬁ4

ﬀ
 
#@
?
#( 

ﬂ:
¯±

(#@"




4MÒﬁ%)@Q


ﬁU


ﬂ
%ﬀ
ﬂ:
#%
ﬂ

P (R,Q)
"

%0
Ñ#
Æ9 ﬀ ﬁ4	

%<


ÆP"ﬀ9%) 
R > 0
#2

 




%ﬀ
ﬂ
"ﬁ
¿


 ﬀ#%

%.ﬁ%"



ﬂ
%
9
%

±ﬃ"N"ﬁ
Ñ
 


¿dÐ
4ﬁR&% Ø×! ﬁ%
ﬂ
ﬀﬁ4	

%A
³Í$/E
6


Æ;#

 




%)
ﬂ
"ﬁ5C×
ﬂ

%)ﬁ

ÄÒﬁ%ﬀ
:ﬂ




%)ﬁﬀ455%#
L
4
ﬂ

#5»×
Ð
#
Ã
3%)
ﬂ

%ﬀ ﬁ
ÃSÐ
ﬃ
ﬁ ±
ﬃﬂ



3%)

ﬂ
%<

¸

@	"&%ﬀ%)%#
L
4
ﬂ

?Qﬀ2

;'Æﬃ 
¿
²
ﬃ
¿ 7
ﬀQØ×!

#; %

%)
4

#ﬀ;# 

.ﬁ%- 

ﬂ
%2
#U %)

ﬀﬁ5ﬁ5"


%ﬀ

ﬂ

%ﬀ³±
ﬂ
ﬀ
#ﬀ5%ﬀ

 ¶Z"


%ﬀﬀ


%@#I

%#
L
4
ﬂ

#
ÃSÐ

9
	"&%ﬀ%)


3%
ﬂ
G


*
(R,Q)
ﬁ+"I

ﬂ0
ﬀ )±
ﬂ


%U



4

%
ﬂ

#5


ﬂ

Æ9


ﬂ
%ﬀ b¶%)4

 ;

ﬂ
#
ÃIÐ
ﬃ
¿ /9



%ﬀﬀ;4

FÒ@ (%)4	2

α
4ﬀ5 ×

4


ﬂ
%ﬀ(5


ﬂ

ﬂ

%
ﬂ

ﬁ±
ﬃﬂ

u
¿
²
ﬃ
¿
ÊQ 

ﬂ
%D
u×,

#±

#ﬀ%G

4	4

%
Æﬃ
9
6
α

ﬃﬂ
%

 "ﬁﬀ

ﬂ

?
. 
ﬂ
ﬀ0ﬀ%G

4	4

% ×, &%
ﬂ
ﬀ4

%B
³Í$/E
6


Æ
Z"*%) 
R > 0
<

ﬀ 




%)
ﬂ
"<ﬁ%0


"(

 ﬀ#%

%"



ﬂ
3%
9
%

±ﬃ" 


¿
Ê4×

#%)@4ﬁR&% 4



9
%5 "

4
?
3%)ﬁ4	

%;-

C%
ﬂ

24
ﬂ
À["

ﬀ
ﬂ

2 4

FÒﬁ


ﬀ
#
α
±


ﬂ
.%$ 

ﬂ
%

〈Tr(S2)〉
"ﬁ

%'%)
ﬃ
±
ﬂ
%)

9
	 ×, ﬁ"O¸
r

ﬂ
4
ﬂ






ﬁ%
ﬂ
%ﬀ±


α
&%
7$%)
9
 +%'»×, 

ÄÆ
ﬂ

〈−r2Tr(M2M t)〉
ﬁ%

 CÆ

%
ﬂ



Æﬃ
9
ﬁ±

X
α
ﬁ ±
ﬃﬂ
';'Æ9ﬀ|®
¿
µ
ﬃ
¿/7
ﬀ 




ﬂ
%) $
Tr(S2)
3%S

Æ9
9
#


%
ﬂ

®

 
              	   	
	             	    ﬁ  1
 
®
¿
·.´
¿
 
	ﬁ    	 

Tr(S2)
 ﬂ
 	ﬁ  ﬀ 	
ω2
 


  
  

  ﬂﬁ 

	ﬁ  ﬀ 	
ωSω
  
    ﬁ  	 	 

ﬁ 	    	 〈−r2Tr(M2M t)〉 	  	 
 −Tr(S3)   ﬁ 
 
	

 
 ﬁ
(R∗, Q∗)
ﬀ8  
α
   ﬂ
β
   	
γ
       	
 
   ﬁ 	  
 
	

ﬂ
	 ﬀﬂﬁ 	ﬁﬀ    ﬂ
 
	- 
 ﬀ     	
 
	
 
   ﬁ 	 	ﬁﬀﬂ ﬁﬀ 
 # 
   ﬂ
 
	-

ﬁ       	
® x
           7  	    ﬁ  1 	     ﬁ        	    	
 
®
¿
·7·
¿
 
	ﬁ    	 

Tr(S2)
 ﬂ
 	ﬁ  ﬀ 	
ω2
 


  
  

  ﬂﬁ 

	ﬁ  ﬀ 	
ωSω
  
    ﬁ  	 	 

ﬁ 	    	 −r2Tr(M2M t) 	  	 
 −Tr(S3)   ﬁ 
 
	 
 
 ﬁ
(R∗, Q∗)
 ﬀ8   
α
   ﬂ
β
   	
γ
       

ﬂﬁ 	ﬁﬀ  ﬂﬁ 	
 

  	ﬀ	 - 
 
    
	    
µJ´
 
              	   	
	             	    ﬁ  1
"


"

%)ﬀ ﬁD6


Æ<@"ﬀ9%) 
R > 0
#6

 




%ﬀ
ﬂ
"ﬁ@¶

	3%. )Æ

ﬁ4	

%A"


"ﬁ

%) 

4

#ﬀ


%
ﬂ
(;



3%
ﬂ



ﬂ
%
ﬂ
±ﬃ(
〈−r2Tr(M2M t)〉
ﬁ ±
ﬃﬂ
 ;'Æﬃ:®
¿
·.´ﬁ%¯®
¿
·7·
ﬃ
¿
7



±
#@



ﬁ%
ﬂ
%)ﬁﬂ±

ﬁﬀ
α

P (R,Q)
% 

3%)ﬁ4	

%'ﬀ%
ﬂ
4 
*

"ﬁﬁ%ﬀ%ﬀ


3%
ﬂ
	


9
(R,Q)
 ﬁ%5
#U"&%ﬀ%)@ﬀ%
ﬂ
4

%
ﬂ

ﬁ4
#ﬂ
ﬀ	

ﬀ

r

ﬂ
4
ﬂ


¿
/


"@
?


&%
ﬂ
%)±

ﬁﬀS
α
 


ﬁ7
P (R,Q)
ﬁK

D ≈ 0

R > 0
ﬃ
"ﬁ

% %ﬀ
ﬃ
±
ﬂ
%ﬀ5

9

r

ﬂ
4
ﬂ

??"ﬁ-

ﬂ
"



ﬂ
%¶U



FÆﬃ4

%

%
ﬂ

%)
ﬃ


#ﬂ
2
〈Tr(S2)〉
¶

&%
ﬂ
%)  "O¸ﬁ@X%
9

ﬂ
<


(ﬁÆﬃ
9
±

#ﬀ<
α


"


%)
ﬂ:
#%
ﬂ

"&%ﬀ%)


%
ﬂ



*
ﬁ%%)
ﬃ


ﬂ:
@ﬁ%0%ﬀ
9
&+3%0»×, 

ÄÆ
ﬂ
<4

#ﬃ

Q±
ﬂ


%

 CÆ

%
ﬂ

¿
      ﬀ	    
/*
"N"O¸

#ﬂ
%)

Z

ﬀ ﬁﬀ

%ﬀ 2

(4 ﬁ%=¸

N<ﬀ ﬁ

#%
ﬂ
8



"O¸ <Z4

FÒﬁ
%ﬀ ﬁ%)

Ò#ﬀ@ 
9
Q


ﬁ


ﬀﬁ?"&%)B

$


:


#


Ñ
ﬂ
4

%
ﬂ

("

 

<
$"



ﬂ
dÒﬀ

(

ﬀ 


ﬂ


%
ﬂ

ﬁ
:
ﬀ
ﬂ
%)0


#


ﬃ:

:
 ﬁ

#


Ñ
ﬂ
4

%
ﬂ

ﬀﬁ4
ﬂ
ÀF"ﬁ


ﬂ


ﬃ
&%D
"



ﬂ
%
ﬂ


ﬂ

ﬂ
%
ﬂ

ﬁ
?
#

¯Í$/E
ﬀ %
9
%)ﬁ%B4
Ñ
ﬂ
4


¿ Í

ﬁB

ﬂ




6"


±9=Æ9

"ﬁ

4 
ﬂ

?


#

×

±











ﬂ

B"&%ﬀ%)D4	 &%-¸



U4

FÒﬁ
(%) &%)

Ò.
9


±ﬃ
ﬂ

ﬂ

ﬂ
%
ﬂ

@4

ﬂ





±


"



ﬂ
 ﬁﬀ s¶0




"B

 ±9
ﬂ


ﬂ
4


ﬂ
;L U#Z"ﬁI4

FÒ@
9



ﬁ@




%
ﬂ
8ﬁ
:
ﬀ
ﬂ
%) 3%%ﬀ

ﬂ
%) ﬁ8

"O¸

4

4

#ﬃ
u¿
ÊXU4

FÒﬁﬀ ﬁﬀ\%
9
%- 



J@%ﬀ
ﬃﬂ





4MÒﬁ%)2
9
-
ﬂ
4


ﬂ
»¿


5


±


 &%)
ﬂ
 A



ﬂ
%

%
ﬂ
±ﬃﬁ4	

%Q&%'

9
%
ﬂ
%

%
ﬂ
±94

%SQ

#%
ﬂ

 
9
 Ø×




Ñ
ﬂ
4

%
ﬂ

4
ﬂ
ÀF"ﬁ


ﬂ

#@7




"&%
ﬂ

 "ﬁZ%)
9ﬂ





4MÒﬁ%)
¿

ﬁ
ﬂ



%Z

±



 "
ﬂ
ﬀ
ﬂ

L

"(

ﬁ0

C%
ﬂ

3%
α
L

ﬂ
4	ﬁﬀ2

 #"ﬁ%
ﬂ





À[
ﬂ

 


ﬂ
%) ﬁKﬀﬁ
ﬂ
 
¶-


ﬂ
ﬀ
ﬂ

%
ﬂ

ﬃ
¿FÍ



ﬂ

%)ﬁÄ±

¯±

0#
α
ﬁ ´% ®
. α .
´% µ
ﬃ
Lﬁ

#%
ﬂ


4
ﬂ
ÀF"ﬁ


ﬂ

#NO4

FÒﬁ-ﬀ




ﬂ
ﬀ

%2


4
:
ﬀﬁ
Ñ
"

4

%ﬀ4

%)
ﬃ:
}±ﬃ 



/
D1 #

*
%
ﬂ
%ﬀ 
Tr(S2)

ω2
ﬁ%
〈−r2Tr(M2M t)〉
ﬁ+%ﬀ
9
 +3%»×, 

ÄÆ
ﬂ

ﬃ
±ﬃ 
ﬂ
;L

%
=ﬀ"


ﬂ

Æ ¯®F·@7ﬁ%ZﬁG
ﬂ
3%)
ﬂ:
#%
ﬂ

@


ﬃ:

:ﬂ

ﬂ
%) 
P (R,Q) 
 ﬀ

%)

%P
 
"ﬁ"






ﬂ
%

%
ﬂ


""ﬁ

%

:


±9"("ﬁ
ﬃ:
%)





/
D1

Z
Ñ

 
ﬂ
4

%

4

%


¿
¾P
ﬂ
"ﬁ$

#%
ﬂ

ﬀﬁ4
ﬂ
ÀF"ﬁ


ﬂ

ﬁ

ﬀ ﬁﬀ

%ﬀ

%A CÆ

4

%$

ﬂ

"


±ﬃ 

ﬂ


%
ﬂ
4

%
9
% 




3%
ﬂ

Q > 0

R > 0
-
+Í$/E
P (R,Q)
ﬁ%( )Æ7Ò4

%<ﬀ#ﬀ3%
ﬂ
4	 ﬁ
?
#D%

C%)
b±

5ﬁ




4°Ò&%)
α

β
ﬁ%
γ
¿

"
ﬂ
"



ﬂ
%Ó¶P





"&%
ﬂ

»×!

3%)
ﬃ
¸
ﬂ

4

#ﬃ
#

〈ωSω〉 
 )Æ

%
ﬂ
±ﬃ ﬁ±
ﬃﬂ
 ;FÆﬃﬀﬁ#®
¿
·.´I&%#®
¿
·7·
ﬃ
¿
Ê

4	 &%-¸

@#@ﬀ ﬁ

#%
ﬂ

#
4

dÒ	#%
ﬂ

ﬂ
ﬀ 	
9
-"ﬁG"O¸

ﬂ
%)ﬀ@
ﬃﬂ
%5


"  &%)ﬀ

4	 ﬁ
ﬂ
ﬀ 
¿


4	4


a±ﬃﬁﬀ
M

"O¸

ﬂ
%ﬀﬀ@
ﬂ
±
9
%S"ﬁﬁ%ﬀ%ﬀ

4
ﬂ
Ò

#


"O¸





4
ﬂ
;»×! 

:
ﬀﬁ2

"O¸ 4


 

#%
ﬂ

Z&#3%-Ò4 ﬁ 1
¿
®
ﬃ

9
0
ﬁX
:

ﬂ
%ﬀ


%%)

ﬂ
%ﬀ 


ﬂ
Æ

4

%
¿
 
KBC $%)7
,: "1
α
+-!Aﬀﬂ+-(<ﬃ8$%& 	
) $ C-Kﬀ ﬀ)EK ,.ﬃ +-,4K ﬃ
,4Kﬀﬂ4K"1(<(<! 

  ?
µ%·
     
 
  "ﬁ 
µ7²
   
     

  
        

 	 


         	
 
O
 
ﬂ

%)


ﬂ
%

J"

ﬂ
%ﬀﬀ

 " ﬁ

%	8C3%ﬁ4	 1ﬀﬂﬁﬃ! '

ﬂ
ﬀ"$#=&%9ﬀ 
<
ﬂ:
ﬁ%) 'K

%)ﬁﬀ4<
:
ﬀ
ﬂ
%)ﬃ.<4
ﬃﬂ

7
(NC3%ﬁ4	 1(ﬂ)*ﬃ!,+.




9
%- 


4
:
ﬀB..%ﬃﬀ ﬁB
ﬂ:
ﬁ%ﬀ B#/ 1ﬀﬂﬁﬃXﬀﬁ%ﬀA%)
ﬃ
 10ﬃ 
?
#S
32!

7 

#%
ﬂ


"ﬁ0%ﬁ4	


$



#


"%4

65


%)!7+




ﬂ
"&%)
ﬃﬂ
%$

0
ﬂ


%ﬃ

:
8+

4	4


0

90
ﬃﬂ
N
9
<" "

#ﬂ
%): 

ﬀ ﬁ

#%
ﬂ

M4

;ﬁ< 1(ﬂﬁ*ﬃD
9
<=2



->Cﬂ
4

%
ﬂ

4
ﬂ
7F"ﬁ


ﬂ

#61?Rﬁ"ﬁ%)# 

8"

ﬂ
%ﬀﬀ

 "ﬁ 

%






ﬀ.0
9
"

ﬁﬀ4
ﬂ
A32, ﬁ

:



" 4

U%4

@5


%ﬀ17+

ﬀ




9

ﬂ
 




ﬃ:
Aﬁ4	B+.8" 4

ﬁ%  ﬁ"
ﬂ
%-

C
EDFG

ﬀ"&%
ﬂFH
C
JI

ﬀ ﬁLK
H
%LKNMAK.OPO

MRQ#%
ﬂFH
O$;Q@4

;&MRK"-S:M"&Q;M &K&O

STA".Kﬁ%ﬀ%LK64 ﬁ%L

;K:GUK&O
"
FH
"&MRQ;O
ﬂFH
O;K<".Kﬁ%ﬀ%LKVS
H
S:MEWO"KXO
FH
%0
FH;H
 &K&OYK
H
C
ﬂ)Z
[\^]\ _a`/bdc
,efVghejilk
`
gnmPo
b
gheqp
cXr
gheqik s
` t=r u v
gxw9iys
`
GzSX{}|1~;8;K|.~LQ;;R|&K6S:Q};S:;R~LTLK;T"|&&|.;K
H
~h&
H
O"AO~K6
H
KY&
H
OLR;|&T"K&TPQ;KNMASXT"|-S:MRAOLS~R
H
;K.OZTLQ;E~OPMŁS/;MRQ;OP;TLF;S:;MAK&KY8QZMŁS:ROLOLKSTSAMAMRK&Q;T"O dM
dt

H
;|.~LK&T"{}
H
|VMj2ﬂ
H
O"~S
H
~P
H
7
~LŁS:MŁﬃ1:5yS:AO
H
SVSQ;OLO";0WQK
H
ﬁ;EDFJI8Q2ﬂK
HZ>
S
H
~MAK.O0S:MAK.Q;TLOBZK
Q
 
R
K.~
r
S
H
OPMŁS%FS:{}{K

H
K&T~AK.MAMRK6RMTLK.O"~S:R~x~LTLFROxS:TLS:{.~T"K&OﬀFQ;T;|
H
RT
M 
MAK&O.F{(FOLS
H
~K.OYZK/MŁS90F:T"~R&E~|

H
R~LŁS:MRK:*
H
ZFR~K
H
;T"
H
.AﬀK6
H
~|&%:TLK&TMŁSVPOLQ;T&K.Ox~TL:AO&F{(:OS
H
~K.O&WGUK-S:MR&Q;M,;K
.K.~L~LK
H
~L|&%FTLS:MAK9S|.~L|K.?(K&1~Q;|S:Ql;S:;R~LTLKZTL|&.|&;K
H
~XK
H
QZ~LAMAROS
H
~6M=2ﬂS:;;T"
>
R{S~A
H
;Q
.FM=
GUK$OL;|.{S
H
Q;{|&T"AQ;K@;KyT"|&OL:MAQZ~LA
H
;Q{WZ&MAK<MRK@;MRQ;O;TL|.&AOqK
H
;TL
H
&R(K<K
>
S.~!ﬃ
.
H
OLRO"~LK&TSR~S:;;MRAQ;K.Tx;K&Q
>
S:MA%F:TLR~L;{K&OhZKX~48ﬀK5$
H
~K17+xS:TLMROLQ;.&K&O"OLE O

¡
Q
H
OLQ;TPMAK.OPTL|-SMAAOLS~R
H
OdZQ};T"Q;R~/S8QZK6SOZK~LK&{;O& /0S:MAK.Q;TLO
W>
|.K&O;K&OP&:{}ﬀ7
OS
H
~LK&Od;KhMŁS0FFT~A.R~L|hNMj2ﬂ
H
O"~S
H
~¢
H
E~ŁSM=^
H
SNS:
H
O"Q
H
Kh 
H
.~R
H f
;K~TL:AOz0:STLŁS;MAK.O& 
Q;zS:OLO"W.AKV'MŁS0F:T"~R&E~|
H
R~LŁS:MRK6MASP£S:O"OL8&A|.K
P (M, g)
¡
M=2ﬂS:QZ~LTLK¤O"Q;T'MAK.O0:SMAK&QZTLO;K¥.K.~"~K¥0FFT~R&R~L|¤
t = 0
 dﬀFQ;T&S:MA.Q;MAK.TM=2¦
H
~L|&%FTLS:MAK;K¥MŁS
P£O"Q;T
~ω
§

H
O"= UOL
HH
:~K
Nbruit
K.~
Nvort
MRK&O
H
F{;T"K&OV;KT"|-S:MRAOS~A
H
O/TLK.OLﬀK&.~LR O;K.K&O;K.Q
>
;T"W.|&;QZTLK&O. ^
H
ZK.08TS:E~¢K.?(K&.~LQ;K&TS:QX~:~S:M
Nbruit×Nvort
TL|-SMAAOLS~R
H
O3ﬀFQ;TzS8QZK0S:MAK.Q;T
;K
(Q,R, r)
¨:Q;TNS-0:FATQ
H
K(
H;H
KX&
H
0:K&TL%:K
H
.K
H
Q;{}|.TLR8QZK: ,
H
ZFR~;:AOLRT
Nbruit &
104 − 105
K.~
Nvort & 10
3 − 104
 UOLFE~
Nbruit × Nvort & 109
S
H
OV&K.T"~S:
H
OX&S:O& z&KQ;
C
)
 	
ﬀﬂﬁﬃ
 !#"$&%')(+*,%.-0/!1$2('
K.O"~;TLFZA;E~R ,K
H
~LK&{;OZK6&S:MA.Q;M=*¢FQ;TTL|.;Q;AT"K6.KY~LK&{;OP;KY-S:MR&Q;Mj *
H
ﬀK&QW~xS:Z;MAR8QZK&T
Q
H
KN;T"W.|&;Q;T"K;KN~48ﬀKX5@
H
~LK17+xSTLMA(:Q;T~LK
H
RT.F{}W~KNZKNM=2¦K.?(K.~h;Q¤;T"Q;R~& WK1~xQZ~LAMRAOLK.T
Mj2JS:Z;TL
>
A{}S~R
H
;Q&FM8(:Q;T¨&S:MA.Q;MAK.TzM=2¦
H
~|.%FTS:MRKB;KhMAS6P@OLQ;T¨MŁS0FFT~A.R~L|
H
R~LŁS:MRK:-
H
ﬀK&QZ~¨;|43LS-0FFRT¨Q
H
KhAZ|&K;KhMASYﬀK&T~
H
K
H
.Kh;K&K.~"~K;K&T
H
A.TLKxS;;TL
>
A{}S~LA
H
K
H
|.~QZ;ŁS
H
~
MRK&ONT"|&O"Q;MR~S~O6OLK&{E7 &MAS:OLO"AQ;K&O.658Q;TMŁS

%FQ;T"K
C
EDK&O~/TLK.;TL|.OLK
H
~L|&KMŁS}P-S:MR&Q;MR|&KVS
H
O
Mj2JS:Z;TL
>
A{}S~R
H
OLK.{}74&MAS:OLO"AQ;KVK
H
 
H
.~LA
H
ZK&O.F{}ﬀFOLS
H
~K&O6;KMAS0F:T"~R&E~|V
H
E~ŁSMAK: 
S:Q0:FAO"
H
S%FKy;QnﬀF
H
~&FMjxGUK&O¤~LTLFRO 
H
1~A
H
O}~LTS:.|&K&O<O"
H
~<&MŁSATLK.{}K
H
~¤&
H
0:K
>
K&O

Mj2JS:Z;TL
>
A{}S~R
H
ZQ .FM/ﬀFQ;T¥-SMA&QZMAK&TM=2¦
H
~|.%FTS:MRKy;KMAS NO"Q;T<MAK&O¤0S:MRK&Q;T"O¥;KMŁS
0:FT"~LA&E~|
H
R~LŁS:MRK6O"K&{ZMAKX;
H
XST" qS:E~K&{K
H
~73"QZO"~

|&K
−1.0 −0.5 0.0 0.5 1.0
ω−ωb
0
1
2
−
ln
(P
DF
)
ω1
ω2
ω3
8:9,;=<
C
EDF
?>.@4AﬂBCEDGFC?HB+DIKJ#LMGFN&O,P,QSRKBTDSB+JF
 
>VUWHFJ#HISJ#@BTDGFC'X+JY FAGAENL[ZO,R\FPO]L^C_X`BRaO,b
HJF^XXO!cdIeBfBChg L^C?HPO]L^CiDSBXjP!NL^O#XhHL^RTAﬂL`XdFCﬂPkBXjDSBjJFmlL^N&PO]HO,P4@jO,CﬂO,P!O!FJ#Bn_FI
lL^O#XO,CEF`MSB	DIoAﬂL^O,CﬂPpHL^JqkcdISOrBXPsO]HO7I2CﬀRaO,CﬂO,RaISRtHFNoL^CuF\P!NvFSH@	JYwLAGAﬂL`X`@xDSB
JF
 
>VU?yz7{ HO α |x}`n~'n β |x}`n~'n γ |x}`n!S^n:N |=e$n Q |b4'}BP R |bk2}`n:R\FO#XHB
HL^RTAﬂL^NP4BRKBCﬂPBXPŁJ#B.RKRKBAﬂL^ISN.PkL^ISP4BX.J#BXol^FJ#BI2NXaDSB_HBXA'FNvFRKPNBX.cdIﬂB
JYwL^CjFHL^C'XO!DS@N@BXdz ωb BXPŁDGFC'X.HQ'FGcdIﬂBaHF^X	JFKl^FJ#BI2NoLAEP!O,R\FJ#B.HFJ#HISJ#@Bdz
+N2¦K&O~6ﬀFQ;T"Q;F
H
FQZO6S-0:
H
OYS
H
OQ
H
OLK.&
H
$~K.{};O.
H
OLR;|&T"|XMAK/OLZ|&{}S;KXT"|&OL:MAQZ~LA
H
O"Q;R0S
H
~

¡
MAK.OYZTLQ;E~OOL
H
~~LTS:E~|&O;S:TY5@
H
~K!7+xS:T"MA
¡
M=2¦
H
~|.%FTSMAKO"Q;TMŁS90F:T"~R&E~|/
H
R~AS:MAKYK&O~Y-S:MR&Q;MR|&K/K
H
QZ~LAMAROS
H
~Mj2JS;;TL
>
A{}S~LA
H
;Q@.FM
§
;TL.O<S 0:FAT;TLFﬀFO"|&KlO";|&{}SZ 
H
:Q;O<S-0F
H
O¥0:|&TL

|Q;KMŁS  
H
.~LA
H f
Q;/S:O"OL8&AK
S:Q
>
.F{}ﬀFOLS
H
~K&OZK/MŁS0:FT"~LA&E~|6
H
E~ŁSMAKM=2¦F;ﬀFOL|N;Q¥MAF%FS:TLE~;{K6ZKMŁS'P
P (M, g)
 
C
ﬁ
 1e%[? !	 V/
&* ﬃ'!`)(Eﬃ\-0S(*: %	ﬃ 
 1$/- %K(o j`$4	
 
%*
&S:MA.Q;MA|.K'S:T5@
H
~K!7+xS:T"MA; U|1~S:E~X|&%*SMAK&{K
H
~V&
H
0:K
>
K:+hK.~"~K};TLFZTLA|1~|'|1~S
H
~V~FQ^3":Q;TLO
0:|&TL

|&K ZMRK6&S:MA.Q;M(ZKM=2¦
H
~|.%FTSMAKOLQ;ThMŁSV0:FT"~LA.R~|YS:ThS:;;T"
>
R{S~A
H
;Q&FM(K&O"~h;|
;H
R~LE7
0:K&{K
H
~$3"Q;O~

|&K::+h
H
~TLS:AT"K&{K
H
~NM=2ﬂS:;;T"
>
R{S~A
H
OLK&{E7 &MAS:OLO"AQ;K|.~QZ;A|.KxS:Q;S:;R~LTLK
;T"|&.|&;K
H
~& ,&K.~"~KS:;;T"
>
R{S~A
H
K&O~6Z
H
X&
H
~LT
FMR|&K:
GzS&
H
0:K
>
R~L|6ZK
f
 FK.~PZ
H
MAKh qSR~BQ;K.K.~"~K 
H
1~A
H'H
K(FO"OL.;K8Q2ﬂQ
H
OLK.Q;M{
H
R{Q;{$ 
H
:Q;OSy|.%*S:MRK&{K
H
~ﬀK&T"{}RO;K}TL|&S:MAROLK&TVM=2¦FZ~LA{AOLS~R
H
TL|.OLQ;ME~S
H
~K%FT:.K¤yMj2JSMA%FFT"R~L;{}K
S:{8K&SZ ﬀK-SQ;&FQZ{}:
H
O&Z~K.Q
>
K
H
~K.{}ZO6;K-S:MR&Q;MzQ;K'S{}K.;OSy0F:AT6S
H;H
K
>
K'+ﬃ1
GUK&O¨S:TLS:{}1~T"K&O2ﬂFW~A{AOLS~R
H
Q;K
H
:Q;OdS-0F
H
OdQZ~LAMAROL|.O¢O"
H
~BMAK.O¨O"Q;R0S
H
~LO

(FQZT¨S8QZK
0S:MRK&Q;T;K
(Q,R, r)
 8
H
&
H
OLR;&T"KNQ
H
O"A{;MAK
>
K6
H
E~AS:M;TL|.%FQ;MRAK&T;KN~S:AMRMAK&S:TS:1~|.TLAO~R8QZK

 JIW(GB2JS:MR%FFT"R~Z{}K/O"Q;;ﬀFOLKQ32¦Q
H
{
H
R{Q;{ K.O"~/Z|.~K..~L|'MAFT"OLQ;K9MAS};E?|.TLK
H
&KT"K&MAS~E0FK
K
H
~LTLK6MŁSX;MAQ;O%FTS
H
;KYK.~xMASVZMAQ;O(K1~R~LKY0S:MRK&Q;TP;K6MŁSX 
H
.~LA
H
S:Q
>
O"F{}{K.~LOZQ¤OLR{};MRK
>
K
K.O"~¨
H
 |.TLAK.Q;TLK

 

)ZGUK&S:MA.Q;M*;KMŁS 
H
.~LA
H
{}
H
A{AO"K&T
f
 ^K.?(K&.~LQ;|h;S:Td5$
H
~K17+xS:TLMR; 
SX|.~L|Y qS:E~PK
H
&
H
O"A;|.TS
H
~
4.104
TL|-SMAAOLS~R
H
OB;Q};TLQZR~- &S:Q;OLK6;KYMAA{R~S~R
H
O¢K
H
~K&{;O
;Ky-S:MR&Q;Mj RM
H
FQZO¥S(:Q;T¤M=2¦
H
O"~S
H
~|.~L|lA{(FO"OLR;MAK<32ﬂS:MAMRK&TS:QW74ZK&MŁ;Kl&K1~L~K0S:MRK&Q;T.
+hF{{K
H
MAK0FK.TLTSS:T9MŁSyO"Q;R~LK: dK.MAMAK
H
2¦K&O"~;S:O~FQ3"FQ;TLO'O"QOS
H
~LK$ﬀFQ;T9(K.TL{K.~L~LTLK
32¦
H
~LK&TLZTL|.~LK&TS-0FK.6.K&T"~LR~LQ;;KMAK.OPTL|&O"Q;MR~S~OB2ﬂQ
H
ﬀF
H
~P;K08Q;KQS
H
~E~S~LR  :K
H
;S:T"~LA&QZMAAK.T
S:Q
>
;MRQ;OﬀK.~LR~LK&O¤|.;K&MRMAK&O&
H
O"A;|.TL|.K&O&Y+hK.(K
H
S
H
~& x&K1~L~KlZTLK&{A.TLKyS:;;T"W;Ky;
H;H
K
;MRQ;OLRK&Q;T"OTLK
H
OLK.A%
H
K.{}K
H
~OY
H
~|.TLK&O"OS
H
~LO6O"Q;TQ
H
ZMŁS
H
OLK.{}74QS
H
~LR~S~R 
S
H
OMŁS'OLK..~R
H
OLQ;E0:S
H
~LKXOL
H
~6;TL|.OLK
H
~L|&K&O6MAK.OYO"FMAQW~A
H
O;Q${}8;&MRK]5(¦ﬁﬃh&S:MA.Q;MA|.K&OS:T
.K.~L~LKx{|.~ZW;K Q32¦
H
QS:MR

K.TSYS:TMASNOLQZR~K;K5@
H
~LK17+xS:TLMR; {&{KO&2¦AM qS:QZ~d%FS:TL;K.TK
H
{|&{FAT"KQ32ﬂK.MAMRKN&
H
~LAK
H
~hQ
H
KNS:;;T"
>
R{S~LA
H
 *K.~xQ;KN&K&OhTL|&O"Q;MR~S~OOL
H
~h;TL|.MAA{
H
S:AT"K&O&
[\l\  v/b
o
t
g
r
g
b

H
TLS:;ﬀK&MRMAKPQ;KhMRK{WZ&MAK65(ﬂﬁ*ﬃz;|.(K
H
';K.O¨~T"FAO¢S:TLS:{.~T"K&O
α
 
β
K.~
γ

H
OLKxZTLFﬀFOLK
R&z32¦|.~QZ;AK.T6MRK&ONO"FMAQW~A
H
O;K9.K9O"8O~&{K&S:MA.Q;MA|.K&OYS:TNMAS{|.~L;8;KZTL|&O"K
H
~|.K'S
H
O6MŁS
O"K&.~LA
H
;TL|.&|.;K
H
~KNK
H
 
H
.~LA
H
;KY&K&Q
>
7 &jZ+hK.OxOL:MAQZ~LA
H
OBﬀK&QW0FK
H
~1~T"K6.F{};S:TL|.K&OxSQ
>
T"|&OLQZMR~S~Ox;KXV5¥{}
H
~LTL|&OhK
H
S
H;H
K
>
Kﬁﬀ6 ;{SAOxSQ;OLO"US:Q
>
OLFMRQZ~R
H
OxO"K&{E74.MŁS:O"OLR8QZK&Ox;Q
{WZ&MAK'0F:ATOLK..~LA
H
ﬁ;¦ﬁﬃ1
+hF{{K&
H
O~S~L|6;S
H
OM=2ﬂS:;;T"W;KO"K&{E74.MŁS:O"OLR8QZKVqS:ZR~T"Kﬁﬃ1 *
H
0SX0:FATPQ;KYMAKS:TLS7
{.~LTLK/Q;23"FQ;K/MRK/T
FMRKMAK/ZMAQ;OO"A%
H


-S~R z;S
H
OMŁSZ|.~K.TL{
H
S~A
H
;K&OOL:MAQZ~LA
H
OhOLK&{9;MAK
1~TLK
α
Z5yS:ROhMAK.O0S:MRK&Q;T"Oh;K
α
ﬀFQ;TMAK&O"Q;K&MRMAK&O&K.OxOLFMRQZ~R
H
O;TL|.OLK
H
~LK
H
~Q
H
S:.&FT"¤QS7
MRR~S~R YS&&K.Z~S;MAKyS 0:K&@MŁS V5
H
K@O"K&TL
H
~S:OMAK.O}{&{K&OQ;Ky.K&MAMRK&OFZ~LK
H
Q;K&O}S
H
O
Mj2JS:Z;TL8;KOLK&{E7 &MAS:OLO"AQ;K:ﬂYFO9;T"K&{AK.TLO9T"|&O"Q;MR~S~O{}
H
~LTLK&T"
H
~9|.%*S:MRK&{K
H
~9Q
H
K¥S:QZ~LTLK
;E?|.TLK
H
&K/{}S3"K&QZTLKK
H
~LTLKXMAK.OxOL:MAQZ~LA
H
Ox5+ K.~&K.MAMRK&O5;+

MRK&O;T"K&{A.TLK&OhOLK&{9;MAK.TL
H
~K
H
K1?K1~N|.%*S:MAK.{}K
H
~6Z|&ﬀK
H
;T"K9;K.O60S:MRK&Q;T"OYZK
β
K1~
γ
(+hF{{}KXK
H
ﬁ;¦ﬁ; ,
H
;TL|.OLK
H
~LKMAK.O6;RO7
~LTLAZQZ~R
H
O;K;T"FS:ZAMAE~|:3"F
H
~K&O
P (R,Q)
 ,;K.O;K
H
OLE~|&ON;K9QS
H
~LR~|.ON;*8OLRQ;K&O/S
H
O
MRK};MAS
H (R,Q)
K1~'MAK.O9MA:AOV32ﬂ|.;K&MRMAK.O;K¤Q;K.MAQ;K&O74Q
H
K&O';K¤.K&O'QS
H
~LR~|.O&NK&OMRA{R~S7
~LA
H
OK
H
~K.{}ZO;K/-S:MR&Q;M
H
K
H
FQZOx
H
~S:OﬀK&T"{}ROh;K/&S:MA.Q;MAK.ThMAK.OxOL:MAQZ~LA
H
Oh;Q¥{}8;.MAK
$;K&O|.;K&MRMAK.O9;MRQ;O9ﬀK.~LR~K.O9Q;KGﬃ! ZGUK.O9MA:AOX32¦|&;K.MAMAK.OQ;K
H
:Q;O9;T"|&O"K
H
~K.TL
H
O'ZMAQ;O
CFC
   2 x/
 ﬃ*] %'!

MRF
H
ﬀK&QZ0:K
H
~ .~LTLK;AO"&QZ~S:;MAK.O& ﬀ{SAOMAK.O6O"FMAQZ~LA
H
OYZTL|&O"K
H
~|.K&OXA.UOL
H
~NOLQOS
H
~LK&O/ﬀFQ;T
|.&MŁSA&RTh;K
H
:{;TLK.Q
>
ﬀF
H
~LO&
	
ﬀﬁﬂﬃ! "#$
%'&(ﬁ)$ﬃ*+ﬃ
,.-/+*!0,#%'&!,*

(R,Q)
GzS

%FQZTLK
C
JI¥ZTL|&O"K
H
~KMAK.O/;AO~T"A;QZ~LA
H
ON;K;T"FS:;RMAE~|p3"F
H
~K.O
P (R,Q)
OL:MAQZ~LA
H
ON;Q
{WZ&MAK9(FQZT
α 1

 2W 
β 1

 ﬂﬁ<K.~
γ 1

 JI
C
 U¤~LTLFRO/|&;K.MAMAK.OZKMR
H
%FQZK&Q;T/;E?|.TLK
H
~LK&O.¨GUK.O
0S:MRK&Q;T"OZK&O;S:TS:{.~LTLK.O
α
 
β
 
γ
O"
H
~MRK&O{ .{}K.O}Q;K$OLQZTMŁS

%:Q;TLK@ﬁ;  WPGzK$TL|.OLQ;ME~S~
MRK};MRQ;OV{S:T"QS
H
~K.O"~MRK qSR~8QZKMAK.O9;RO"~LTLAZQZ~R
H
OX-S:MR&Q;MR|&K.O9S:T95@
H
~LK17+xSTLMA=5+ﬃ
;T"|&O"K
H
~K
H
~YQ
H
|1~RTLK&{K
H
~hMAKNMR
H
%ZKMŁS9;S:T"~LAK
R > 0
;K/MŁSVOL|.S:TS~TLR&K Z;KZMAQ;OxK
H
;MAQZO
;T"
H

H
&|QS
H
lM=2¦|&;K.MAMAK;A{
H
Q;K43
H
~LK&M.F{(FT~K.{}K
H
~NO&2¦F;O"K&T"0:KOLQ;TMRK&O6OLFMRQZ~R
H
O
O"K&{E74.MŁS:O"OLR8QZK&O9]5;+ﬃ(FQZTN;K.O60S:MAK.Q;TLO6;MAQZO6 qS:R;MAK.OYZK
α
(GzS

%FQZTLK
C
 I(K.QZ~;
H
9K
H
 qS:E~.~LTLKX&:{}STL|&KXMŁS

%FQ;TLKXﬁ;ﬂ#$qO"FMAQZ~LA
H
5Z+ S-0FK.
α 1

 IFﬃ!
5WQZTBMŁS

%FQ;T"K
C
J)/O"
H
~T"K&;T"|&O"K
H
~|.K&OxMRK&OB;RO"~T"A;QW~A
H
O
P (R,Q)
O"FMAQZ~LA
H
OP5+£ZQ}{WZ&MAK
ﬀFQ;TXMAK.OX{ .{}K.OX0S:MRK&Q;T"OZK
β
K1~
γ
{SAO/ﬀFQ;T
α 1

  ZzS
H
O.K}&S:OMRK&OVP
H
K}O"
H
~
;MRQ;Od|1~AT"|&K.OBMAKMA
H
%;KMASOL|&;S:TS~LTLR&K:FGzK.OB&FQZTLﬀK&OP;TL|.OLK
H
~LK
H
~Q
H
(
H
S:.&FT"8Q;S:MAE~S~LR 
S-0FK.'MŁS}V5 

%FQ;T"K ﬀNJIFﬃ165
H
;S:T"~LA&QZMAAK.T& .
H
~TSATLK.{}K
H
~/S:Q
>
OL:MAQZ~LA
H
OV5;+N MRK&ONN
&S:MA.Q;MA|.K&OS:T65+
H
KXOL
H
~YS:OO"Q;TLK.O"~R{}|.K&OS
H
OYMAS'S:T"~LAK
Q > 0
 
R > 0

7
MAF;S:MAK.{}K
H
~& MRK&O<OL:MAQZ~LA
H
O$5y+ ;TL|.OLK
H
~LK
H
~Z
H
: .F{{}KlMRK&O<OLFMRQZ~R
H
O 5;+N Q
H
K98
~LTS
H
O"R~LA
H;:
K
H
 
H
1~A
H
ZQ S:TLS:{.~T"K
α 
(FQZT'MAK&O' qS:R;MAK.O0S:MAK.Q;TLO;K<&K.MAQ;74.= MRK&O
P OL
H
~ :T"~K.{}K
H
~|.~RTL|.K&OMAK/MR
H
%ZQ$ 
:~|
R > 0
;K/MASOL|.S:TS~TLR&K;K/;MAQZOK
H
;MAQZO
QS
H

r
;R{}
H
QZK ﬃ1 ~S
H
;AOQ;K/(:Q;TxMAK.Ox%FTLS
H
;K.Oh0S:MAK.Q;TLOxZK
α
.K.~|.~LAT"K&{K
H
~x;ROLSTS=<R~-
5ySAOxMAS90:SMAK&QZTx;K
α
ﬀFQ;TMŁS8QZK&MAMRKNO"KVZTL8;Q;R~h&K1~L~K/~LTS
H
O"R~LA
H
K.O"~YOLQZ(|.TLAK.Q;TLK/ﬀFQ;TMRK&O
O"FMAQZ~LA
H
O5+N
5@ROBNST"~B.K.~L~LK;R?(|&T"K
H
.K: FMRK&OdZAO"~LTLR;QZ~R
H
O
P (R,Q)
&S:MA.Q;MA|.K&OdSTB5+ ;TL|.OLK
H
~LK
H
~Q
H
{K&RMAMAK.Q;TS:.&FT"lS-0FK&9MAK&O6OLFMRQZ~R
H
O;K9V5

MŁS&
H
~LTLAZQZ~R
H
;Qy8Q;S:T"~N;K9;MAS
H Q >

 
R >

H
2¦K&O"~¨;MRQ;OUOLQ;T"K&O~A{|&KPST¢TLS:;ﬀFT"~¢.K&MAMRKB;KPMŁSST"~RK
Q >

 
R ?

^+hK.~"~KTLK&{}S:T"8QZK
K.O"~A{(FT~S
H
~LK'-S:T. ¨<-SQ;OLK};K}.K.~
H
.
H
0F|
H
AK
H
~& zMAK&OVOL:MAQZ~LA
H
O 5Z+ ;TL|.OLK
H
~S:AK
H
~Q
H
K
;T"WZQ;.~LA
H
32¦K
H
O"~T"F;;RK}{ FK
H;H
K
H
|&%FS~E0FK:¢
H
0FK.TLTS<S
H
OVMAS¥OLFQ;O74O"K&.~LA
H
OLQZR0S
H
~K
Q;KX&KX;T"F;MR&{K/K&O"~Y.FTLT"A%F|/STMŁS'{}|1~;8;K/;KXT"|&OL:MAQZ~LA
H
STN5y+N
+hF{{K&K&MRMAK.O&S:MA.Q;MA|.K&OPS:TMŁS/{|.~ZW;KT5;+N MAK.OhP -S:MR&Q;MR|&K.O;S:Tx5y+
H
KNZTL|&O"K
H
~K
H
~
SOYZKVZ|&ﬀK
H
S
H
&KVQS:MAE~S~LR0:K|.08AZK
H
~KVS:TTLS:;ﬀFT"~Y
β
K1~
γ

@A%BCD.-EF+%HG *!"D.-EFJIJ*
KHLG %EM+*
N,%O&
,#*

(R,Q)
5WQZTMAS

%:Q;TLK
C
¦ﬁyOL
H
~9TLK.;TL|.OLK
H
~L|&K&O'MRK&OV;K
H
OLR~L|&OS
H
OVMAK;MŁS
H (R,Q)
ZK
Tr(S2)
 
ω2
 
ωSω
 
−r2Tr(M2M t)
K.~
−Tr(S3)
(:Q;T
α 1

  Z 
β 1

 ﬂﬁYK1~
γ 1

 JI
C
 ^Q
H
K|&;K.MAMRK
r 1
GﬂﬃFIW
GB2ﬂS 0S
H
~S:%FK{}S3"K&QZTN;K.O/;K
H
O"R~L|&O&S:MA.Q;MA|.K&OSTX5+N .F{S:TL|.K&O/¤.K&MRMAK&O6-S:MR&Q;MR|&K.OS:T
5;+ 

%:Q;TLK.O¨ﬁ;ED

K.~¨ﬁ;EDFD^ﬃK.O"~¨MAKd qS:E~UQ;KMASS:T"~LAKBﬀFOLE~E0FKP;KPMŁS;T"W;QZ.~R
H
32¦K
H
O~TL:;;AK
C
2
 1e%[? !	 V/
&* ﬃ'!`)(Eﬃ\-0S(*: %	ﬃ 
 1$/- %K(o j`$4	
 
%*
8:9,;=<
C
JIW
?>	O#XPN&O dISPO]L^C'XŁDSB AENL F dO,J O,P4@ L^O,CﬂPkBX P (R∗, Q∗) HFJ#HISJ#@BX AﬂL^ISN α |x}`n`n β |x}`n~
BP γ |x}`n!S	qkFy_N |=eEnTq
  yKN |=eS~ BPVqvH4yKN`|=e$z7 BX.cdIFCﬂP!O,Pk@X R∗ BP Q∗
X`L^CﬂPTC?L^N&R\FJ O#X`@BXxA'FN_JFﬀl^FN&O!FC?HBKDSBX DS@g L^N&R\FPO]L^C'X Q∗ = Q/ 〈Tr(S2)〉 n
R∗ = R/ 〈Tr(S2)〉3/2 z  BX J OMC?BX D Y O#X`LAENL F dO,J O,P4@VX`L^CﬂPpBX4A'FSH@BX	J#LMGFN&O,PQSRaO,b
cdIeBRKBCﬂP,npBP X`@4A'FN@BX DSB g[FSHPkBISNX e z
C
   2 x/
 ﬃ*] %'!

8:9,;=<
C
ﬂ)Z
?>	O#XPN&O dISPO]L^C'XŁDSB AENL F dO,J O,P4@ L^O,CﬂPkBX P (R∗, Q∗) HFJ#HISJ#@BX AﬂL^ISN α |x}`nn β |x}`n~
BP γ |x}`n!S aqkFy N |=eEn\q
  y N |=eS~ BP qvH4y N |=e$z6F HL^CﬂlBCﬂP!O]L^C BXP JF
RKRKB cdIﬂBxXI2N	JF

MISNBoGz#Sz
C
 
 1e%[? !	 V/
&* ﬃ'!`)(Eﬃ\-0S(*: %	ﬃ 
 1$/- %K(o j`$4	
 
%*
ωSω
ZF{}
H
K}MŁS@;S:T"~LAK
H
|&%*S~LR0:K:¨S
H
O'.K¤-S:O. MAS@;T"W;QZ.~R
H
32¦K
H
O"~T"F;;RK¤{^:K
H;H
K
K.O"~Y;
H
XﬀFOLE~E0FK/&:{}{K&KX;:R~ .~LTLKXMAK/&S:O&
  $#  - %(,,%E

H
;T"|&OLK
H
~KXA.MAK.OMAFRO2ﬂ|.;K&MRMAK&OZK&OOLFMRQZ~R
H
Ox5+NGUK&OSTLTLK.O32¦K&TLT"K&Q;T"O& 
H

H
T"K&;T"|17
O"K
H
~|.K&ONO"Q;TYMAK&O

%:Q;TLK.O6ﬀFQ;T
H
KXS:OYMAK.OYS:MAFQZTL;RT& ZO"
H
~NZMAQ;O%FTLS
H
;K.O6Q;KV&K.MAMAK.O;K&O6MAFRO
32¦|&ZK&MAMRK&Oo5;+ {
H
~TL|.K&OS:Q ;S:;R~LTLK;TL|.&|.;K
H
~-GUK&O9MRFAO/2ﬂ|.;K&MRMAK&OOL
H
~9A&B&S:MA.Q;MA|.K&O
ﬀFQ;Tz~T"FAOz0S:MAK.Q;TLO¢;K
r
:
H
{}
H
~LTLKMAK.Q;T;|.(K
H
S
H
&KxST¨TLS:;ﬀFT"~S:Q
>
~T"FAO¢S:TLS:{.~T"K&O
;
H
~Y;|.(K
H
$MAK/{W;.MAK

				ﬀﬂﬁﬂﬃ "!$#%ﬃ'&)(*#+ﬀ
α
5WQZTxMŁS

%:Q;TLK
C

C
OL
H
~T"K&;T"|&O"K
H
~|.K&ONMRK&OxMRFAO32¦|&;K.MAMAK.O;KXMŁS0S:T"ŁS
H
&K;K.O;|. :TL{}S~R
H
O
〈Tr(S2)〉
 ;ZKVMj2ﬂK
H
O"~LTLFZ;AK
〈ω2〉
 ;K/MŁS';T"WZQ;.~LA
H
32¦K
H
O"~T"F;;RK
〈ωSω〉
K.~Y;Q<~TLS
H
O K&T"~
32¦|
H
K&TL%:AK;E08AOL|9S:T
r2
 
〈−Tr(M2M t)〉
 3ﬀFQ;TN;MAQ;O"AK.Q;TLON0S:MRK&Q;T"O;K
α
 3S-0FK.
β 1

 ¦ﬁ¥K.~
γ 1

 JI
C

¢FQ;T
α 1

 
C
 
〈Tr(S2)〉
0:|&TL

K MAKOL&S:MA
H
%-,XﬁZDF¨FQZT@;K.O$0S:MRK&Q;T"O@.TLFROLOLS
H
~K&O$;K
α
 
Mj2ﬂK
>
ﬀFOLS
H
~6ZKMASMRFU32¦|&;K.MAMRK;KX.K.~L~LK9QS
H
~LR~|XO.2ﬂ|.-S:T~K9ZKMAS'0S:MRK&Q;T;K/74ﬁ ﬃ:)Z ;;T"|&;E~K
ST.,XﬁZDVK1~0F|&T"

|.KXS:TMAK.OTL|&O"Q;MR~S~O;KVT5(
GUK&O-SO;KYM=2¦K
H
O"~T"F;;RKK.~;K6OLS;T"WZQ;.~LA
H
OL
H
~;MAQZOZ &RMAK&OX
H
~K.TL;T"|.~LK&T& 5
H
K1?K1~- 
RMOLK.{;MRK'8QZK.K&OX;K.Q
>
QS
H
~E~|.OVO"FAK
H
~XOLFQ;{AO"K&OX¤Q
H
~TLS
H
O"R~:ATLK9¥%FTS
H
;K'|&;K.MAMRK:
GUK&QZTLONMRFAO2ﬂ|.;K&MRMAK&O
H
K9ﬀK&QW0FK
H
~/Z
H
 1~T"K9;ROL&QW~|&K.ONQ32¦K
H
.
H
OLR;|&TLS
H
~;K.Q
>
0S:MAK.Q;TLO
;K}M=2¦|&;K.MAMRK
 r 1
Gﬂﬃﬁ@K.~'Gﬂﬃ W
§
0FK.¥&K.~"~K}&
H
~TLS:
H
~LK: ¢AMOLK&{9;MAKQ;K: ¨&F{{}KﬀFQ;T9MRK&O
O"FMAQZ~LA
H
OV5;+N ﬀMŁS;|&ﬀK
H
S
H
.K';K9Mj2ﬂK
H
O"~LTLF;ZAK9K
H
 
H
1~A
H
;K
r
O"FR~6&FT"TLK..~K98QZK&MQ;K
O"FR~
α
^G¢S;T"W;QZ.~R
H
32¦K
H
O~TL:;;AKOLK.{;MRKP0:|&T"

K.T(K.Q9;T"&O¢MAKBO"-S:MR
H
%/,/ﬁ;DOLK&QZMAK&{K
H
~
ﬀFQ;TMRK&OﬀK.~E~K.O0S:MRK&Q;T"O;K
α

+hF{{KNMŁS90S:T"ŁS
H
&K;K.O;|. :TL{}S~R
H
O& WMAKN~LTS
H
O" K&T~32¦|
H
K.TL%FRK0F|.TL

K0,XﬁZD/(FQZT
α 1

 
C
 
{}S:AOhS:O(:Q;TMAK.O;MAQ;O%FTLS
H
;K.O0:SMAK&QZTLO;KX&K.MAQ;74.=

				ﬀﬂﬁﬂﬃ "!$#%ﬃ'&)(*#+ﬀ
β
GzS

%FQZTLK
C
 2{}
H
~LTLKxMAS;|&ﬀK
H
S
H
.KYK
H
 
H
.~LA
H
ZKM=2¦|&;K.MAMAK;K
〈Tr(S2)〉
 
〈ω2〉
 
〈ωSω〉
K1~
〈−Tr(M2M t)〉
(:Q;T
α 1

  'K.~
γ 1

 I
C
 ZﬀFQ;T~T"FAOh0S:MRK&Q;T"O;K
β

+hF{{KBS
H
O¢M=2ﬂS:;;T"
>
R{S~A
H
5;+N MAK.OzMAFROU32ﬂ|.;K&MRMAK.O¨;K
〈Tr(S2)〉
K1~
〈ω2〉 H
KZ|&ﬀK
H
;K
H
~
SOYZK
β

5
H9H
K.
H
OLR;|&TLS
H
~dQ;KMAK&Oz0S:MAK.Q;TLOz;K
r
|&%*SMAK&O¨YGﬃﬁNK.~Gﬂﬃ Z MASY;T"WZQ;.~LA
H
32¦K
H
O~TL:;;AK
O"K&{;MRK0F|.TL

K&TX¥(K.Q;TL.O1,/ﬁ;D'ﬀFQ;T
β 1

 JI{SAOSO/(FQZT/MAK&O/ZMAQ;O/%FTLS
H
;K.O0S:MAK.Q;TLO
;KX.KV;S:TS:{.~LTLK
C
#
   2 x/
 ﬃ*] %'!

8:9,;=<
C
¦ﬁ;
?>.BC'XO,Pk@X)DSB qkFy Tr(S2) n q
  y BC'XP!NLAﬂQSO]B ω2 nKqvH4y AENLdDIﬂHPO]L^C D YwBC'XP!NLAﬂQSO]B
ωSω n=qkDy\P!NFC'Xg BN&PpD Yw@C?BN]MO]B −r2Tr(M2M t) BP+qvB4y −Tr(S3) DGFC'X J#B=AEJFC
(R∗, Q∗) nﬂAﬂL^I2NN |=EEn α |x}`nn β |x}`n~ BP γ |x}`n!SGzE BXJ OMC?BX=X`L^J O!DSBXxHL^N&NBXb
AﬂL^CEDSBCﬂP6FIZVl^FJ#BI2NX AﬂL`XO,P!O,lBXnEJ#BXrJ OMC?BX=BCxAﬂL^O,CﬂP!O,J,J#@XŁFIZ	l^FJ#BISNXrC?@]MGFPO,lBXdz
2

 1e%[? !	 V/
&* ﬃ'!`)(Eﬃ\-0S(*: %	ﬃ 
 1$/- %K(o j`$4	
 
%*
0.1 1.0
r/L
1e+00
1e+01
1e+02
<
S2
>
α=0.5
α=0.6
α=0.7
α=0.8
r
−4/3
(a)
0.1 1.0
r/L
1e+00
1e+01
<
ω
2 >
α=0.5
α=0.6
α=0.7
α=0.8
r
−4/3
(b)
0.1 1.0
r/L
1e−01
1e+00
1e+01
<
ω
Sω
>
α=0.5
α=0.6
α=0.7
α=0.8
r
−2
(c)
0.1 1.0
r/L
1e−01
1e+00
1e+01
1e+02
<
−
Tr
(M
2 M
t )>
α=0.5
α=0.6
α=0.7
α=0.8
r
−2
(d)
8:9,;=<
C

C

? L^O#XTD Yw@HQﬂBJ,J#BXDSB qkFy 〈Tr(S2)〉 n:q
  y 〈ω2〉 nŁqvH4y 〈ωSω〉 BPpqkDy 〈−Tr(M 2M t)〉
AﬂL^I2NTDO  V@NBCﬂPkBX+l^FJ#BISNXVDSB α q β |x}`n~'n γ |x}`n!Syz$ BXxDNL^O,P4BXVDSB:AﬂBCﬂP4BX+b,~$
BP:b4_X`BN&lBCﬂPŁDSB+MISO!DSBXpAﬂL^I2N	JY ŁO,Jz
2ZD
   2 x/
 ﬃ*] %'!

¨S:T¨.
H
~T"K: MAK&OzK
>
ﬀFOLS
H
~Od;K.OMRFAOU32¦|&ZK&MAMRK&O¢;K
〈−Tr(M2M t)〉
O"
H
~K
H
{K&RMAMAK.Q;TzS:.&FT"
S-0FK.¤MŁS<;T"|&;R.~R
H
;K ,YFMA{F%FFT" 0£qK1~9MRK&O9T"|&O"Q;MR~S~OV;K¤V5;ﬃX(FQZT9MAK.OZMAQ;OV%FTS
H
;K&O
0S:MRK&Q;T"O;K
β
&
H
OLR;|&T"|&K&O
 β 1

 ﬂﬁ'K1~

 2W
0.1 1.0
r/L
1e+00
1e+01
1e+02
<
S2
>
β=0.2
β=0.4
β=0.6
r
−4/3
(a)
0.1 1.0
r/L
1e+00
1e+01
1e+02
<
ω
2 >
β=0.2
β=0.4
β=0.6
r
−4/3
(b)
0.1 1.0
r/L
1e−02
1e−01
1e+00
1e+01
<
ω
Sω
>
β=0.2
β=0.4
β=0.6
r
−2
(c)
0.1 1.0
r/L
1e−01
1e+00
1e+01
<
−
Tr
(M
2 M
t )>
β=0.2
β=0.4
β=0.6
r
−2
(d)
8:9,;=<
C
 2Z
? L^O#XTD Yw@HQﬂBJ,J#BXDSB qkFy 〈Tr(S2)〉 n:q
  y 〈ω2〉 nŁqvH4y 〈ωSω〉 BPpqkDy 〈−Tr(M 2M t)〉
AﬂL^I2NVP!NL^O#Xxl^FJ#BISNX DSB β q α |x}`nn γ |x}`n!Syz? BX DNL^O,P4BX DSBŁAﬂBCﬂP4BXxb,~$0BP b4
X`BNlBCﬂP:DSB+MISO!DSBX=AﬂL^ISN JY ŁO,Jz

				ﬀﬂﬁﬂﬃ "!$#%ﬃ'&)(*#+ﬀ
γ
GUK&OVMA:AO/32¦|&;K.MAMRK&OV;K
〈Tr(S2)〉
 
〈ω2〉
 
〈ωSω〉
K.~
〈−Tr(M 2M t)〉
ﬀFQ;T
α 1

  Z 
β 1

 ﬂﬁ
K1~;K&Q
>
0S:MAK.Q;TLO;K
γ
OL
H
~T"K&;T"|&O"K
H
~|.K&ONO"Q;TMŁS

%FQ;TLK
C



§
0S
H
~;K/Z|&&T"AT"K/&K&MRMAK!74&j W
H
;:R~dZTL|&.AO"K&TBQ;KM=2¦K&T"TLK.Q;TdOLQZTBMAK&OBﬀF
H
~LOd-SMA&QZMA|&O(FQZT
r 1
Gﬂﬃ NK1~
γ 1

 
C
K&O"~;MRQ;Od%FTLS
H
;K
Q;KXOLQZTYMRK&OYS:QZ~LTLK.O&
+h
H
~LTS:RTLK&{K
H
~S:Q -S:O9;K&O'O"FMAQZ~LA
H
O.5;+a;Q {WZ&MAK zMAK&O9OLFMRQZ~R
H
O'5y+aO"K&{ZMAK
H
~'
H
7
;RQ;K&TQ
H
K;|&ﬀK
H
;S
H
&K;K.OXMAFRON32¦|&;K.MAMRK&O/K
H
 
H
.~R
H
;K
γ

§

H
O"= ﬀMAK.O/;|&ﬀK
H
;S
H
&K.O
2*I
 1e%[? !	 V/
&* ﬃ'!`)(Eﬃ\-0S(*: %	ﬃ 
 1$/- %K(o j`$4	
 
%*
;K
〈Tr(S2)〉
K.~
〈ωSω〉
K
H
 
H
1~R
H
;K
r
OL
H
~}K
H
{}K.AMRMAK&QZTS:.&FT" S-0FK.yMAS;TL|10WROLR
H
,/ﬁ;D/ﬀFQ;T
γ 1

 
C
8QZKVﬀFQ;T
γ 1

 JI
C
;GzK.O;K&Q
>
MAFROh32¦|&;K.MAMRK&O;KXM=2¦K
H
O~T"F;;RK/OLK&{9;MAK
H
~
0:|&TL

K&TVMAKOL&S:MA
H
% ,XﬁZDOLQ;TMAK&OV;K.Q
>
;MAQ;OVﬀK.~E~K.OV0S:MRK&Q;T"O;K
r
&
H
OLAZ|&TL|.K&O. dS:;T"&OMAK
~LTS
H
O"R~LFAT"K}%FTS
H
;K|&ZK&MAMRK ﬃ!GUK&S:O;Qy~LTS
H
O" K&T~/32¦|
H
K.TL%FRKK&O~/;MRQ;ON;&AMRK9}
H
~K.T7
;T"|.~LK&T&
0.1 1.0
r/L
1e+00
1e+01
1e+02
<
S2
>
γ=0.25
γ=0.5
r
−4/3
(a)
0.1 1.0
r/L
1e+00
1e+01
1e+02
<
ω
2 >
γ=0.25
γ=0.5
r
−4/3
(b)
0.1 1.0
r/L
1e−01
1e+00
1e+01
<
ω
Sω
>
γ=0.25
γ=0.5
r
−2
(c)
0.1 1.0
r/L
1e−01
1e+00
1e+01
<
−
Tr
(M
2 M
t )>
γ=0.25
γ=0.5
r
−2
(d)
8:9,;=<
C



? L^O#XTD Yw@HQﬂBJ,J#BXDSB qkFy 〈Tr(S2)〉 n:q
  y 〈ω2〉 nŁqvH4y 〈ωSω〉 BPpqkDy 〈−Tr(M 2M t)〉
AﬂL^I2N.DSBIZ0l^FJ#BISNXaDSB γ q α |x}`nn β |x}`n~yz  BXaDNL^O,PkBXaDSBAﬂBCﬂPkBXob,~$)BPpb4
X`BNlBCﬂP:DSB+MISO!DSBX=AﬂL^ISN JY ŁO,Jz
[\ l\
ik
ct
o
b
eqik
S
H
O¤&Kl;S:;R~LTLK
H
FQ;O<S-0F
H
O¥K&O"OS-F|;KT"|&O"FQ;;T"KlMAKy{8;&MRK@;Q~L|.~LTS:.;TLKlSTQ
H
K
{|.~L;WZKx;Kh~48ﬀKY5@
H
~K!7+xS:T"MA; 'MAK.Od;TLQZR~OOL
H
~B~TLS:R~L|&OdZKx qS&
H
ZMAQ;OdT"A%F:Q;TLK.Q;OLKxQ;K
S
H
OhMj2JS:Z;TL
>
A{}S~R
H
OLK.{}74.MŁS:O"OLAQ;KW5yS:MAZK&Q;T"K&Q;O"K&{K
H
~- W;K&OMAA{R~S~R
H
OdK
H
~K.{}ZO;K
2F)
   S
 
`$*]ﬃ

&S:MA.Q;M
H
K
H
FQ;O
H
~;S:OxﬀK&TL{AO32¦FZ~K
H
ATh;K&OT"|&OLQZMR~S~OS:QZOLOL;TL|.&AOQ;K/.K/Q32ﬂRMK.O"~K
H
;T"
H
.AﬀKxﬀFOLO"A;MRKx32ﬂS 0:FAT.85yS:ROdMAK.OT"|&O"Q;MR~S~OB;T"|&MRA{
H
S:RTLK.O¨;T"|&O"K
H
~|.OR&;O"
H
~O"QOS
H
~LO
ﬀFQ;TQ
H
KV
H
~K&T";TL|1~S~LA
H
O"K&{E74QS
H
~LR~S~E0FK:
5
H
S:T"~LA.Q;MARK&T& MAK.O¥;AO~T"A;QZ~LA
H
O¤;K;TL:S:;RMAR~L|@;S
H
O<MAKl;MAS
H (R,Q)
&S:MA.Q;MA|.K&O¥ST
.K.~L~LK¥{}|1~;8;K¥;T"|&O"K
H
~K
H
~}MAK{ .{}K~48ﬀK<;K¤~TLS
H
OLE~R
H
K
H
 
H
.~R
H
;K
α
Q;K¥.K&MAMRK&O
FW~K
H
Q;K.Ox%FT:&KN9M=2ﬂS:;;T"
>
R{S~A
H
O"K&{E7 &MŁSOLOLRQ;K:
§

H
O"= (:Q;ThMRK&O qSA;MRK&OB0S:MAK.Q;TLO;K
α
.K&O/;RO"~T"A;QW~A
H
OOL
H
~XK
>
S:%F|&T"|&{K
H
~V|.~LATL|.K&O/MRKMA
H
%¤;Q 
:~L|
R > 0
;K'MAS¤OL|&;S:TS~LTLR&K: 
.K.~}|.~RTLK.{}K
H
~}S:QZ%F{}K
H
~S
H
~(:Q;T;K&O0S:MAK.Q;TLO;|.&TL:AOLOLS
H
~K.O;K$M=2¦|&;K.MAMRK$ZK@MR
H
%FQ;K.Q;T
.
H
OLR;|&T"|&Kz+hK;;|
H
F{}
H
K';ROLS:TLS=<A~N|&%*SMAK&{K
H
~/ﬀFQ;TNMAK&O/ZMAQ;O%:TS
H
ZK&O/0S:MAK.Q;TLOZK
α

+hK.(K
H
S
H
~YMŁS90S:MRK&Q;T;K
α
ﬀFQ;TMAS:Q;K&MRMAKNMRK/S
H
%:K&{K
H
~Y;KX&F{(:T"~K.{}K
H
~OLKX;T"W;QZR~
K.O"~xO"Q;ﬀ|&TLRK&Q;T"KNﬀFQ;TMAK.OO"FMAQZ~LA
H
Ox5+

MAS 8X0S:MRK&Q;T&T"R~LAQ;K
:
;K
α
K.O"~SMAFT"O;K6M=2¦FTLZTLK
;K

 

S:Q<MARK&Q¥;K

 ¦ﬁﬀFQ;TMRK&OO"FMAQZ~LA
H
O5;+N
GUK&O6;K
H
OLR~L|&O;S
H
OMRK;MAS
H (R,Q)
ZK&OQS
H
~LR~|.O;*8OLR8QZK&O/&
H
OLR;|&T"|&K&ON;TL|.OLK
H
~LK
H
~VQ
H
ﬀ
H
S:&.FTL 8Q;S:MAE~S~LR 6S-0FK&y&K&MRMAK.O&S:MA.Q;MA|.K&OS:T}V5ﬀh+h
H
~LTS:RTLK.{}K
H
~S:Q
>
T"|&O"Q;MR~S~O
;K@M=2ﬂS:;;T"WZKu5;+N MŁS;TL8;Q;1~A
H
32¦K
H
O~TL:;;AK@{} :K
H;H
Ky-S:MR&Q;MR|&Ky;S:T¥5+ K.O"~¥ZAK
H
ﬀFOLE~E0FK:
GUK&O'MRFAOV32¦|&;K.MAMRK&O'OL
H
~ZMAQ;OZ &RMAK&O9
H
~K.TL;T"|.~LK&T& -S:T
H
FQ;OS-0F
H
O';Q -S:MR&Q;MRK&T9MRK&O
O"FMAQZ~LA
H
OX5+ ﬀFQ;T~LTLFRO/|&;K.MAMAK.OZKMR
H
%FQZK&Q;T/O"K&Q;MRK&{K
H
~- U{}S:AOXSQ;OLO"BS:TL.K}Q32¦AMK&O"~
;&AMRKx32¦K&O~A{K&TPMj2ﬂ
H
&K.T"~E~Q;ZKx;KY&K&OMA:AO&FGzK.OPTL|&O"Q;MR~S~OP;T"|&MRA{
H
S:RTLK.OQ;K
H
FQ;OS-0F
H
O
;T"|&O"K
H
~|.ONOLK.{;MRK
H
~Y(FQZT"~S
H
~
H
;R8QZK&TQ;K

¡
GUK&O'MA:AO92ﬂ|.;K&MRMAK&O'O"
H
~K
H
{K&RMAMAK.Q;TS:&.FTL£S-0FK.¥MŁSy;T"|&;R.~LA
H
;K ,6FMR{}F%:FTL 0 K.~
MAK.OOLFMRQZ~R
H
OhZKXV5¤ﬀFQ;TxMRK&OﬀK.~E~K.Oh0S:MAK.Q;TLOxZK
α
,+hK/T"|&OLQZMR~S~K&O~OLQ;T";TLK
H
S
H
~Y-S:T
MAK.OVZAO"~LTLR;QZ~R
H
OZKZTLFS;AMRR~|=3"F
H
~LK&OX;K
Q
;K
R
ZTL|&O"K
H
~K
H
~Q
H
{}K.AMRMAK&QZTS:.&FT"
S-0FK&YMŁS/V5'(FQZTBMAK&OB%:TS
H
ZK&OB0S:MAK.Q;TLOB;K
α
4MOLK.{;MRK;
H
ﬀK&T~
H
K
H
~32ﬂ|1~Q;ZAK&TBZMAQ;O
;TL|.&ROL|&{K
H
~NMAKX&F{ﬀFT"~LK&{K
H
~Y;K&O6OLFMRQZ~R
H
OﬀFQ;TY;K&O0S:MAK.Q;TLOY
H
~K.TL{|&;AS:AT"K&O;KV&K
S:TLS:{}1~T"K:
¡
GB2ﬂK
H
O"~LTLF;ZAKK.~¢OSY;TL8;Q;1~A
H
O"Q;;ROLOLK
H
~dQ
H
~TLS
H
OLE~FRTLKP%FTS
H
;KP|&;K.MAMRK: ﬀFQ;TU~FQW~K&O
MAK.O0S:MRK&Q;T"O;K
α
 
β
K.~
γ
.
H
O"A;|.TL|&K.O&
¡
GUK&OMAFROx32¦|&;K.MAMRK&OY;KX&K&T~S:
H
K&O%FTLS
H
;K.Q;TLOO"K&{;MRK
H
~Y;|&ﬀK
H
;TLKV;K
β
K1~
γ

¢FQ;TY&
HZ
TL{K&T&K.O6~T"FAOT"K&{}S:TLQ;K.O& ,AM
H
FQ;O qS:Q;;TLS.K&ﬀK
H
S
H
~S:Q;%F{K
H
~LK&TMAK
H
F{9;TLK
;KXT"|-S:MRAOS~A
H
Oh;Q$;T"Q;R~S
H
OMŁS;T"W.|&;Q;T"KZK95$
H
~K17+xS:TLMR;
2:ﬁ
     
a   	 * 
   
   

 




 ( 
N
FQ;ONS 0:
H
O 3"Q;OLQ32¦A.¨|1~Q;;R|MRK{8;&MRKVZQ@~|1~TLS:&;T"K9K
H
OLQZ;(:OS
H
~/Mj2ﬂ|.&FQ;MRK&{K
H
~
~Q;T";Q;MRK
H
~ZF{}:%F
H
K<K1~ROL:~LTLFﬀK:P5@S:AOM=2¦Q
H
;K&O};TL
H
&RS:Q
>
S-0:S
H
~S:%FK.O};K$&K
{}8;.MAKK&O"~8Q2ﬂRMK.O"~ﬀFO"OLAZMAKZKM=2ﬂS:SZ~K.T9@~LFQZ~LK&OO"FT"~LK&O32¦|&.FQ;MRK&{K
H
~O. ¨K
H
S
H
%FK-S
H
~O"K&Q;MRK&{K
H
~'MASy&
H
;R~LA
H
ZK¤(:TL3 %FTS
H
;K¤|&ZK&MAMRK:d+hK¥S:;E~TLK;TL|.OLK
H
~LK
MRK&OXOLFMRQZ~R
H
O/;Q{}8;.MAKMAFT"OLQ;KM=2¦
H
OLQ;ﬀK&T"(:OLK¤SQ  FT -S:%:KQ
H
&ROS:RMAMRK&{K
H
~/;Q;T.¨
H
;T"|&O"K
H
~K;TLR.0FK.{}K
H
~6K
H
2ZEDXMAK.OY{:~LR0S~R
H
O;KMj2ﬂ|1~Q;ZKVZKVMAS~Q;T";Q;MAK
H
&KXO"FQ;OY&AOLS:AMRMAK!7
{K
H
~YS:
H
OL(8QZKVMj2ﬂ|1~S~ZK/M=2ﬂS:T"~;S
H
O&K/;:{S:
H
K:ZGzS{|.~L;8;K/32¦|.~QZ;KX8QZK
H
FQ;OYS-0F
H
O
QZ~LAMRAOL|.KK&O~YK
>
(:OL|&KVK
H
2ZJIWGUK&OYTL|.OLQ;ME~S~LOOL
H
~YTSOLOLK.{;MR|&OYK.~;ROL&QW~|&OYK
H
2Zﬂ)Z

\^]\ 
kVg *i@so
c
gheqik
GB2¦Q
H
;K&O'ﬀFO"~LQ;MŁS~O;K¥MAS@~Z|&FT"AK¤;K¥MASy~Q;T";Q;MRK
H
.K¥K&O"~MRK qS:E~Q;K: PﬀK.~LR~LK¤|&;K.MAMRK: 
MRK&O;T"F;T"A|.~L|&O/O~S~LAO"~LAQ;K.O/;K.08TSAK
H
~ 1~TLKQ
H
R0FK.TLO"K&MAMRK&O. US:Ql{F
H
ONS
H
O/MAS¤MAA{R~LKX32ﬂQ
H
H
:{;TLK<;KK.
H
FMR;O
HZ;H
=P+hK1~L~LK@*8(~;.OLKyK.O"~ qS:R~LK¥K
>
;MRA&E~K.{}K
H
~;S
H
OMŁS~Z|&7
T"AK ,/ﬁ;D
C
 ,K&MAMRK/K&O~A{;MRA&E~K6S
H
OY;K
H
F{;T"K&Q
>
{WZ&MAK.O;;|
H
F{}|
H
FMRF%FAQ;K.O&E5WK.MA
H
MAS<~L;|&FT"AK};K ,YFMA{F%FFT" 0( URMPK
>
AO~K¥S:
H
OLPQ
H
K¤-S:O"-S:ZK¤;K&O9%FTS
H
;K&O|&;K.MAMAK.O90FK.TLOMRK&O
ﬀK.~LR~K.O& zﬀK
H
S
H
~MŁS:Q;K.MAMAK'Mj2ﬂ
H
 FT"{S~LA
H
ZK&O9%:TS
H
ZK&O|.;K&MRMAK&OK&O~ﬀK&TLZQ;K:+hK.~"~K¤Q
H
E7
0:K&TLOLS:MAE~|/R{};MRAQ;K68QZKMRK&OﬁﬀQ;1~QS~LA
H
O;K/0WE~K.OLOLK(K1~R~LK/|&;K.MAMRK/;K.08TSAK
H
~6(:OLOL|.;K&T
MAS<ZMAQ;OV%FTS
H
;KO"8{}|1~T"AK(:OLOLR;MAK UK.~K
H
S:T"~LA.Q;MARK&T .~LTLKAO":~T"F(K.OX8QZK&MAMRK}Q;KOL:R~VMŁS
 FT"{}KY;K/Mj2ﬂ|.&FQ;MRK&{K
H
~h%FTS
H
;K|&ZK&MAMRK'3"K.~- W&FQZ;K/MAR{}E~K: F~LQ;TLZQ;MAK
H
&KZK%FTLRMAMRK: ERJﬃ

K
H
ST"~R&Q;MRAK.T& ^~FQ;OPMRK&OB{F{}K
H
~OB32¦FTLZTLK&OPR{}SATLO¨;K&O;E?|.TLK
H
&K&OP;K08R~LK&O"OLK;K.08TLS:AK
H
~
O.2JS
HZH
QZMAK&TNﬀK.~E~KV|&;K.MAMRK:+N2ﬂK.O"~/MRKﬀFO"~LQ;MŁS~N32¦AO":~T"F;RKMRW&S:MAKq G¢ﬃ!U+hK&MRQ;E7 &
H
K;K17
08TSR~¤K
H
;TL
H
&R(K@O&2ﬂS:;;MRAQ;K.TQ;KlOLNMAK
H
F{;T"K;KﬂK.
H
FMR;O
Re
K.O"~<OLQ }OLS:{{}K
H
~
%FTLS
H
35
H
K.?(K.~& RMh qS:QZ~Q
H
OLﬀK&1~T"K@32¦|&ZK&MAMRK&O}S:OLO"Kﬃ$MŁS:T"%FK¥ﬀFQ;T'Q;K$M=2¦AOL~TL:;AOLS~R
H
;QZAOLO"KNO.2ﬂK1?K..~QZK&T& 5
H
ZTS~LAQ;K: MRK Gl;TL|.;R~hQ
H
KNZ|&&T"FAO"OS
H
&K32ﬂS
H
ROL:~LTLFZAK6ﬀK.~E~K
|.;K&MRMAKX
H
F{;T"KX;K YK1
H
FMA;O.TLFROLOS
H
~YFQ ;KX{S
H
A&T"K|&Q;E0S:MAK
H
~LK: Q
H
K;R{}
H
QZ~R
H
32ﬂS
H
ROL:~LTLFZAK/'|&ZK&MAMRKX;|&.TLFROLOS
H
~LK:
GUK$ G S~LFQ^3"FQ;T"O}|1~|$OLQ;Z(FO"|@Q
H
R0:K&TLO"K&MRMAK&{K
H
~& {}S:RO'&K
H
2ﬂK.O"~}Q;K@ZK&;Q;RO}Q
H
K@ZE7
ﬃ&S:
H
K/2JS
HZH
|&K.ONQ;KV;K&O|.~LQ;;K.ONK
>
ﬀ|&T"A{K
H
~S:MRK&OK1~
H
Q;{|&T"AQ;K&OO"
H
~NK1?K..~QZ|&K&O6(:Q;TMAK
0:|&TL

K&T

SQ;S:TLS 0S
H
~YAM(|.~S:R~K
H
K1?K1~YA{(FO"OLR;MAK 
H
Q;{|&TLRQ;K&{K
H
~&:{}{K/K
>
ﬀ|&TLR{}K
H
7
~S:MAK.{}K
H
~& B32¦|.~QZ;AK.TMŁSQ;K&O~R
H
 ;K&O
H
F{;T"K&O};K!K.
H
FMR;OOLQOS{}{K
H
~¤%:TS
H
ZO&
2
C
 G 4ES(EﬃS`
GB2¦|&&:Q;MAK.{}K
H
~P~LQ;TL;QZMAK
H
~S
H
ROL:~LTLFﬀKX%FTS
H
;K|&;K.MAMAKMRK;MAQ;OPO"A{;MAKK.O"~Q
H
|.&FQZMAK&{K
H
~
.AOSAMAMR|:Z+N2ﬂK.O"~6;
H
X.K&MAQZU8QZzS|1~|XMAK/;MRQ;O|.~LQ;;A| Q;K.KXOLFE~S
H
OMAK/&S:OYO"~S~AO~R8QZK17
{K
H
~;F{F%F
H
K6FQ}S
H
OQ
H
K6&FQ;ZKNMAR{}E~K
§

H
OLj 25(
7
25ZS:;ZFQ;%F;,K1~5(PK&K.TS-0S:MAMR

H
~h{}K.OLQ;T"|K
H
D #:#:ﬁ9S
H
OxQ
H
K6&FQZ;K/MAR{}E~Kx~QZTL;Q;MRK
H
~KNMAK&O{}:{}K
H
~LOh;QOLK&.
H
<FT";TLK
;K$;E0FK&T"OLK.O&:{}ﬀFOS
H
~LK&O;K$MŁSl0WE~K.OLOLK ﬂ)FI

h+hK.O;K.T
H
RK&T"O}O"
H
~.
H
OLRO"~S
H
~O¤S-0:K&yMRK&O
T"K&Q;AOh&
H
|&{}S~R8QZK&OhZQ< G S
H
OhMŁS%FS:{}{KN
H
K&T~RK&MAMRK:85ySAOhMRK/ G O"Q;;ﬀFOLK/Q;K~LFQ;O
MRK&ON{F{K
H
~O6Fﬀ|&AO"OLK
H
~/OLK.O/&
H
O"A;|.TS~LA
H
ON;KO"8{}|1~T"AK:65
H
D #F#
C
 
§
3BQ;{ATYK.~ ﬀN 
5WZTS:R{S
H
|.~QZ;AK
H
~
H
Q;{|&T"AQ;K.{}K
H
~Q
H
|.&FQ;MRK&{K
H
~'~QZTL;Q;MRK
H
~;F{F%F
H
K¤.AOSAMAMR|: ¢K.~
{
H
~T"K
H
~<Q;K: OLK.MA
H
MAS  
H
.~LA
H
;K&:TLTL|.MŁS~LA
H
£;K.Q
>
ﬀF
H
~LO$ZK MAS 0FFT~R&R~L|: xMRK&O
;T"F;T"A|.~L|&O (K1~E~Ky|.;K&MRMAK@;KM=2¦|&.FQ;MRK&{K
H
~ZK.08AK
H;H
K
H
~<ROL:~LTLFﬀK&O}(FQZT;K.O0S:MAK.Q;TLO
.TLFROLOS
H
~LK&O;K
Re
 B{}S:AOQ;K$&K
H
2¦K&O~;S:OMAK¥-SOO"M=2¦
H
&
H
OLAZ&TLK$;K.O 
H
.~LA
H
O'ZK
.FTLT"|&MŁS~A
H
32ﬂ:TL;T"K~LTLFRO ﬂ):)Z z):ﬁ

zBMAQ;O/~S:TL3 9 5W;K
H
K.~	
 S:T"S  ~V{}K.OLQ;T"K
H
~VS
H
O
Q
H
|&.FQ;MAK.{}K
H
~~LQ;TL;QZMAK
H
~9;F{F%F
H
K}.AOSAMAMR|MAK.O{F{K
H
~OV;K;R?(|&T"K
H
.K&O
;H
AK.OK1~9;K
;|.TLE0F|&K.O9;K}MŁS<0WE~K.OLOLK ﬂ)
C
¢GUK&O{}:{}K
H
~LOR{};S:AT"O/;K&OZ|&TLE0F|.K&OO"
H
~
H

HH
Q;MAO. ¨K1~
H
K
O"K&{;MRK
H
~S:O;R{}
H
QZK&T'ﬀFQ;T;K&O0S:MAK.Q;TLO.TLFROLOS
H
~LK&O;K
Re
 B~S
H
;AO'Q;K$MAK.O{&{K&O
{F{K
H
~OxZK&O;R?(|&T"K
H
.K&O
H
RK&O;|.&TL:AOLO"K
H
~Y{}:
H
Oh08E~K/Q;KX;TL|108QyMA:TLOLQ;K/Mj2ﬂ|.;K&MRMAKZE7
{
H
Q;K,GzK.OS:QW~K&QZTLOY&
H
.MAQ;K
H
~Q;K9MRKV G  :Q;T
H
E~Y;K&O6;TL|10WROLR
H
OY
H
.FTLT"K&.~LK&OY(:Q;T6MRK&O
{F{K
H
~O|1~Q;;R|&O.
BQ;RO& Zr5WQ;{}S:;K.T& ,' Xr5WTLK.K
H
E0S:OS
H
K.~}¢*,'K&Q
H
%T"|&
H
~LK&T";TL1~K
H
~}MAK.OT"|&O"Q;MR~S~O
;T"|&.|&;K
H
~LO& UK
H

H
OLRO"~S
H
~OLQZTMAK9 qSR~68QZK'M=2¦
H
~K.TL{R~L~LK
H
.K9¤ﬀK.~LR~LK9|&ZK&MAMRKK.~M=2¦FTL;T"K9;K
%FTLS
H
;K.Q;Tx;Q<STS:{.~LTLK;KN&AOLS:AMRMAK.{}K
H
~~TLS-0:SAMAMRK
H
~hS 0:K&XMAK
H
F{;T"K;K K.
H
FMR;OxﬀFQ;T
;|1~K.TL{
H
K.TxM=2ﬂS:{;MAE~Q;;K6;K&O{F{K
H
~OxR{};S:AT"Oh;K.OYZ|&TLE0F|.K&OY;K ﬀQ;1~QS~LA
H
O;K/0WE~K.OLOLK
¦) 2


§
Q { .{}K¤{F{K
H
~- ¨GB ﬀhE K&TSMAKK.~}5PK.TL%*SOLOL:MŁSy|1~Q;;RK
H
~S:TV5Q
H
|&.FQW7
MRK&{K
H
~~LQ;TL;QZMAK
H
~K
H
-S
H
S:M= K
H
S;;MARQS
H
~¤SQ
>
 
H
.~LA
H
O};KO~TLQZ.~QZTLKlMŁS {}|1~;8;K
;K;|&.F{(FO"R~LA
H
K
H
~LK&TL{K9ZK&O/TLK.;TL|.OLK
H
~S~R
H
ORTLT"|&;Q;1~R;MAK.O6;Ql%:TLFQ;ﬀK9ZKTL:~S~R
H
5;q)*ﬃ1 8(:OLOLR;MAK6%FT&K/9Mj2ﬂ
H
0:STLŁS
H
&KYS:TTL:~S~R
H
;K/Mj2ﬂ|.QS~R
H
ZK NS-08AK.T7 5~K&O
H

H
 FT"&|.K: ¢K.~';T"FﬀFOL|.K¤K
H
¦)

 4MAO9.
H
O~S~LK
H
~S:MRFTLOVQ;K¥MAK.O ﬀQ;1~QS~A
H
O9;K108AK
HZH
K
H
~';K
;MRQ;O'K
H
;MRQ;O'OLFQZO74ZF{}
H
S
H
~K.OﬀK.~LR~LK¥|&;K.MAMAK¥MRFTLO"Q;K<MAK&QZT';K&%FT"|<32JS
H
AO":~T"F;AKK&O"~
.TLFROLOS
H
~ ﬂ)  8 3)F#

3+hK&MŁS};R~& (S
H
O/&K.T"~S
H
K.O&
H
;R~LA
H
O. ﬀ~LK&MRMAK&O6Q;K&K.MAMRK&O32¦Q
H
|.&FQ;MRK17
{K
H
~¨&AOLS:AMRMA| -MŁS&
H
~LTLAZQZ~R
H
ROL:~LTLFﬀK6q{F{K
H
~dS
H
%FQ;MAS:AT"K
l 1

ﬃUO&2ﬂS
H;H
Q;MRKhST¨OW{|.~LTLRK:
ﬀhRK
H
Q;K FT"{}K.MAMRK&{K
H
~hO"FQ;O74;F{
H
S
H
~- ZMRK{F{}K
H
~S
H
%:Q;MŁS:RTLK
l 1
D/.
H
;Q;E~;RK
H
Q
H
K
.
H
~TLR;QZ~LA
H
S
H
AOL~TL:(K FT~K

H
(K.QZ~YTLK1~K
H
AT;K/~:QZ~K.OY.K&OY|.~LQ;;K&OYQ;K

¡
MAK.O&F{ﬀFT"~LK&{K
H
~O6;K&O/{F{K
H
~O2ﬂFT";TLK'I;KMŁS0WE~K.OLOLK'O"
H
~/&
H
OLRO"~S
H
~LOXS-0FK&'MRK&O
TLK.8QZAO&
H
|&{}S~RQ;K&O;Q@ GB 
¡
MAK.Ox{}:{}K
H
~LOh32¦FT";TLK.OOLQ;ﬀ|&T"AK&QZTLOx;|.&T" <ŁO"OLK
H
~;MRQ;OxMRK
H
~K.{}K
H
~x8QZK/;TL|10WQ<
Re
.TLFRO7
OS
H
~YFQ@'|&;K.MAMAKX;|.&T"FAO"OS
H
~K 
¡
{SMA%FT"|X~LFQZ~& ﬀRMzK
>
AO~K9Q
H
K9;R|&TLS:TL;RK

;MRQ;ONQ
H
~48(K9;K ﬀQZ.~Q;S~R
H
K.O"~/S
H
AO":~T"F(K 
;MAQZOYRM;K108AK
H
~6OLFQZO74ZF{}
H
S
H
~'ﬀK.~E~KX|&ZK&MAMRK:
GUK{}8;&MRK;Q~L|.~TLS:&ZTLK(K.TL{K.~;K&S:MA.Q;MAK.TVMRK&OXO"~S~RO"~LAQ;K&OV;Q ~LK
H
O"K&Q;T;K%FTS:ZAK
H
~
;K/08R~LK&O"OLK9{ FK
H;H
|VS
H
OMŁS'%*S{}{K/
H
K.T"~LAK&MRMAK 
M
(
H
{
H
~T"K/S
H
OYMŁS'O"K&.~LA
H
2Zﬂ)MRK&O
2 2
 1e%[? !  G

?* !%2!`a* % ﬃ'ﬃ*$[T
&Sﬃ
x 
% *#*!-E
O"FMAQZ~LA
H
O;K9.K{WZ&MAKV;R?(|&T"K
H
~K.ON|.;K&MRMAK&OY;K&K.~"~K%*S:{{}K ;S
H
OYMAKX&S:ON@M=2¦|&.FQW7
MRK&{K
H
~~Q;T";Q;MAK
H
~NO"Q;;R~6Q
H
&AOLS:AMRMAK.{}K
H
~&
H
O.2JS~L~S;K&TLSK
H
S:T"~LA.Q;MARK&T&F{S:T"K&TYMAK
.F{}ﬀFT~K&{K
H
~& UMAFT"OLQ;KM=2¦|&;K.MAMAK;R{}
H
Q;K: U;K.O9{F{K
H
~OX;K
M
32¦FTLZTLK&OI$K1~)<S
H
O
MRK&O-S:O}S
H
ROL:~LTLFﬀK<K.~AO":~T"FﬀK:
§
0:S
H
~}&K.MŁS
H
;TL|.OLK
H
~LKS
H
OMŁSlO"K&.~LA
H
OLQZR0S
H
~K$MŁS
{|.~L;WZK/8QZK
H
FQ;O6S 0:
H
OQZ~LAMAROL|.K:

\l\  v
gxw9iys
`
s
v
gxo9s
`
	 ﬁ= % %B'KH&.% +%',#* D
 ﬁ *
+% -E %,,%
+hF{{K@
H
M=2ﬂS 08Q S:Q;S:;R~LTLKy)Z MRKy{WZ&MAK<;Q~L|.~LTS:.;TLK@;|&ﬀK
H
 2ﬂQ
H
K&
H
;R~LA
H
%:TS
H
ZK'|&;K.MAMAK

MŁS FTL{K9;QS{}l;K0WE~K.OLOLK¤Mj2ﬂ|.;K&MRMAK
H
~|&%:TS:MRK
L
z
H
S~:QZ~K
MRAﬀK&T"~L|dﬀFQ;TzS
H
%:K&T¢&K.~"~K&
H
;R~LA
H

§

H
OL= &S
H
OzMAKP&S:O¨2ﬂQ
H
 FT -S:%FKS-0FK.h.AOSAMAMRK&{K
H
~- 

H
ﬀFQ;T"TS
Z>
K&TYMŁS.
H
;E~A
H
OLQ;E0:S
H
~LKVS:Q<MAAK.Q¥;KXMŁS'&
H
;R~LA
H
q)ZED 2*ﬃ

P (M,Tr(g) = L2) ∼ exp
[
−Tr [(M − Σ)(M − Σ)
t]
ε2/3L−4/3
]
2ZED^ﬃ

Σ =

 0 0 0s 0 0
0 0 0

 K.O"~YQ
H
KV{}S~T"A&KN;KX&AOLS:AMRMAK.{}K
H
~&
GzSX;AO~TLR;QZ~LA
H
;KY;T"FS:;RMAE~| 3"F
H
~K;K
M
K.~
g
O.2ﬂK
>
;TLR{}KYS:MRFTLOP;KYMŁS qS.
H
O"Q;R0S
H
~LK

P (M, g) =
∫
dM ′
∫
dT
∫ M(t)=M
M(0)=M ′
[DM ′′]
∫ g(t)=g
g(0)=g′
[Dg′′]
exp−
[
S(M ′′; g′′) +
Tr [(M ′ − Σ)(M ′ − Σ)t]
ε2/3L−4/3
]
2ZJIFﬃ
GB2ﬂS:.~LA
H S
K.O"~P~FQ3"FQ;TLOP;|
H
RKN/S:T~RTB;QGzS:%:TS
H
%:AK
H
;T"|&O"K
H
~|6K
H
J)Z8
H
(K.QZ~|.0S7
MRQ;K&T
H
Q;{|&T"AQ;K.{}K
H
~xM=2¦K
>
;TLK.OLO"A
H
;K/MAS9;AO~T"A;QZ~LA
H P (M, g)
;|
;H
AK/K
H
2ZJIFﬃ1 W&F{{}K
.K&MAMRK;KYMŁS/;AO~T"A;QZ~LA
H
;|
H
RKYK
H
q)Z I

ﬃ1 *STQ
H
KNS;;TL8;KYOLK.{}74&MAS:OLO"AQ;KFQS:TPQ
H
K
{|.~L;WZK;K~48(KV5$
H
~K17+xS:TLMR;;¢FQ;TQ
H
KVZMAQ;Ox%:TS
H
ZK/K -S:.R~L|
H
FQ;OS-0F
H
O;FAO";K
&S:MA.Q;MAK.T/S
H
OVQ
H
ZTLK&{AK.T/~K&{;OVMAK.OVO"FMAQW~A
H
OXOLK&{E7 &MAS:OLO"AQ;K&OX;Q;TL:;MA.{}KzG¢S<{|17
~L;WZKQZ~LAMRAOL|.KK.O"~NMŁS}{&{KV8QZK9&K.MAMRK;|.&T"R~KK
H
ﬁZRDF (}.K&.;T"&OQ32¦AMzK&O~/{}S:
H
~K
H
S
H
~
H
|.&K.OLOSATLKX;K/~LK
H
RT&F{Z~KX;K.O;K&%FT"|&OY;KXMAR(K.T"~|N;KXTL:~S~R
H
;K
M

5
H
K.?(K.~- *ﬀFQ;TB;S:TS:{|.~LTLK.TdMŁS/{}S~T"A&K
M
/ﬀK.~E~K|.;K&MRMAK
H
S-0:SR~BQZ~LAMRAOL|hS:QS:;E~TLKﬁ
MRK6 qS:E~hQ;K/ﬀFQ;T~FQZ~LK{}S~T"A&KY-STLTL|.KTL|.K&MRMAK
A
AMﬀK
>
AO~KQ
H
K{S~TLR&K
R
FT"~L;F%F
H
S:MAKYK.~
Q
H
K{S~TLR&K
T
QS:O"E7=~TLAS
H
%FQZMŁS:RTLKOLQZ(|.TLAK.Q;TLK=¦K:W;
H
~MŁS;ŁS:%:
H
S:MRK6K.O"~&
H
O"~LR~QZ|&K;K
;MRW.OXD
>
D9FQ@;K9;MRW.O6I
>
IFﬃ~LK&MRMAK&OQ;K
 A = R.T.Rt
ﬀS
H
O6MAKX-S:O6yMRK/ FT &S:%FKV|.~SR~
2

 G  ' j/`1$S(	(  /vﬃS(
ROL:~LTLFﬀK: 3Mj2ﬂ
H
0:STLŁS
H
&KZQ;T"F;MR&{K'S:TXTL:~S~R
H
ﬀK&TL{K.~"~S:E~/;K
H
KS:O/~K
H
AT/.F{Z~K
;K.O;K&%:TL|&OZK/MAAﬀK&T~|Y;K/TL~S~LA
H
ZK
M
 ;K1~;
H
ZK/S:TS{}|1~TLK.Tx&K.MAMRK174.(O"FQ;OMAS FTL{K
32¦Q
H
K{}S~LTLA.KhQS:O"E7=~TLAS
H
%FQZMŁS:RTLK
T
FSTd&
H
~LTLK: :MAFT"OLQ;KM=2¦|&.FQ;MRK&{K
H
~B/%FTLS
H
;Kx|.;K&MRMAK
K.O"~6&AOLS:AMRMA| WMj2ﬂ
H
0S:T"ŁS
H
&K;Q@;TL:;MA.{}K/STYT":~S~A
H
K.O"~Y;T"AOL|.K: ,K.~YRMU;K.08AK
H
~
H
|.&K.OLOSATLK
;K/~LK
H
RT&F{Z~K/ZK&OYTL:~S~R
H
OxﬀFOLO"A;MRK&O;KXMAS{}S~LTLA.K
T

	 ﬁ= % %B'KH&.% +% Nﬁ)B.*"# &
JﬀCﬃ!,%EF+%
M
GzS¤{}S~T"A&K
M
¥ﬀK.~LR~K9|&;K.MAMAK'Z|&ﬀK
H
{}S:
H
~K
H
S
H
~/;K'~LTLFROS:TLS:{}1~T"K&OO"Q;;;MR|&{K
H
7
~S:AT"K&O&
§
0FK.NMASV{|.~L;WZKYZK6T"|&OL:MAQZ~LA
H
OLK.{}74&MAS:OLO"AQ;K *K
H
O"K
W>
S
H
~hMAK.OP0S:MRK&Q;T"OZK
Q
 
R
K1~
r
 M=2¦|&;K.MAMRKVZKMR
H
%FQ;K.Q;T& RMUTLK.O"~K;
H
D-ﬁS:TLS:{}1~T"K&OYMAAZTLK&OﬀFQ;TY;|
H
ATMRK&OY&
H
ZE7
~LA
H
O¨
H
E~AS:MAK.Oxq(K1~R~LKx|&ZK&MAMRK ﬃ

MAK.OP)&F{(:OS
H
~K.Od;KMAS60FFT~R&R~L|: :);K&%FT"|&OP;KxMRAﬀK&T~|
;K'T":~S~A
H
 (K1~VMAK&O <.F{(FOLS
H
~K.OV
H
;|.(K
H
S
H
~K.OX;K
dM
dt
 4MBK&O~XK
H
;TL
H
&R(KﬀFO"OLAZMAK
32ﬂS:;ZMAAQ;K.ThMAS9{ .{}K6{}|1~;8;KQ;K/.K&MRMAKNK
>
(FO"|&KVS:Q¥S;R~LTLKﬁ

M=2¦FZ~R{}ROS~LA
H
O"K&TLS:R~
S:MRFTLO6K.?(K&1~Q;|.K}O"Q;T/Q
H
K 
H
.~R
H
;K¥D-ﬁ<STS:{.~LTLK&OS:QMAAK.Q;K<DFDFS:T/O"FQ;.d32¦K -S7
.R~|
H
Q;{|&T"AQ;K: 
H
:Q;ONS-0:
H
ONZTL|. |.TL|QZ~RMAAO"K&TQ
H
K{|.~L;WZKVMR|&%F.TLK.{}K
H
~6;E?|.TLK
H
~LKﬀFQ;T
&S:MA.Q;MAK.TxMŁS';RO"~T"A;QW~A
H P (Q,R)

+hF{S:T"
H
OxK
H
K.?(K.~MAK.O&
H
~LTLAZQZ~R
H
OMAS;AO~TLR;QZ~LA
H
ZK/;TLF;S:;AMRR~L|
P (Q,R)
32ﬂQ
H
K
.
H
;E~A
H

H
R~LŁS:MRK
Mr
K1~932¦Q
H
KS:QZ~LTLK
M˜r = R.Mr.Rt
K
H
ZFAO"AOLOLS
H
~VS
H
OVMAK.O;K.Q
>
&S:O<MŁS{&{Ky0S:MAK.Q;T¥;K
dM
dt
 M=2¦
H
O"~S
H
~<
H
R~LŁS:MŁﬃ1PGzS Z
H
S:{AQ;K ]5ﬀﬂﬁﬃ.
H
;QZR~$ MŁS
{&{K60S:MRK&Q;TxZK/M=2ﬂS:.~LA
H S
 W{S:RO;K.Ox0:SMAK&QZTLO;E?|.TLK
H
~LK&O;K.OY{}S~LTLA.K&O
M
Mj2ﬂ|.;K&MRMAK

H
~L|&%FTLS:MAKPGB2ﬂ
H
0S:T"ŁS
H
&K<S:TTL:~S~R
H
;K 5(¦ﬁﬃR{}ZMAAQ;K¥K
H
K1?K1~¤Q;K
M˜L
 M=2¦A{}S:%FK¥
Mj2ﬂ|.;K&MRMAKd
H
~L|&%FTLS:MAK¨;K
M˜r
S:TUMASxZ
H
S:{AQ;K -K&O~z|&%*S:MRKB
R.ML.Rt
 -
ML
K&O"~¢Mj2ﬂR{S:%:K¨;K
Mr
M=2¦|&ZK&MAMRKd
H
~L|&%FTLS:MAKBSTU&K.~"~KP{&{KBZ
H
S:{AQ;K:^GUK.O¢ZK&Q
>
.
H
~TLR;QZ~LA
H
O3
P (Q,R)
;E?.TLK
H
~;
H
¤-SQ;OLK;K'MAS¤;R?(|&T"K
H
.K'K
H
~T"K'MAK&O~LK&T"{}K.O
Tr [(ML − Σ)(ML − Σ)t]
K.~
Tr [(R.ML.Rt − Σ)(R.ML.Rt − Σ)t]

H
(K.QZ~Z
H

H
2JS:Z;MAR8QZK&TzMAK.O¨T":~S~LA
H
O¢Q;KOLQ;T
Mj2ﬂR{S:%:K;K
M
M=2¦|&;K.MAMAK
H
~L|&%FTLS:MAK8G¢SV{}|1~;8;K68QZK
H
FQZOxS-0F
H
OxQZ~RMAROL|&KﬀFQ;T-S:MR&Q;MRK&T
P (Q,R)
K.O"~
H
SMAK&{K
H
~MASOLQ;E0:S
H
~LK

¡

H
O"K
Z>
K
Q
 
R
K.~
r
K.~DFD'S:TLS:{.~T"K&O/MRA;T"K&O&GzS<;S:TS:{|.~LTLROS~LA
H
;K
M
¤ﬀK.~LR~LK
|&;K.MAMRKVK.O"~YMŁS{&{K/Q;KVS
H
OMAK/&S:OAO":~T"F(K
¡

H

H
~L&%FT"K6MRK6OWO~.{}K6OLQ;E0:S
H
~ 3"Q;O"8Q2J9.KNQ;K6M=2¦|&;K.MAMAK
H
~L|&%FTLS:MAKO"FR~S~"~K&
H
~K: 2ﬂK.O"~"7
74ZATLKx3"Q;OLQ32ﬂl&K¤Q;K
Tr (g) = L2
qMRK¥GzS:%FTLS
H
%FRK
H L
K.O"~'~LFQ^3"FQ;T"O&K.MAQ;;|
;H
hK
H
9ﬂ)*ﬃ

d
dt

 ∂L/∂M˙abMab
gab

 =

 ∂L/∂MabM˙ab
g˙ab



H
SS:MA:TLOxMj2JS:1~R
H Sc(M
′′; g′′)
K1~MŁS0S:MAK.Q;T;K
M
'M=2¦|&;K.MAMAK/
H
~|&%:TS:MRK
 ML


		ﬀﬁﬂﬃﬂ !"#$%
&'(ﬀ)(
'*+,-
.ﬀ D(Q, R)
D(λ, ∆) /
2  
 1e%[? !  G

?* !%2!`a* % ﬃ'ﬃ*$[T
&Sﬃ
x 
% *#*!-E
¡

H
-SMA&QZMAKMAK{}
H
A{9Q;{@ 
ML
K1~
Σ Z>
|.O& ZKMŁS¤ 
H
.~R
H
ZK)<0:STLŁS;MAK.OVQ;
R
S:OLO"W.AK
Tr [(R.ML.Rt − Σ)(R.ML.Rt − Σ)t]  R
 {}S~LTLA.Kd;KPTL~S~LA
H
ZKZA{K
H
O"A
H
)
>
)Z :Z|&ﬀK
H
'K
H
K.?(K.~B;Kh)NS:TLS:{.~T"K&O 0FFRT¨.E7 ;K&O"OLFQ;Oﬃ1 3
H
Kh FRO¨.Kx{
H
R{Q;{
Trmin
-S:MR&Q;MR|: ﬀ
H
S
Sc(M
′′; g′′) + Trmin
 Mj2ﬂ:;(:OL|9ZKM=2¦
H
~|.%FTS
H
~6;KMAS¤P q1 P|&QS~LA
H
2ZJIFﬃ"ﬃhK
H
 
H
.~LA
H
;K.OXDFDXS:TS{}1~TLK.O
H
E~ŁSQ
>

¡

H
-S:MR&Q;MRKMRK{
H
A{Q;{ ;K9.K.~L~LK 
H
.~R
H f
;KD:D0S:TLAS:;MRK&O

2ﬂK.O"~- S:QyO"A%
H
K9;T"&O& 
MAK/MRF%*S:T"R~Z{}K6;KXMŁS'P TLK&ZK&TLZ|&K<
f ≡ − ln(PDF )
ﬃ!
GB2¦
H
~|.T.~x;K&K1~L~LK/{}|1~;8;K: WQ;3&
H
OLRO"~K;|&.FQ;;MRK&TxMj2ﬂFW~A{AOLS~R
H
OLQ;TMRK&O;K&%FT"|&O;K
MRAﬀK&T"~L|x;KYTL:~S~R
H
;KY&K.MAMAKO"Q;TMAK&OS:QW~TLK.O;S:TS:{.~LTLK.O& *K.~
H
KYM=2¦K.?(K&.~LQ;K&TPQ32ﬂMj2ﬂ|.;K&MRMAK

H
~L|&%FTLS:MAK dK&O~¤T"K&MAR|$S:Q£ qSR~Q;KyMAS 
H
.~R
H
8QZ6SQ
>
~T"FAOS:TLS:{.~T"K&O;K
R
S:OLO"W.AK
Tr [(R.ML.Rt − Σ)(R.ML.Rt − Σ)t]

ML
K1~
Σ
OL
H
~
Z>
|&Oﬃ6K&O~N~T"&O6OLA{;MRK

2ﬂK.O"~/Q
H
;T"WZQ;R~'ZK< 
H
.~LA
H
O'O"
H
K.~.FO&PGB2¦FZ~LA{AOS~A
H
;K<&K1~L~LK< 
H
.~LA
H
 TL|-SMAAO"|&K¥lMj2JS:R;K
;K9M=2ﬂS:MA%F:TLR~L;{KXS:{}K.;OS 0FFRTS
HZH
K
>
K+ﬃ1 (K&O~X;
H
9~LTL.O/TS:;R;K:(NK'.K.~L~LK9 qS.
H
 ZAK
H
Q32¦
H
S:R~xS3"FQZ~L|/)S:TLS:{.~T"K&OxMRA;T"K&OxO"Q;;;MR|&{K
H
~SATLK.OxS:ThTS:;ﬀFT~S:Q¥;T"F;MA.{}K6S
H
O
MRK/-S:OAO":~T"FﬀK: ZMRK~K.{};O;KX&S:MA.Q;M
H
2¦K&O~NQ;KX~T"&O(K.QySMAMA
H
%F|:
	*ﬁ)*!K - ﬁ= *"H+%',#* K *"ﬁ=#% Jﬁ   J*+,#% R
¢FQ;TS:TLS:{}|1~T"K&TMŁS'{}S~T"A&K
R
 
H
FQ;O6S 0:
H
O6QZ~RMAAO"|MŁS';|.&F{ﬀFOLE~A
H
O"Q;R0S
H
~LK: ¢FQZ~K
{}S~T"A.K;KXTL:~S~R
H
;KX;R{}K
H
OLR
H
)
>
)'(K.QZ~YK
H
K.?(K.~YO&2¦|&.TLAT"KXOLFQ;OYMŁS9 :TL{K

R = Rψ.Rθ.Rφ
S-0FK.

Rψ =

 cosψ sinψ 0− sinψ cosψ 0
0 0 1

 ,Rθ =

 1 0 00 cos θ sin θ
0 − sin θ cos θ

 ,Rφ =

 cos φ sin φ 0− sinφ cosφ 0
0 0 1


ψ
 
θ
K.~
φ
O"
H
~6.
H;H
Q;OYOLFQZOYMRK
H
F{ 2JS
H
%FMAK.O325BQ;MRK&T.

\ l\  v/b
o
t
g
r
g
b

H
;T"|&O"K
H
~KXA.(MRK&OxO"FMAQW~A
H
Oh;Q¥{8;&MRKNS-0FK.X&AOLS:AMRMAK.{}K
H
~9%:TS
H
ZK|&;K.MAMRK:+hK.OOLFMRQW7
~LA
H
O¢
H
~B|1~|x&S:MA.Q;MA|.K&O;S:TMASN{}|1~;8;KK
>
(:OL|&K;S
H
OdMAS6OLK..~LA
H
ZTL|&.|&;K
H
~K:GB2¦
H
~K
H
OLE~|
;Qy&AOLS:AMRMAK.{}K
H
~YK.O"~/{K&O"Q;TL|.KS:T
s
 ﬀMAKV~S:Q
>
;K&AOLS:AMRMAK.{}K
H
~&,¨FQZT&F{S:T"K&T6&K.~"~K
H
7
~LK
H
O"R~|¤y&K.MAMAK;K¤MŁS$~Q;T";Q;MAK
H
&K 
H
.
H
O"A;.TLK¥;K qS &
H
%F|
H
|&TLS:MAK}MAK¤;S:TS:{.~LTLK}OS
H
O
;R{}K
H
OLR
H S∗ =
s 〈u2〉
ε
zS
H
OMŁS¥;MAQZS:T"~XZK&O9K
>
(|.TLAK
H
&K.O9K1~ZK&O9O"A{QZMŁS~LA
H
O. 
S∗
K&O"~
2F#
 G   x/
 ﬃ*] %'!

.F{}ZTLAOK
H
~LTLK
C
K.~

 ({&{KVO&2¦AMz(K.QZ~/S~L~K.
H
ZTLKV;MAQ;O6TS:T"K&{K
H
~6;K&ON0S:MRK&Q;T"O6ZKM=2¦FTLZTLK
;K)9FQ<# ¦) 2

;S
H
OMAK6-S:OxZTL|&O"K
H
~- MAS0S:MAK.Q;ThZQ¥S:TS{}1~TLK6;K.AOSAMAMRK&{K
H
~(K.QZ~1~TLK
K.O"~R{}|.K/;KXMŁS9 qS.
H
OLQ;E0:S
H
~LK
 S∗ =
s 〈u2〉
ε
∼ s(εL)
2/3
ε
= s(L2/ε)1/3


H
;T"|&O"K
H
~KXﬀFQ;T
S∗ 1

 Z)9K.~+29MAK.OxMAFRO2ﬂ|.;K&MRMAK&Oh;KQ;K&MRQ;K&OQS
H
~LR~|.OxZ
H
S:{AQ;K.O& 
MRK&O¥ 
H
1~A
H
O@ZAO"~LTLR;QZ~R
H
O¥;K ;T"FS:;RMAE~|\3"F
H
~K&O$;K.Oy
H
0S:T"ŁS
H
~O
Q
K1~
R
 ;QZAO$MAK&O
;K
H
OLE~|.O¤;K%FTLS
H
;K.Q;TLO¥Z8O"AQ;K&O¥;S
H
O¥MAK@;MŁS
H (R,Q)
x+hK.O¥TL|.OLQ;ME~S~LO¤OL
H
~¥ZAOL.QZ~|.O
K
H
2ZJ)Wﬂﬁ;h
H
;TLK
H
;TLSOLF
H
;K
H
K;S:O¥&
H
 
H
;T"KS:T}MŁS O"Q;R~LK
S∗
 hMRKyS:TLS:{.~T"Ky;K
.AOSAMAMRK&{K
H
~- 8K.~
S
 MRK~K
H
OLK&QZT6;K.O;|. FT"{S~A
H
O&
 
  	
 $#  - %(,,%E
5WQZThMŁS

%FQ;T"K2ZEDNO"
H
~TLK.;TL|.OLK
H
~L|&K&OYMAK.OhMRFAOP32¦|&;K.MAMRK&Ox;K
〈Tr(S2)〉
 W;KNM=2¦K
H
O~TL:;;AK WZQ
~LTS
H
O K&T~d32¦|
H
K.TL%FRKh;E08AOL|S:T
r2
 K1~d;K
〈−Tr(S3)〉
ﬀFQ;T¢MAK&O¨;K&Q
>
0S:MRK&Q;T"O¨;Q';S:TS:{.~LTLK
;K.AOSAMAMRK&{K
H
~
S∗
|.~LQ;;R|&K&O. ¢S:
H
O"dQ;KS
H
OXMRK'-S:OXAO":~T"FﬀK$
S∗ 1

ﬃ13GzK.OV0S:MRK&Q;T"O/;K&O
S:QW~TLK.OXS:TS{}1~TLK.O/OL
H
~
α 1

 ¦ﬁ; 
β 1

 ¦ﬁ; 
γ 1

 JI
C
 ﬀ0:SMAK&QZTLOX(:Q;T/MAK.OLQ;K&MRMAK.O& 3S
H
OXMAK'-SO
ROL:~LTLFﬀK6K1~S-0FK./MŁS{|.~L;8;KNO"K&{E74.MŁS:O"OLR8QZK: 
〈Tr(S2)〉
K.~
〈ω2〉
0F|.TL

K
H
~MAK6OL&S:MA
H
% ,/ﬁ;D
K1~MAK~TLS
H
O K&T"~Y32¦|
H
K&TL%:AKVS'MAK/ﬀ
H
O"A%
H
K0F:ATS:ZR~T"K/ﬁﬃ1
+hF{{Kx
H
ﬀFQZ0S:R~dO&2 S~L~LK
H
ZTLK: FX%:TS
H
ZK|&;K.MAMAKx~LFQZ~LK&OBMAK.OBQS
H
~E~|&OB
H
~PZK&OB0S:MAK.Q;TLO
{ FK
HZH
K&OY;R?(|&T"K
H
~K.OOLK&MR
H
M=2ﬂS:{}ZMAR~LQ;;KY;Q$&AOLS:AMRMAK.{}K
H
~&
¢FQ;TY;K&O0S:MAK.Q;TLO;|.&TL:AOLOLS
H
~K.ON;KVM=2¦|&;K.MAMRK: OLK.Q;MAKVMŁS'{ FK
HZH
K9;KVM=2¦K
H
O"~T"F;;RKXOLK&{9;MAK
;|.(K
H
;T"K;K{F
H
OK
H
{}F
H
O;K
S∗
W¨FQ;T
r 1
GﬂﬃWD 2Z 
〈ω2〉
S9QS:O"A{K
H
~xMAS{&{K60S:MAK.Q;T
ﬀFQ;TMRK&Ox~T"FAOx0S:MRK&Q;T"O;Q$S:TS{}1~TLK/ZKV.AOLS:AMRMAK&{K
H
~&
¨S:T'&
H
~LTLK: BMRK&O9~LTLFRO'S:QZ~LTLK.OQS
H
~LR~L|&O'OLK.{;MRK
H
~%*S:TLZK&T';MRQ;OMA
H
%:~K.{}ZOMŁS{|&{FAT"K
;KXMAS&
H
ZR~R
H
'%FTS
H
;KX|&;K.MAMRK

MAK&QZTLO{} :K
H;H
K.O6ﬀFQ;TZK&O0:SMAK&QZTLO;E?|.TLK
H
~LK&OY;K
S∗
T"K&O"~LK
H
~Y~TL.O;R?(|&T"K
H
~K.O6MŁSZMAQ;OﬀK.~LR~K/|.;K&MRMAKX&
H
OLR;|&T"|&K:
 
   ﬀﬁﬂﬃ! " +%'&ﬁ)$ﬃ*
ﬃ
,D.- 
*
 ,#%'&!,*

(R,Q)
GzS

%FQ;T"K 2W I TLK.;TL|.OLK
H
~LK MAK.O<;AO~TLR;QZ~LA
H
O¥ZK;T"FS:ZAMAE~|a3"F
H
~K.O<;K&O@
H
0S:TLAS
H
~O
Q
K1~
R
S;A{K
H
O"A
HZH
|&O. B-S:MR&Q;MR|&K&OﬀFQ;T
S∗ 1

 P)K.~ 2Z S-0FK.
α 1

 2Z 
β 1

 ﬂﬁK1~
γ 1

 JI
C

¢FQ;T
H
K9S:O6OLQ;T"S:T"%FK&TMRK&O

%FQ;T"K&O& ﬀ
H
S32ﬂS:(:TLT"K&;T"|&OLK
H
~|'MAK.OP :Z~K
H
QZK&OﬀFQ;T
S∗ 1

K1~¥)Z P;QZAOﬀFQ;T
S∗ 1
)K1~ 2ZGUK&O
H
0:STLŁS
H
~LO
Q
K1~
R H
K@OL
H
~;MAQ;O
H
FT"{S:MRAO"|&O
SThMŁSX0S:TLAS
H
&K6;K&OZ|. FT"{S~LA
H
O& &F{{K6S
H
OxMAK.OxS:ZR~T"K&OxZTL|&.|&;K
H
~O& 5
H
K1?K1~- ZMRK&O
0S:MRK&Q;T"Ox;K
〈Tr(S2)〉
ﬀK&QW0FK
H
~6;R?(|&T"K&T32¦Q
H
FT";TLK/;KX{}S:%
H
E~Q;ZK(:Q;Tx;K.Q
>
0S:MAK.Q;TLOxZK
S∗
0F:ATPR%; 2ZEDjSFﬃLﬃ1FS
H
O&KS:ZR~T"K: *
HH
FT"{SMAAO"Kx;MRQZ~
:~PMRK&OP
H
0S:T"ŁS
H
~OBZKYMAS qS&
H
O"Q;R0S
H
~K
 Qr = Q.(r
2/ε)2/3
K1~
Rr = R.(r
2/ε)
¢FQ;TS:Q;K0S:MRK&Q;TV;K
(r, S∗)
OL
H
~
~LTS:.|&K&OMRK&OMAR%
H
K&Oh32ﬂROLFZTLFS;AMRR~|6;K/0S:MAK.Q;TLO/D

! 3D

−2
 UREE UD

−6

¢FQ;T;K&O0:SMAK&QZTLO;|&.TLFROLOS
H
~LK&O¤ZKyM=2¦|&ZK&MAMRK
r
 PMAK.O}MRA%
H
K&O;Ky{&{K¥0S:MAK.Q;T}&S:MA.Q;MA|.K&O
ﬀFQ;T'MRK&O~T"FAO0S:MRK&Q;T"O;Q ;S:TS:{.~LTLK¥;K<.AOSAMAMRK&{K
H
~
H
~~LK
H
;S
H
&K@lOLK$OLQ;ﬀK&T"(:OLK&T

 1e%[? !  G

?* !%2!`a* % ﬃ'ﬃ*$[T
&Sﬃ
x 
% *#*!-E
0.1 1.0
r/L
1
10
100
1000
<
S2
>
S*=0
S*=3
S*=6
(a)
0.1 1.0
r/L
1
10
100
1000
<
ω
2 >
S*=0
S*=3
S*=6
(b)
0.1 1.0
r/L
1e−02
1e−01
1e+00
1e+01
1e+02
1e+03
<
−
Tr
(M
2 M
t )>
S*=0
S*=3
S*=6
(c)
0.1 1.0
r/L
1e−02
1e−01
1e+00
1e+01
1e+02
1e+03
<
−
S3
>
S*=0
S*=3
S*=6
(d)
8:9,;=<
2ZEDF
? L^O#X D Yw@HQﬂBJ,J#BX DSB qkFy 〈Tr(S2)〉 nmq
  y 〈ω2〉 n qvH4y 〈−Tr(M2M t)〉 BPmqkDy
〈−Tr(S3)〉 AﬂL^I2N α |x}`n~'n β |x}`n~'n γ |x}`n!S_BPP!NL^O#X+l^FJ#BISNXxDSB S∗ z$ BXVDNL^O,P4BX
DSBrAﬂBCﬂP4BX+b,~$0BP b4n cdISO HL^NNBX4AﬂL^CEDSBCﬂPFI_X`HFJ O,CSMDSB aL^J RKLMSL^NL^ldn X`BN&lBCﬂP
DSB+MI2O!DSBXŁAﬂL^I2N	JY ŁO,Jz

D
 G   x/
 ﬃ*] %'!

;T"F%FT"K&OLO"R0:K&{K
H
~- dK
>
&K&W~|$S
H
O'MASyS:T~AK;Q ;MŁS
H Q < 0
 
R > 0
E5
H
K1?K1~- dMRK¤MA
H
%
;Qn 
:~|
R > 0
;KlMAS OL|.S:TLS~T"A&KlMAS;RO"~T"A;QW~A
H
K&O~<;K;MAQ;OK
H
;MAQ;O|.~RTL|.Kl(FQZT
;K.O¥0:SMAK&QZTLO<&T"FAO"OS
H
~K.O<;K
S∗
Y+hK Z;|
H
:{}
H
K
H
K O"K&{ZMAKlS:O<O.2JS~"~|
H
QZK&T$;Kl qS&
H
O"A%
H


-S~R0:KQS
H
$M=2¦|&ZK&MAMRK/;A{
H
Q;K
 
   @A%BCD.-EF+%HG *!"D.-EFJIJ*
KHLG %EM+*
N,%O&
,#*

(R,Q)
GUK&O;K
H
OLR~L|&O;K
Tr(S2)
 
ω2
 
ω.S.ω
 
−r2Tr(M2M t)
K.~
−Tr(S3)
S
H
OMAKY;MŁS
H (Rr, Qr)
O"
H
~TLK.;TL|.OLK
H
~L|&K&O6OLQ;ThMAK&O

%FQ;T"K&O
2Zﬂ)' 2Z

  ¢FQZ~LK&O&K.O;K
H
OLR~L|&O
H
~|1~|/&S:MA.Q;MA|.K&OxﬀFQ;T
α 1

 2Z 
β 1

 ¦ﬁK1~
γ 1

 JI
C
 *ﬀFQ;TQS~LTLKY|&;K.MAMAK.OZKNMA
H
%FQ;K.Q;T&8+hF{{KYO"Q;TMŁS

%FQ;T"K$2ZJIW 

H
S¤S
H
O/S8QZK'-S:OT"K&;T"|&O"K
H
~|MAK.ONMAR%
H
K.ON32¦AO"W;K
H
OLE~|.O(:Q;T
S∗ 1

K.~X)W (;QZAOﬀFQ;T
S∗ 1
)'K.~ 2Z
¢FQ;T;K&O0S:MAK.Q;TLO.TLFROLOS
H
~LK&O;K
S∗
 
Tr(S2)
K.O"~};K@{F
H
OK
H
{}:
H
O'.
H
&K
H
~TL|.KS:Q
0:FAO"
H
S:%:K9;KMj2ﬂ:TLA%:
H
K

MAS;K
H
OLE~|;K9&K.~"~K'%FTLS
H
;K.Q;TK.O"~X;KZMAQ;OK
H
;MAQZOA{(:T"~S
H
~LK
MRK¤MA
H
%;Q  
:~L|
R > 0
ZK¥MŁSOL|.S:TLS~T"A.KjR%; 2WJ)*ﬃ!B+hK¥;Z|
H
F{
H
K
H
K¥OLK&{9;MAK¥SO
O.2JS~"~|
H
QZK&TY;K/ qS&
H
O"A%
H


-S~R0:KXS:Q
>
(K1~R~LK&O|&ZK&MAMRK&O.
¢FQ;TMAK.OY%:TS
H
ZK&O0S:MAK.Q;TLO;K
S∗
 M=2¦K
H
O~T"F;;RK/K&O"~6|&%FS:MAK.{}K
H
~{F
H
Ox&
H
&K
H
~LTL|.KS:QZ~LFQ;T
;K6M=2¦FTLR%F
H
K9%FTS
H
;KY|&;K.MAMAKjR%;.2Z¦ﬁﬃ1Z+hK&ﬀK
H
S
H
~- WMAFT"OLQ;K
r
;R{}
H
QZK
ω2
~K
H
¥ﬁ1~TLK
;RO"~LTLAZQ;|&K/;KXMAS{ .{}K/{}S
H
R&TLKNS
H
OYMAK/;MAS
H (R,Q)
Q;K.MAMRK/8QZKVO"FR~MAS90S:MAK.Q;T;K
S∗

 %FTS
H
;KV|&;K.MAMAK (ﬀFQ;T;K.ON0S:MAK.Q;TLOY&T"FAO"OS
H
~LK&ONZK
S∗
MAS;K
H
OLE~|;KZTL8;Q;.~LA
H
32¦K
H
7
O~TL:;;AKXK.O"~Y;KV;MAQ;OK
H
;MRQ;O|.~S:MA|.K: OLQZT"~:QZ~YS
H
OYMŁS'S:T~RK/;Q@ZMŁS
H R > 0
qA%Z 2Z
C
ﬃ1
5
H
TLK10:S
H
;K: MRFTLO"Q;KM=2¦|&ZK&MAMRK;R{}
H
QZK
ω.S.ω
K.O"~Y;RO"~T"A;QZ|&K;K qS &
H
;K/ZMAQ;OxK
H
;MAQ;O
O"K&{;MAS:;MRK(:Q;T/MAK.O/;R?(|&T"K
H
~K.OV0S:MRK&Q;T"O/;Q ~S:Q
>
;K&AOLS:AMRMAK.{}K
H
~&3+h:{}{K'S
H
OXMRK-S:O
ROL:~LTLFﬀK: MŁSVS:T~AK
H
|.%*S~E0FK6;K
ω.S.ω
;F{
H
KMŁSVS:T~AKYﬀFOLE~R0:K

MŁSV{} FK
H;H
KZKN&K1~L~LK
QS
H
~LR~|/&S:MA.Q;MA|.K/S:TMŁS{|.~L;8;K/OLK.{}74&MAS:OLO"AQ;K/K.O"~~FQ3"FQ;TLO
H
|.%*S~LR0FK
+hF{{K/S
H
OYMAKX-SO6ROL:~LTLFﬀK: MRK&O;K
H
OLR~L|&O6;KV~LTS
H
O" K&T~Y32ﬂ|
H
K&T"%FAKVK.~6;K
−Tr(S3)
OL
H
~
~LTL&O}OLK.{;MŁS;MAK.OﬀFQ;TS:Q;K0S:MAK.Q;T;K
(r, S∗)
jR%;2Z 2 K.~ 2Z

ﬃ1¨FQZT;K.O0S:MAK.Q;TLO
.TLFROLOS
H
~LK&O@;Q STS:{.~LTLK ;K.AOLS:AMRMAK&{K
H
~& x&K.OyQS
H
~E~|.OyOL
H
~@;K{}F
H
O<K
H
{}F
H
O
.
H
&K
H
~TL|.K&OS:Q£0:FAO"
H
S%FK¥;K<M=2¦FTLR%F
H
K:+hK@;Z|
H
F{
H
K
H
K<O"K&{;MRK<S:OO&2ﬂS~L~L|
H
Q;K.T};K
 qS.
H
OLR%
H


-S~LR0FKXSQ
>
ﬀK.~LR~K.O|&;K.MAMAK.O&
 
   @ #  ﬀC
GUK¥-SMA&QZMx;K&OMRFAO32ﬂ|.;K&MRMAK.OZK&OQS
H
~E~|&OZ
H
S{}R8QZK&OSl{}
H
~LTL|¤Q;K P(FQZT9~FQW~K&O
MRK&ON0S:MRK&Q;T"O/;K
S∗
.
H
OLR;|&T"|&K.O& UM=2¦K
H
O"~T"F;;RK'{} :K
H;H
K'~LK
H
SR~/TLS:;AZK&{K
H
~0FK.TLOVOS¤0S7
MRK&Q;TYS
H
ONMAK9&S:ONROL:~LTLFﬀK9ﬀFQ;T6;K&O60:SMAK&QZTLONZ|&&T"FAO"OS
H
~LK&O;K9M=2¦|&;K.MAMAK¨S:TN.
H
~T"K: MRK&O
{ FK
HZH
K&O;K.OS:QZ~LTLK.Ox%FTS
H
;K&QZTLOx|1~Q;;R|&K.OX
Tr(S2)
 ZMAK~TLS
H
O K&T"~x32ﬂ|
H
K&T"%FAKNK.~
−Tr(S3)
ﬃ
H
KOLK&{9;MAK
H
~S:O'&
H
0:K&T"%FK&T0:K&TLOMRK&Q;T"O90S:MAK.Q;TLOS
H
O'MRK-SO'AOL~TL:(K}MAFT"OLQ;K¤Mj2ﬂ|.;K&MRMAK
;R{}
H
Q;K:

I
 1e%[? !  G

?* !%2!`a* % ﬃ'ﬃ*$[T
&Sﬃ
x 
% *#*!-E
 	
  	
 	  	
 	
  	
 	  	
8:9,;=<
2ZJIW
?>	O#XPN&O dISPO]L^C'XuDSBKAENL F dO,J O,P4@  L^O,CﬂP4BX DSBXﬀO,Cﬂl^FN&O!FCﬂPX Qr qvBC L^NDSL^CﬂC?@B4y BP
Rr qvBC F X`HO#XX`B4y  Qr = Q.(r
2/ε)2/3 BP Rr = R.(r
2/ε) z  BX_DO#XP!N&O dI2P!O]L^C'X
X`L^CﬂP HFJ#HISJ#@BX AﬂL^ISN+cdIFP!NBx@HQﬂBJ,J#BXn FlBH α |x}`n`n β |x}`n~'n γ |x}`n!SGz
 
C\Q'FI2P 
S∗ |x} q C?L^O,N yﬀBPThq NL^IMSB4yz
 
C  F^X  S∗ |+ q NL^IMSB4yﬀBP  q
 dJ#BIyz  BX\J OMC?BX
D Y O#X`LAENL F dO,J O,P4@oL^CﬂP6AﬂL^ISN	l^FJ#BI2NX

}n

}
−2
nŁz,z,zn

}
−6
z

)
 G   x/
 ﬃ*] %'!

 	
  	
 	  	
 	
  	
 	  	
8:9,;=<
2Zﬂ)Z
?>.BC'XO,Pk@XVDSB Tr(S2) DGFC'XVJ#B:AEJFC (Rr, Qr) zE BX	DO#XPN&O dISPO]L^C'XX`L^CﬂPŁHFJ#HI2J#@BX
AﬂL^I2N cdIFP!NB)@HQﬂBJ,J#BX DO  V@NBCﬂPkBXnxFlBH α |x}`n`n β |x}`n~'n γ |x}`n!SGz
 
C Q'FISP 
S∗ |x} q C?L^O,N y BPŁuq NL^IMSB4yz
 
C  F^X  S∗ |+uq NL^IMSB4yKBP  q
 dJ#BI`yz

ﬁ
 1e%[? !  G

?* !%2!`a* % ﬃ'ﬃ*$[T
&Sﬃ
x 
% *#*!-E
 	
  	
 	  	
 	
  	
 	  	
8:9,;=<
2Z¦ﬁ;
?>.BC'XO,Pk@X D YwBC'XPNLAﬂQSO]B DGFC'X J#BﬀAEJFC (Rr, Qr) z\ BX HL^CﬂlBCﬂPO]L^C'XfX`L^CﬂPJ#BX
RKRKBX cdIﬂBxXI2N	JF

MISNB z z
FC
 G   x/
 ﬃ*] %'!

 	
  	
 	  	
 	
  	
 	  	
8:9,;=<
2Z
C

?>.BC'XO,Pk@XŁDSB AENLdDIﬂHPO]L^C_D YwBC'XP!NLAﬂQSO]BŁDGFC'X:J#B AEJFC (Rr, Qr) z2 BXHL^CﬂlBCﬂPO]L^C'X
X`L^CﬂPrJ#BX RKRKBX	cdIeBxXISN	JF

MI2NB z z

2
 1e%[? !  G

?* !%2!`a* % ﬃ'ﬃ*$[T
&Sﬃ
x 
% *#*!-E
 	
  	
 	  	
 	
  	
 	  	
8:9,;=<
2Z 2Z
?>.BC'XO,Pk@XpDSBŁPNvFC'Xg BN&P D Yw@C?BNMO]BDGFC'XŁJ#B AEJFC (Rr, Qr) z BX+HL^CﬂlBCﬂPO]L^C'XsX`L^CﬂP
J#BX	RKRKBX cdIﬂBVXI2N JF

MISNB z z

 G   x/
 ﬃ*] %'!

 	
  	
 	  	
 	
  	
 	  	
8:9,;=<
2Z


?>.BC'XO,Pk@X DSB −Tr(S3) DGFC'X J#B AEJFC (Rr, Qr) za BX HL^CﬂlBCﬂP!O]L^C'XjX`L^CﬂP0J#BX
RKRKBX cdIﬂBxXI2N	JF

MISNB z z

 
 1e%[? !  G

?* !%2!`a* % ﬃ'ﬃ*$[T
&Sﬃ
x 
% *#*!-E
 
#% ( & ﬁﬂﬃﬀﬂ 
	 & ﬁ &
+hK.O'F;OLK.T"0S~LA
H
O(K.QZ0FK
H
~}O.2ﬂ
H
~K&T";TL|1~K.TK
H
.F{};S:TS
H
~9M=2¦|.0F:MAQZ~LA
H
|&;K.MAMAK};|&.TLFRO7
OLS
H
~KZK&O;RO"~LTLAZQZ~R
H
OV;K;T"FS:ZAMAE~|+3"F
H
~K&O;K
Q
K1~
R
ﬀFQ;T9ZMAQ;O"AK&QZTLO0S:MRK&Q;T"OZK
S∗

§

H
O"= Z
H
S08QyQ;K/~:QZ~K.O6.K&O;AO~T"A;QZ~LA
H
O&
H
0FK.TL%*SAK
H
~0FK.TLOY&K.MAMAK/&S:MA.Q;MA|.K/S
H
O
MRK6&S:OhROL:~LTLFﬀK6MRFTLO"Q;K
r
;A{
H
Q;K *OS:QW ¨;S
H
OhMASST"~RK6ZQ¤;MŁS
H Q < 0
 
R > 0 
MRK&O;AO7
~LTLAZQZ~R
H
OBOL
H
~K
H
K.?(K.~(K&S:Q;.FQ;¤;MRQ;OP|.~LATL|.K&OMAKMA
H
%ZQ 
~|
R > 0
ZK6MASVO"|&S:TLS~T"A.K
ﬀFQ;TYMAK.ON%FTLS
H
;K.O60S:MAK.Q;TLO6;QSTS:{.~LTLKV;K&ROS:RMAMRK&{K
H
~- ;{&{K}ﬀK.~E~K|&;K.MAMAK3+hK.&
K
>
ZMAAQ;K(FQZTLQ;FMAK&O98Q;S
H
~R~L|&O'{}S3"FT"R~SATLK.{}K
H
~.
H
.K
H
~T"|&K&OS
H
O'&K1~L~K¥T"|&%FR
H
;Q
;MAS
H (R,Q)

Tr(S2)
 
−r2Tr(M2M t)
K.~
−Tr(S3) 
OLK.{;MRK
H
~/%*S:T";K&T6K
H
{|&{FAT"K9SQ
>
ﬀK.~LR~K.OX|&;K.MAMAK.OXMŁS¥;TL|.OLK
H
&K¤ZK.AOLS:AMRMAK&{K
H
~X¥Mj2ﬂ|.;K&MRMAK
H
~|.%FTSMAK: 3S:MAFT"O/Q;K}MRK&OX%FTLS
H
7
;K.Q;TLOBK.OLO"K
H
~RK&MAMRK&{K
H
~B.
H
&K
H
~TL|.K&OS
H
OBMRKh;K.{}74;MAS
H Q > 0

ω2
K1~
ω.S.ω 

Z|&ﬀK
H
;K
H
~
;KX{F
H
OxK
H
{}:
H
OxZKVMAS0:SMAK&QZT;K
S∗
ﬀFQ;T;K.O0S:MRK&Q;T"O;|&.TLFROLOLS
H
~K&O6;K
r

 
#  ﬁ ﬁ( # ﬁ  ﬃ ﬀ 
	 & ﬁ &   ﬃ ﬀ  &
+hF{{K
H
M=2ﬂS08QK
H
2ZEDF 3MRK&O/{F{K
H
~O/32¦FT";TLKI¤;K.O;E?|.TLK
H
&K.OVZK08E~K&O"OLK{K&OLQZTL|&O
K
>
ﬀ|&T"A{K
H
~SMAK&{K
H
~
H
~h~LFQ^3"FQZTLO|.~|6&
H
OLAO~S
H
~LOS-0FK&NMAK&OTLK.Q;AO&
H
|&{}S~R8QZK&O;Q¤ G
S
H
OhMAS%*S:{{K6
H
K&T~AK.MAMRK ﬂ)*I8 Z)
C 
;
H
(:QZ0S:R~;
H
O&2ﬂS~L~LK
H
ZTLK/9.KNQ;KMRK&O{} FK
H;H
K.O
;K
Tr(S2)
K.~
ω2
&S:MA.Q;MA|.K&OS:ThTL|&O"FMAQW~A
H
;Q<{W;.MAK6;Q¤~|1~TS&;T"K/;K.08AK
H;H
K
H
~YTLS:;AZK17
{K
H
~
H
Z|&ﬀK
H
S
H
~LK&O;KMŁS0S:MAK.Q;TB;QS:TLS:{}1~T"KYZKY.AOLS:AMRMAK&{K
H
~
S∗
GUK&:{}ﬀFT"~LK&{K
H
~
;KMj2ﬂK
H
O"~LTLF;ZAKK&O~h.
H
 FT"{}KX&K.MŁSZFS:T&
H
~LTLK: *.K&MRQ;;KYMŁSN0S:TLAS
H
.KYZK&OP;|. :TL{}S~R
H
O
K.O"~V;MAQZO/OLQ;T";TLK
H
S
H
~

MAK&O0S:MRK&Q;T"O/;K
〈Tr(S2)〉
ﬀFQ;T
S∗ 1

K.~
S∗ 1
2¥;R?(&T"K
H
~V¥(K.
H
K
{F
H
OMASN;MAQZOd(K1~E~Kx|.;K&MRMAKx.
H
OLR;|&T"|&KQ32ﬂMŁSNZMAQ;Od%:TS
H
ZK:FGzSﬀK&T~Kx32ﬂS
H
ROL:~LTLFZAKx
ﬀK.~LR~K|&;K.MAMRKxOLK.MA
H
.K.~L~LKQS
H
~E~|xK.O"~B;
H
(K&S:Q;.FQ;';MRQ;OdMAK
H
~KxQ;K.K8Q2ﬂK.MAMAK;K.08TLS:R~
1~TLK,¨FQZTY
H
~K&T";TL|1~K.TY.KX&F{(:T"~K.{}K
H
~- ;
H
ﬀK&QZ~Y|.{}K1~L~T"KX;MAQ;O"AK.Q;TLO*8(~;.OLK&O

¡
4MUK&O~NﬀFOLO"A;MRK/Q;K.KXOLFE~6Q
H
K/ qS:A;MRK&O"OLKX;Q${}8;&MRK: 3
H
SQZ~T"KV.F{(FT~K.{}K
H
~Q;zS
S~L~LAT"|
H
:~T"KS~L~LK
H
~R
H
K.O"~¢MAKB qS:E~UQ;K: ^S
H
O¨MRKB-S:O¢AO":~T"FﬀK: -MRKBTS:;ﬀFT~
〈ω2〉 / 〈Tr(S2)〉
H
K&K.OLOLK};K&T" <A~LTLKﬀFQ;TX;K.OX0S:MRK&Q;T"O/;|&.TLFROLOLS
H
~K&OV;KM=2¦|&ZK&MAMRK

(:Q;T
r 1
GﬂﬃWD 2W &K
TS:Z(FT~K&O~6ZKVMj2ﬂ:TL;T"K/;KIW
¡
4M,K&O"~|&%FS:MAK.{}K
H
~PﬀFO"OLAZMAKQ;KNMRK&OPTL|.OLQ;ME~S~LOP8QZK
H
:Q;OhS-0:
H
OFZ~K
H
Q;Oh;|.&T"R0FK
H
~h.K6Q;
OLKS:OLO"KﬀK
H
S
H
~dQ
H
~TLS
H
O"R~:ATLK 4M
H
FQ;Oz qS:QZ~¨;
H
K
>
S{}
H
K&TUMRK&O¢;TL|.&|&ZK
H
~OdT"|&O"Q;MR~S~O
FZ~LK
H
Q;OYS
H
OM=2¦|.~LQ;;KX;K.O~LTS
H
OLR~LFAT"K&OK
H
~LQ;TL;QZMAK
H
&KXOLFQZOY.AOLS:AMRMAK&{K
H
~ ¦ﬁ


NK.OhT"|&OLQZMR~S~O
H

H
;T"|&O"K
H
~|.OS
H
O&K6{}|.{}FRTLK{
H
~TLK
H
~hQ;K ZS:Q
>
|.;K&MRMAK.Oh&
H
OLR;|&T"|&K&O
K1~(FQZTYMRK&Ox0S:MRK&Q;T"O;K
S∗ & 3
 ;MRK/O"8O"~L&{KK.O"~YS
H
OYQ
H
T"|&%FR{}KN~LTS
H
OLR~LFAT"K:
  %ﬀ)
ﬃ   ! ﬃﬂ " ﬀ 
ﬃ ﬁ )  ﬂ' ﬂ)ﬃ!ﬃ! -
- ﬂ,ﬃﬁ " ﬂ ﬃ-ﬃﬂﬀ&   ﬃﬂ !" !ﬀ$   !ﬀ)ﬃ
#
 $ "" !&% ﬀ)	 ﬃﬂﬀ ﬂ	ﬀ(' -ﬁ!ﬂﬀ
#
   ﬃ "
"" !" ﬂﬀ'*" )  ' ﬂﬀ !*-)*' -ﬀ    "#ﬀ
ﬃ  +
#
 ,ﬃﬂﬀ)ﬃ!ﬃﬂﬀ-,
/
"# ,ﬃ ﬀﬂ	 .)  ﬀﬁﬂ.$ .    !'ﬁ ﬃ  ﬃ " ﬂ'  ,ﬃﬂ'  - /!"ﬀ)ﬃﬂ !$
-ﬃ " ﬂﬃﬂﬀﬁ*ﬀ   $ '
-ﬃﬂﬀ    ﬀ ﬃﬂ !ﬀ." ﬃﬂﬀ 
P (R, Q)
 
#

r
 ﬀ	ﬀ)
$  ﬁ""#
ﬂ 
#
$
  " ﬀ0  	 ﬃ0$ -ﬃ ﬃﬂ (  1  '"   	
ﬀ) 	ﬀ  
S∗
" )     ! '- !ﬀﬁ!ﬂ
ﬃ!
 
r
/

#
 G   x/
 ﬃ*] %'!

GUK.F{}ﬀFT~K&{K
H
~¥ZK&O¥{F{}K
H
~O¤32¦FT";TLKl)W xMAK$~TS
H
O" K.T"~<32¦|
H
K.TL%FRKK.~
−Tr(S3)
 K&O"~
.
H
 FT"{}KV&KV8QZK9M=2¦
H
ﬀFQZ0S:R~6S~"~K
H
;TLK

MAK.OY0S:MRK&Q;T"O;KMRK&Q;T"O6{ FK
H;H
K&O6(:Q;T
S∗ 1

K1~
S∗ 1
2;R?(&T"K
H
~dﬀK&
H
K{F
H
O¢YMASZMAQ;O¢(K1~E~KP|&;K.MAMRK.
H
O"A;|.TL|&KQ32JYMŁS;MRQ;O¨%:TS
H
ZK:
+hF{{K
H
Mj2JS08QK
H
2ZEDF MRK&O¨{}F{K
H
~LOd32¦FTL;T"K)NO"
H
~B&
HZH
QZOB(FQZT;|.&TL=<A~T"KxMAK
H
~K&{K
H
~
QS
H
@Mj2ﬂ|.;K&MRMAK/;R{}
H
QZK ﬂ)
C 

 

 

    


 
N
FQ;OVS-0F
H
OV|1~Q;ZA|'S
H
O/&K.~"~KS:T~RKMAK'{WZ&MAK;Q~|.~LTS:.;TLK UQ;d;|.&TLE~XMŁS¤Z*7
H
S:{AQ;KV;Q@~LK
H
O"K&Q;T6;K9%:TS:;RK
H
~Y;K08E~K&O"OLK{} FK
H;H
|OLQ;T6Q
H
0:FMAQ;{KV32ﬂ|.;K&MRMAK
-S:TLS:.~L|&T"AO"~LAQ;K
r
S:;ST"~K
H
S
H
~$MŁS%*S:{{}K$
H
K.T"~LAK&MRMAKh+hKl{8;&MRKy;;|
H
F{|17
H
:MAF%FRQ;K<OLKyZTL|&O"K
H
~KyOLFQ;O}MŁSl FTL{K<32¦Q
H
O"8O~&{K32¦|&QS~A
H
O;E?|.TLK
H
~LAK.MAMAK.O'FTLZE7
H
SATLK.OO~8S:O"~LAQ;K.O¥;
H
~¤MRK&O0S:T"ŁS:;MRK&OOL
H
~
M
 hMAK$~K
H
OLK.Q;T¥;K%FTLS:;RK
H
~¤;K@0WE~K.OLOLK
S:
H
OL{ FK
H;H
|: K.~
g
 d~K
H
OLK&QZT{F{}K
H
~}2ﬂ
H
K&T~AK$Q;(K.TL{K.~};K<~K
H
AT&F{Z~LK@;K$MŁS
;|1 FTL{}S~LA
H
%F|.F{}|1~T"AQ;KK.~;Q¤S
H
%FK&{K
H
~;K6~S:AMRMAKxZQ}0F:MAQ;{K:W+hKNO8O"~.{}K6;|&ﬀK
H

;K~T"FAOPSTS:{.~LTLK&OOS
H
Oh;R{}K
H
OLR
H< α
 Q;,{}K.OLQ;T"KNMŁSXTL|.;Q;1~A
H
;K
H

H
7 MA
H
|-S:T"R~L|xS:T
MAS9;TLK.OLO"A
H
 
β
 WQ;U{}K.OLQ;T"K/M=2¦K.?(K.~2ﬂROL:~LTLF;ROS~LA
H
;K&OﬁﬀQZ.~Q;S~R
H
Ox;K08E~K&O"OLKVﬀK.~E~K
|.;K&MRMAKxK1~
γ
 :Mj2JS:{;MRR~QZ;KZQ';TLQ;E~BS:%:AOLOLS
H
~BOLQZT
M
*GUKh~T"F'%FTLS
H

H
F{9;TLKxZKx;K&%:TL|&OBZK
MRAﬀK&T"~L|h;K.KO"8O"~L&{KYMRKTLK
H
A{(FO"OLR;MAKhTL|&O"FQ;;T"KS:TBQ
H
K{|.~L;WZKx;K65@
H
~K!7+xS:T"MA
;RTLK..~K ;{}S:AO
H
:Q;OYS 0:
H
O-SMA&QZMA|/MAK.OOLFMRQZ~R
H
O;Q$;T"F;MA.{}KNS:T;K&Q
>
{}|1~;8;K.O&
S
H
OPQ
H
;T"K&{AK.T~K.{};O. 
H
FQ;OS-0F
H
O&S:MA.Q;MA|MRK&OPOLFMRQZ~R
H
OdO"K&{E7 &MŁSOLOLRQ;K&OB;Q}O"8O"~L&{K:
+hK1~L~K@{}|1~;8;K Q;6&
H
OLAO~Ky
H
K@&
H
O"A;|.TLK.TQ;KMAS T"|-S:MRAOS~A
H
ZK&OZTLQ;E~OMAS ZMAQ;O
;T"FS:ZMAK: UK.O"~9K
H
ZTL
H
&AﬀK'0S:MAR;K'S
H
OVMŁS<MAR{}E~K.K&Q
>
74.O"
H
~9 qS:R;MAK.O&5BMRMAKS@O"K&T"08
;K9;TLK.{}R&TLK9S:;;T"WZK(:Q;T6~LK
H
RTN&:{}Z~LK;KMAS}ST"~RK9O~8S:O"~LAQ;KZQlO"8O"~L&{K:UGUK&O
O"FMAQZ~LA
H
OS;;TL8;|.K&OS:
H
OLﬀ-SMA&QZMA|&K.OZTL|&O"K
H
~K
H
~Q
H
S:.&FT"¥S:&.K&Z~S:;MRKS-0FK.;K&OhF;OLK.T7
0S~LA
H
OYK
>
ﬀ|&T"A{K
H
~S:MRK&O   

K1~;K.ONTL|.OLQ;ME~S~LON;KV5((GB2ﬂQ
H
;K&ONTL|&O"Q;MR~S~O6K&O"OLK
H
~LAK&MRON;K
.K.~L~LK'|.~LQ;;K'K&O~XMAKV qS:R~N8Q2ﬂRM¨ qS:QZ~&K&ﬀK
H
S
H
~X(:Q;T&K.MŁS¤T"|&%FMRK&TMAS}0S:MAK.Q;TN;QSTS:{.~LTLK
α
S:O"OLK ﬃ};T"|&.AOL|.{}K
H
~-zGB2ﬂ
H
ﬀQ;K
H
&K;K.OVZK&Q
>
S:QW~TLK.OXS:TS{}1~TLK.OXOLQ;TXMŁS¥Z
H
S{}R8QZK'K&O"~
ﬀK-S:QZ&FQ;$;MRQ;Ox qS:AZMAK:
GB2ﬂS:;;T"W;K<O"K&{E74.MŁS:O"OLR8QZK
H
FQ;O}Sl|&%*S:MRK&{K
H
~ﬀK&TL{AO'ZK@.F{}ZTLK
H
;TLK<32¦ 0FK
H
S:AK
H
~
MRK&O'&
H
~LTLR;QZ~R
H
O'SQ
>
O~S~LAO"~LAQ;K.O'MAK&O'ZMAQ;O'R{}ﬀFT"~S
H
~K.O& YFQ;OS-0F
H
O}SMAFT"O;Q S
H
O
Q
H
O"K&.
H
 ~K.{};O9|&MŁS(FT"K&TQ
H
K¥{|.~ZW;K};K¤T"|&OL:MAQZ~LA
H
ZQ O"8O"~L&{K¥;K¤~48(K$5@
H
~LK17
+xS:T"MA; B;S
H
OMŁS:Q;K.MAMAK<MRK&O;TLQZR~OOL
H
~}~TLS:R~L|&O;MAQZO}T"A%FFQZTLK&QZOLK&{K
H
~&GUK.OOL:MAQZ~LA
H
O;Q
{WZ&MAK6S:
H
OL,-SMA&QZMA|&K.Oh;T"|&O"K
H
~K
H
~YQ
H
~LTL.Ohﬀ
H
S:.&FT"¥8Q;S:MAE~S~LR S 0:K&/MRK&Oh:;OLK.T"0S~R
H
O
K
>
ﬀ|&T"A{K
H
~SMAK&O   

K.~MAK&ONTL|&O"Q;MR~S~ON;K'T5( 5WQZT/MAK9ZMŁS
H
QS
H
~LR~S~E  ﬀK.MAMRK&ONZ|&ﬀK
H
;K
H
~
 FT~K.{}K
H
~Y;KVMŁS'0S:MAK.Q;T;K
α
 &:{}{KXMAK&OO"FMAQZ~LA
H
OYO"K&{E7 &MŁSOLOLRQ;K&O. {S:ROMAK.OYZTLK&{AK.TLO
T"|&OLQZMR~S~OOLK.{;MRK
H
~{}
H
~LTLK.T8QZKVMRK&Ox0S:MRK&Q;T"O;KX&KXS:TLS:{}1~T"K(:Q;TMAK.OLQ;K&MRMAK.OK&MAMRK&O
H
~
MRK¤(
H
&F{(:T"~K.{}K
H
~
H
K<OL
H
~SO'MAK&O'{&{K&O9S
H
OMAK.O;K.Q
>
-SO&P92ﬂS:QZ~LTLK¥S:T~- dMRK&O
O"FMAQZ~LA
H
O-SMA&QZMA|&K.O¤S:TMŁS{|.~L;8;K;K~48ﬀK 5@
H
~K!7+xS:T"MAO"K&{;MRK
H
~<;|.(K
H
;TLKlZMAQ;O
 FT~K.{}K
H
~;K&O;K.Q
>
S:QZ~LTLK.O'S:TS{}1~TLK.O';Q {}8;.MAK:NK&O|1~Q;;K.OOL
H
~K
H
&:Q;TLO'ﬀFQ;T
.
HZ
T"{}K.T&K&OYTL|.OLQ;ME~S~LO&
5
HZH
 3M=2¦Q
H
;K.OVS 0S
H
~S:%FK&ONTLK&{}S:T"8Q;S:;MAK.O;Q{W;.MAK;Q~|1~TS&;T"K'K&O"~XMRK qS:E~Q32¦AM¨K&O"~
ﬀFOLO"A;MRKZK9M=2ﬂS:SZ~K.TNS:O"OLK ﬃOLR{};MRK&{K
H
~6};E?|.TLK
H
~LON~48(K.O32¦|&.FQ;MAK.{}K
H
~O6~LQ;TLZQ;MAK
H
~LO&
 ZD
 ¢FQZ~LK&OMRK&O|1~Q;;K.O/Q;K
H
FQ;O60FK
H

H
OX;K{K
H
~R
H;H
K.TN
H
~/|1~|T"|-S:MRAO"|&K&ON(FQZTN;|.&TLRTLKMRK&O
;T"F;T"A|.~L|&O32¦Q
H
|.&FQ;MRK&{K
H
~AOL~TL:(K 8{}S:RO
H
FQ;OhS 0:
H
OS
H
OQ
H
;K.T
H
RK&TP~K.{};O-SMA&QZMA|
MRK&OOLFMRQZ~R
H
OP;Q{8;&MRKY;S
H
OhMRK6&S:OS
H
AO":~T"FﬀK6MRKYZMAQ;OOLR{};MRK

MRFTLO"Q32ﬂQ
H
&ROS:RMAMAK.{}K
H
~
K.O"~OLQ;ﬀK&T"(FO"|¤S:Q FT -S:%FK¢¨FQ;TV%*S:%
H
K&TXK
H
K -S:.R~L|: z&K.OO"FMAQZ~LA
H
OV
H
~|.~L|}&S:MA.Q;MA|.K&O
K
H
QZ~RMAROS
H
~M=2ﬂS:;;T"WZKyOLK.{}74.MŁS:O"OLAQ;KPGB2ﬂ|1~Q;;KyS
H
O¤MRK@&S:OROL:~LTLFﬀK@S 0S:E~K
H
K.?(K.~
ﬀK&T"{}RO9;K¤.
H;H
Sﬂ<A~T"K¤MAK.O0S:MRK&Q;T"O;K&O';S:TS:{.~LTLK.O(:Q;TMAK.OLQ;K.MAMAK.O&K1~L~LK<S:;;T"W;KK&O"~
ﬀK&T~
H
K
H
~K WK1~x;K.K&T
H
K&TxO"K&OxMRA{R~LK&O&FGzK.Ox&:{}ﬀFT"~LK&{K
H
~O;KNMj2ﬂK
H
O"~LTLFZ;AK W;K
−Tr(S3)
K1~6ZQ@~TLS
H
O K&T"~632¦|
H
K.TL%FRKXS
H
OYMAKX-SO632¦Q
H
|&&:Q;MAK.{}K
H
~Y.AOSAMAMR|OL
H
~6&
H
&FT"S
H
~O6S-0FK.
;K.O6{K&O"Q;TLK.O6K
>
(|.TLA{K
H
~S:MAK.O ¦)*I ()
C 

MŁS'{^:K
H;H
K;KXMASZTLK&{A.TLK
H
KV;|&ﬀK
H
yK
H
K.?(K.~
TLS:;AZK&{K
H
~x;MRQ;OhZQ¥&AOLS:AMRMAK.{}K
H
~PMRFTLO"Q;KM=2¦|&ZK&MAMRK6ZA{
H
Q;K: ~S
H
;AOQ;KMŁSV;|&ﬀK
H
S
H
.K
;K.OZK&Q
>
S:QZ~LTLK.OQS
H
~LR~|.O08AOV<0WROX;K
S∗
(K.TLOLRO"~LK}ﬀK-S:QZ&FQ;;MAQZO&75WK&QZMMRK&F{(:T7
~LK&{K
H
~;K
Tr(S2)
(:OLKZTLF;MR&{K: ¢&K¤Q;OLK.{;MAK} yMAS@;T"|&O"K
H
.K$2ﬂQ
H
~LTS
H
OLR~LFAT"K
%FTLS
H
;K¥|.;K&MRMAKdST'MŁSOLQZR~K
H
(FQZTLTS|.%*S:MRK&{K
H
~{K&O"Q;TLK.T'MAK&O'MRFAO32¦|&;K.MAMAK.O';K&O
 
H
.~R
H
O;KVO"~LTLQ;1~Q;T"K<q;|.;Q;E~K&OY;K.ON&:{}ﬀFOS
H
~LK&OY;K
M
ﬃK1~N.F{};S:TLK.T6MRK&OK
>
ﬀFOS
H
~LO
;KX.K&OMAFROS-0FK..K&Q
>
FW~K
H
Q;OYK
>
ﬀ|&T"A{K
H
~S:MRK&{K
H
~ ¦)
C 

GUK{WZ&MAK@;Q ~|1~TS&;T"KS:;S:TLS=<A~}~T"&O¥;T"F{}K1~L~LK&Q;T¤;S
H
O¥MAK@-S:ZTLKl;KlMj2ﬂ|1~Q;;Ky;KlMŁS
~LQ;TL;QZMAK
H
&K:(
H
S}S:
H
OL{}
H
~LTL|XQ;KO"K&O6OLFMRQZ~R
H
OS
H
O6MRK/-S:OYAO":~T"F(K/|1~S:RK
H
~YK
H
(
H
S:.&FT" S 0:K&;K&OVT5K1~X;K&OXT"|&OLQZMR~S~OXK
>
ﬀ|&TLR{}K
H
~S:Q
>
UGzS¥ﬀFOLO"A;RMAR~L|932ﬂS:;ZMAAQ;K.T&K
{WZ&MAK$;K
H
F{;T"K&Q;O"K&O :TL{K&OV32ﬂ|.&FQZMAK&{K
H
~LO@%:TS
H
ZK}|.;K&MRMAK(K.TL{K.~|&%*S:MRK&{K
H
~
32¦|.~LQ;;RK&T~FQZ~LK&O}OLFT~K&O32ﬂ|.&FQZMAK&{K
H
~LO}~QZTL;Q;MRK
H
~O. YFQ;O}K
H
08AOS%FK&
H
O¤K
H
;S:T"~LA&QZMAAK.T
32¦|.~LQ;;RK&TNZK&K1~L~K'{}S
H
R&T"KMAS~QZTL;Q;MRK
H
.K'OLFQZO;|. :TL{}S~R
H
O ¦ﬁ;D

 (OLFQZOTL:~S~R
H
 ﬁI

 
K1~&K&MRMAK/;K YS-WMRK&R%FW7  ¨S-8MAFT  ﬁ*)8 ﬁFﬁ


 *I
  
   

x

d    &y  


   

 6 

 


 
 
	   

  

    

  ( 
  
 F)
  
d  6


	 
D
Q;TS
H
~MAK.O¢~LTLFRO¢ZK&T
H
A&T"K&O¨;|&.K
H;H
RK&O. :;K
H
F{;T"K&Q;O"K&O¨|.~QZ;K&O. ~S
H
~¨K
>
ﬀ|&T"A{K
H
~S:MRK&O
Q;K~Z|&FT"AQ;K&O. 
H
~9|.~|}&
H
OS:.TL|&K.OS:QSFO& S
H
32¦K
H
&F{;TLK
H
;T"K¤M=2¦FTLR%F
H
K
K.~<MAS
H
S~LQ;TLKNK
H
:{;TLK.Q;OLK.O¥;|
;H
R~LA
H
O;Q S:FO. xS:O¤~LFQZ~LK&O¤|.8QZR0S:MAK
H
~K&O
{}S~Z|&{}S~R8QZK&{K
H
~- z
H
~|1~|¤ZTLFﬀFOL|.K&O. d{SAOV
H
ﬀK&QZ~'TLS:AO"
H;H
S;MAK.{}K
H
~QS:MR

K.T;K
S:~R8QZKQ
H
O"A%
H
S:M;;
H
~M=2ﬂS:QZ~L74.FTLT"|&MAS~R
H
 ~K&{ﬀFTLK.MAMAKK.~ ﬃFQOLS~ŁSMAK ﬃ¢K&O"~
H
RK ¦ﬁ
C 

.K¥&TLE~.TLK¤ﬀK&T"{}K1~';K<;AO~
H
%FQ;K.T9MAK.O'OLE~QS~LA
H
O9FT";
H;H
|.K&OK.~;|&O"FTL;
H;H
|&K.OqS-0FK&<FQ
OLS
H
OO"8{|.~T"AK.O~LK&{(:TLK&MRMAK.OxK.~ ﬃFQ<OLS~ŁSMAK&Oﬃ1

*JM.%BKH&
Jﬁ)%(,
$ '4&*=.%BKH&
Jﬁ)%(,

H
;RO"~L
H
%FQZKN;KN qS &
H
%:|
H
|.TS:MRKNMAK6S:FO~K&{ﬀFTLK.M(;QS:FOO"S~R7 ~LK&{(:TLK&Mj*S
H
OMAK
;T"K&{AK.T¢&S:OMRKZ|&OL:TL;T"KhK&O~d;QZTLK&{K
H
~¨~K&{ﬀFTLK.M= S
H
OMAKOLK.&
H
AMK&O~BYMŁS FAOU~K.{}ﬀFT"K&M
K1~OL;S~AS:M=ﬀGUK9SFON~K.{}ﬀFT"K&M¢OLKT"K
H
.
H
~TLK9S
H
OZK
H
F{ZTLK&Q
>
OWO~.{}K.O/{}|.-S
H
RQ;K&O
FQ¥|.MAK..~T"
H
R8QZK&O  ﬁ 2

NK
H
:{;TLK.Q;OLK.O|.~LQ;;K&O
H
~ﬀFT"~L|OLQZTMŁS~LTS
H
O"R~LA
H
0FK&T"O&K~48(K
;KXSFO& ¢TLFROOL.|
H
S:T"AFO
H
~6S:
H
OL3|1~|XAZK
H
~

|&O

¡
5
H
D #

DF *9 Q;K.MAMAKK1~h  ¨S :K
H
Oh
H
~{
H
~TL|Q32¦Q
H
O"8O"~L&{K6FO"&RMAMŁS
H
~dS-0FK&Y~T"FAO T"|17
Q;K
H
.K&O/~K.{}ﬀFT"K&MAMRK&OY
H
.F{{}K
H
OLQ;TLS:;MRK&ONﬀFQZ0S:E~NZK.0FK
H
ATNS::~LAQ;KMRFTLO"8Q2ﬂ
H
SQ;%7
{}K
H
~S:E~zMŁSx0S:MAK.Q;TU;KPMŁS&
H
~LTS:
H
~K ¦ﬁ

+hKPTL|.OLQ;ME~S~¢K.O"~¢;AO~FT"AQ;K.{}K
H
~U~LTL.O¨R{}ﬀFT"~S
H
~
-S:TRM3{}
H
~LTLKXﬀFQ;TMŁS';T"K&{A&T"K FAOQ32¦Q
H
(K1~R~
H
F{;T"KVZK;E Q;TL&S~R
H
OX ~T"FAOﬃhK&O"~
OLQOLS
H
~9ﬀFQ;TX;T"W;QZATLK'ZQSFO& U.
H
~TSATLK.{}K
H
~V$.KQ32ﬂS-0S:R~XﬀFO"~LQ;MA|GBﬂ9¢GzS
H
7
S:Q ﬂ)

 ﬀ8QZ¢ﬀK
H
OS:E~NQ32¦Q
HH
:{;TLKV
HWH
z;K9.K&O6;R Q;T"-S~LA
H
OY|1~S:E~
H
|&.K&OLOLS:AT"K9ﬀFQ;T
S:ﬀFQZ~RTS:Q$OLﬀK&1~TLKX;KFQ;T"AK&Th&
H
~
H
Q@&S:TS:1~|.TLAO~R8QZK/32ﬂQ
H
O"A%
H
SM3S::~LAQ;K
¡
5
H
D #

 Z P5 ZPK&R%FK
H
S:QZ{  ﬁ

K.~}+N  ¢TLK.OLO"K&TK1~¨+hFQZMAMAK1~¦ﬁ  


H
~AZK
H
~

|<MAK
OL.|
H
S:T"A;K/MŁS'&S:OL&S:;KXOLFQZO74;S:TL{
H
R8QZK: S:TMRK&Q;K.MUQ
H
O8O"~.{}KX;K108AK
H
~6S::~LAQ;K
S:TMŁSO"Q;&.K&O"OLA
H
;KXOLK.Q;MAK.{}K
H
~6Q;K.MAQ;K.O6;:Q;;MAK.{}K
H
~O;KX(|.TLRW;K~LK&{(:TLK&MRMAK
¡
5
H
D #  

 'ﬀ¨:{}K&S:QyK1~¢5@S
H;H
K10WRMAMRK/
H
~N;|.&T"R~6MAKXOL.|
H
S:T"A;K~LTS
H
OLR~LA
H
STY
H
7
~K.TL{R~L~LK
H
.K ¦ﬁ*#

ﬀ+N2¦K&O~NMRKV&S:O$Q
H
OWO~.{}KVFOL.AMRMŁS
H
~O"Q;;R~Y;K.O6O"Q;TLOLS:QZ~LON;T"Q;OLQ;K.O
K.~R{}ZTL|.08ROLAZMAK&O. *M=2ﬂS:{;MAE~Q;;KK1~xMŁSV TL|&Q;K
H
&K/ZK&K.Ox;K&T
H
AK.TLOSQ;%F{K
H
~S
H
~xS 0:K&/Mj2ﬂ
H
7
~K
H
OLE~|X;K&OY&
H
~LTS:
H
~K&O 3"Q;O"Q32JSQ@SFO&
GUKSFON~K.{}ﬀFT"K&MdS;S:TLS=<A~6S
H
O/MRK&OO8O"~.{}K.OX¤(K1~E~
H
F{9;TLKZK;K&%:TL|&O/ZKMAR(K.T"~|
S
H
OMAK9-S:OZK'O"8O"~L&{K&O ﬀQ;R;K&O. 3&K
H
F{;T"K
H
2¦K&O~X(K1~R~NQ;K'OLd
H
MAK9.
H
~TLS:
H
~XS:T~

7
.AK&MRMAK.{}K
H
~& W;S:TxK
>
K.{};MRK/K
H
&
HZH
S
H
~MAS%F|&F{|.~LTLRKNFQ<K
H
S:%:R~S
H
~hMAK;S:
H
T"|-S:1~A
H;H
K&Mj
S
H
ONMRK&S:O6%:|
H
|.TS:Mj ﬀMRKZ|&OL:TL;T"KS:;;S:TS:ROLOLS
H
~NS
H
ONQ
H
O"8O"~L&{K ﬀQ;R;K9K.O"~
H

H
O"K&Q;MRK17
{K
H
~V~K&{ﬀFTLK.M{}S:ROSQ;OLO"O"S~AS:M=zGB2¦|.~LQ;;KZQS:FOOLS~A7 ~K.{}ﬀFT"K&MdK.O"~ﬀK-SQ;&FQZ
 
C
;MRQ;O¢&F{;MARQ;|&KPQ;Kh.K&MRMAKP;QSFO¨~LK&{(FT"K&M  ﬁ
C

32¦Q
H
ﬀF
H
~¢;K08Q;K~;|.FTLRQ;K: ^
H
K&O"~
.
H
 TL
H
~L|NV;K&O|&QS~LA
H
OhS:Q
>
Z|&TLE0F|.K&Oh;S:T"~LAK&MRMAK.O& *A{ﬀFOLO"A;MRK&OPT"|&O"FQ;;T"KS
H
SMR~R8QZK17
{K
H
~- ﬀ~S
H
;AOQ;K'O"Q;T/MAK;MŁS
H
K
>
ﬀ|&TLR{}K
H
~S:MdMRK&OT"|&O"Q;MR~S~OZTL|&O"K
H
~K
H
~Q
H
K';|&ﬀK
H
S
H
.K
~LTL&OA{ﬀFT"~S
H
~K08AO}l0WRO;K@MASl%F|&F{|.~LTLRK¥S:T"~LA.Q;MAR&TLK¥ZQ O"8O~&{K:+h
H
~LTS:RTLK&{K
H
~
¥M=2¦|.~LQ;;K';QSFO/~K&{ﬀFTLK.M=  Mj2ﬂK
>
(|.TLAK
H
&KO"K&T"0S:E~XK&O"OLK
H
~LAK&MRMAK.{}K
H
~V¥.
H
 FT~K&T/MRK&O
T"|&OLQZMR~S~OY{S~L;|&{}S~LAQ;K&O. M=2¦|.~LQ;;K9ZQyS::OS:;;S:TS:ROLOLS
H
~NS
H
ONMRK&OYO"8O"~L&{K&OO"S~AS:MAK!7
{K
H
~V|.~LK
H
;QZO9&
H
OLRO"~KOL:QZ0FK
H
~$ZTLK
H
;TLK}&F{{}K'ﬀF
H
~XZK};|.S:T~9;K.O:;OLK.T"0S~R
H
O
K
>
ﬀ|&T"A{K
H
~SMAK&OzK1?K..~QZ|&K&OS
H
O¢;K&O¨&
H
;R~LA
H
OzST"~R&Q;MRA.TLK&OUK1~dYK
H
;|.0:K&MA:;(K.T¨K
H
OLQZR~K
Q
H
KX~L;|&:TLAK/Z
H
~6MRK/;K&%:TL|X;KX%F|
H
|&TSMAR~L|/S:Q;%:{}K
H
~LKX(K.Qy'ﬀK&Q3
+hF{{K/M=2¦|.~QZ;KX;QySFOY~LK&{(:TLK&Mj ;&K.MAMRK/;QySFO6O"S~LA7=~K&{ﬀFTLK.MﬀK&QZ~6OLKX qS:AT"K/S:T
Mj2ﬂ
H
~LK&T"{}|.;ŁS:RTLK;K&O;R?(|&T"K
H
~OOL.|
H
S:T"AFOOLK.MA
H
MAK.OLQ;K.MAOQ
H
OWO~.{}KY(K.QZ~S:TLT"R0FK.T& nMŁS
;E?|.TLK
H
&KZK'MŁS}~LQ;TL;QZMAK
H
&K;MRK&
H
K&{K
H
~Z|.0FK.MAFZ(|.K: Ul;K.OO"~LTLQ;1~Q;T"K&OX;K~S:AMRMAK&O~LTL&O
0S:T"ŁS:;MRK&OxK
H
~TLK
H
~NK
H
3"K.Q 
C 
 MŁS9~LQ;TL;QZMAK
H
&KX qS:A;MRK'FQ@;S:FOOLS~A7 ~K.{}ﬀFT"K&M ﬃPK&O~6O"FQW7
0:K
H
~-S:TLS:.~L|&T"AOL|.K/S:TxMj2ﬂK
>
AO"~LK
H
.K/32¦Q
H
KXMA
H
%FQ;K&QZTh-STS:1~|&T"AO~AQ;KGB2ﬂ|1~S~xMŁS:{
H
SATLK;Q
OWO~.{}KxO"K;TL|.OLK
H
~LKS:MA:TLOO"FQ;OdMASY FT"{}K;Kx{:~E OzTL|&%:Q;MARK&TLO¨;Kx.K.~L~LKh~SAMAMRK:^GUKx;|.OLFT";TLK
O"S~R7 ~LK&{(:TLK&M(K.QZ~STLTLE0FK.T6STYMASZ|&OL:TL%*S
H
AOS~A
H
;KVMŁSﬀFOLE~A
H
ZK.K&ONO~T"Q;.~LQ;TLK.O
 ~Q;T";Q;MAK
H
&Ky;Ky;;S:OLK-ﬃ1 xST¤S:;;S:TLE~A
H
;Ky;|. qS:QW~O}~LFﬀFMAF%:AQ;K&Oy~LQ;TLZQ;MAK
H
&K2JS:{'7
;MRR~LQ;;K ﬃ! 3FQMAK;MAQZOO"FQZ0FK
H
~'S:TXMŁS<&8K
>
RO"~K
H
&K};K;F{}S:
H
K.OXMŁS:{
H
SATLK.OK.~32ﬂS:QZ~LTLK&O
;|.OLFT";
H;H
|&O/S
H
OMAK{ .{}KO"8O"~L&{K:US
H
O/MAK;K&T
H
AK.TN-SO& MAS;RO"~T"A;QW~A
H
O"S~AS:MAKK.~
Mj2ﬂ|10FFMRQZ~R
H
~LK&{(FT"K&MRMAKNZK&O;K.Q
>
~48(K.O;K/;F{}S:
H
K&OhO"
H
~;|&O"FTLZ
H;H
|.K&O& ,K1~MŁS TLS:.~LA
H
;Q$O"8O~&{KVW.&Q;ﬀ|&KVS:TMj2ﬂ|1~S~S:~R8QZK9S:QZ%F{}K
H
~KVS-0FK&VM=2¦
H
~LK
H
O"R~|/ZKVMAS'&
H
~TLS:
H
~LK:

H
;E~SMAFT"OQ;K¤MAS<~LTS
H
OLR~LA
H
S:QSFO9O"K qS:R~S:T
O,CﬂP4BNRaO,P!P4BC?HB_X4A'FP!O]L^b4PkBRTAﬂL^NBJ,J#B
  5  Yﬃ  2


  .%ﬁ KHD .%B% C&*"=.%BKH&
Jﬁ)%(,,#% %  &
%(ﬁ $,#*"'ﬁﬂ B-E%H+%',%B
GB2¦
H
~K.TL{R~L~LK
H
.KBOLS~A7 ~K.{}ﬀFT"K&MAMRKK.O"~¨-S:TLS:.~L|&TLROL|.KST¢MAS&8K
>
AO~K
H
&KS
H
O¢Q
H
O8O"~.{}K
O"S~AS:MAK.{}K
H
~/|.~LK
H
;Q;K;K&Q
>
|.~S~OXMA8-S:Q
> 
M=2¦Q
H
MŁS{}
H
S:AT"KK1~VM=2ﬂS:QZ~T"K'S::~LAQ;K¨GUK
;T"K&{AK.T¢ZFR~.~LTLKhMR
H
|&S:AT"K&{K
H
~zO"~S:;MRKFQ'S:;O"FTL;S
H
~!ﬃ1 :2¦K&O~"7474;RTLKQ;KhMj2ﬂ|1~S~¨S::~LAQ;K
H
KY;FE~S:O(FQW0FFRThS:ZS:TSﬂ<A~T"KOLﬀ
H
~S
H
|.{}K
H
~xS:Q}{}RMARK&Q'32¦Q
H
K ﬃ&
H
K6MŁS:{
H
S:AT"K::+hK&MAQZE7
.
H
KX(K.QZ~OLKV;TL:S:%FK.T8QZKO"K&MA
H
Q
H
;T"W.K&O"OLQ;OY;KX&
H
~S:{}
H
S~LA
H

C
 
C
D


d¨:{}K&S:Q 
C
I

ST"K&{}S:TLQ;|¤Q;K¥.K.~"~K¥;T"F;TLR|.~L|¤|.~S:R~9MŁSy&S:TS:1~|.TLAO~R8QZK¤K&O"OLK
H
~LAK&MRMAK
;KyMŁSﬀK&TL.FMŁS~A
H
;RTLA%:|&KyZKlMAAK
H
O& Q
H
;T"W.K&OLO"Q;O<;Kl&
H
~S:{
H
S~LA
H
;AK
H
&
HZH
QnK
H
{|&&S
H
AQ;KO"~S~RO"~RQ;K 
C
)

G¢SY(K.TL.FMŁS~LA
H
;RTLA%:|&K;KhMRAK
H
OzK.O"~BQ
H
S:QZ~:{S~LK.K&MRMAQ;MAS:AT"K
;|1~K.TL{
H
RO"~KNS
H
OMRK&Q;K&M(~FQ;OMRK&OxO"R~K.O32¦Q
H
T"|&O"K-S:Q$OL
H
~O
H
;TL
H
AOL|.O6O"A{QZMR~S
H
|&{K
H
~
O"K&MA
H
Q
H
K;T"FS:ZAMAE~|6;KV~LTS
H
OLR~LA
H
MRW&S:MAKZ|&ﬀK
H
S
H
~N;KXM=2¦|.~S~Y;K&OYOLE~K&O6S:;;S:T"~LK
H
S
H
~
lQ
H
0FFROL
H
S:%FK¥TL|.%FQ;MRAK&T9;Q O"R~LK$.
H
O"A;|.TL|:+hS8QZK@O"R~K<ﬀK&QZ~O"K$~LTLFQZ0:K&TS
H
O};K.Q
>
|1~S~LO& Mj2ﬂQ
H
S:.~LR PK.~XMj2JSQZ~T"KS:;O"FTL;S
H
~

Q
H
O"R~K9;
H
~/~FQZOMAK.ON0FFROL
H
OOL
H
~X;S
H
O/M=2¦|.~S~
S:ZOLFT"S
H
~¤SQ
H
K$;T"FS:;RMAE~|¤|.%*S:MAK$ Q
H
ZK@~TLS
H
O"R~K.TS
H
O&K${ .{}K<|1~S~&
§

H
O"= B
  ﬃﬂ !	 ﬀ) !ﬀ('  ﬀ(ﬀ
#
ﬁ 
	%	ﬀ
#
ﬃ 	  ﬃﬁ0	1 #  ﬃﬁ  ﬀ ﬂ  ﬃ!ﬀ)
 " !ﬀ,ﬀ'*'
(ﬀ'ﬁ  ﬂ ﬃ&ﬃ!	"
/
 2
 1e%[? ! S4E!S(EﬃS!!
Q
H
K9;R{}K
H
OLR
H
(K.TL.FMŁS~LA
H
;RTLR%F|&K}D'D ﬃ"/ﬃ! ﬀO"¨MRK&OY;K&Q
>
0:FAO"
H
OY32¦Q
H
O"R~KVOL
H
~NS
H
O
Mj2ﬂ|1~S~9S:;O"FTLS
H
~S:MA:TLOV&K¤O"R~K~TLS
H
OLE~KS
H
O9&K.~|.~S~'S-0FK.¤Q
H
K¤ZTLFS;AMRR~|'ZK¤Q
H
 ¢OL
Q
H
0F:AOL
H
K.O"~}S
H
OM=2¦|.~S~S:1~R '
§
-ﬃ'K1~Mj2JSQZ~T"K$;S
H
OM=2¦|.~S~S:;OL:TLS
H
~
§
,ﬃ'S:MAFT"OMAK
O"R~KV~TLS
H
OLE~KX0FK.TLO
§
S-0:K&Q
H
K;TL:S:;RMAR~L|X;K
p

p
K&O~Q
H
;S:TS:{.~LTLK-ﬃ1 ﬀK.~O"MRK&ONZK&Q
>
0:FAO"
H
O6OL
H
~
§
S:MRFTLOYMAKO"R~LK9;K10WRK
H
~
§
S-0:K&Q
H
KZTLFS;AMRR~|V;K
(1 − p)2

§

H
OLj (Q
H
O"R~K
§
VﬀK&QZ~YOLﬀ
H
~S
H
|&{K
H
~Y;K.0:K
H
RT
§
3 Q;FR8QZKVO"
H
S:.~LR08R~L|/;Q;AO"OLKXOLKV;T"FS:%FK.TS:T
.
H
~S:{
H
S~A
H
 5Wx~LFQ;OMAK.OO"R~LK&O;Q OWO~.{}K$OLK$~TL:QZ0FK
H
~Q
H

H
O"~S
H
~}Z
H;H
|$S
H
O
Mj2ﬂ|1~S~
§
 S:MAFT"OMAK9TL|&O"K-S:Q TLK.O"~LKZ|
H
E~E0FK&{K
H
~XS
H
OX&K.~X|1~S~XZF{}:%F
H
K 4M qS:QW~/;
H

S:Q9{}F
H
O¢Q
HH
 *SQ';KxOLE~K.O
§
hﬀFQ;T¨8QZKM=2ﬂS:.~LR08R~L|O"Kx;T"FS:%FK 5
H
 qS:E~- ^&K.MAMRK174.
H
KxﬀK&QZ~
O"K;TL:S:%FK.T6Q;KO"
p
K&O"~OLQ;ﬀ|&T"AK&QZTQ
H
K90S:MAK.Q;T6.TLE~AQ;K
pc 
MRKO"K&Q;RM¨ZK(K.TL.FMŁS~LA
H

GzSN0S:MAK.Q;Td;K.KOLK.Q;AMW;|&ﬀK
H
;Q;T"F;MA.{}KS:T~A.Q;MARK&T¢&
H
OLAZ|&TL|
H
S~QZTLKx;QT"|&OLK&S:Q3 *;Q
0:FAO"
H
S:%:K: EE ﬃ{}S:AOMRK&O/;T"F;T"A|.~L|&OX32¦|&;K.MAMRK&OVS:Q0FFROL
H
S:%FK;Q OLK.Q;AMBO"
H
~VQ
H
R0:K&T"OLK&MRMAK.O&
5
H
;S:T"~LA&QZMAAK.T& dMAS~TS
H
OLE~A
H
ZK@MAS ﬀK&T"&FMAS~R
H
K&O"~}Q
H
K$~TLS
H
OLE~R
H
;Q O"K&&
H
FT";TLK
&
H
~
H
Q;K ﬃ! ¨MRK;S:TS:{.~LTLK32¦FTL;T"KﬀFQZ0S
H
~ﬁ.~T"KMAS$;K
H
OLE~|};KO"R~K.O9S.~E O&
§
Q874;K.OLOLQZO
;Q OLK.Q;AM
p > pc
ﬃ1 PMAK<T"|&OLK&S:QK.O"~¤Q
H
{|&MŁS
H
%FK<O"~S~RO"~RQ;K&{K
H
~}O"~S~A
H;H
S:RTLK¥;K@OLR~LK&O
S:ZOLFT"S
H
~OK.~YS.~E O& W-S:TLS:.~L|&TLROL|XS:ThQ
H
KX;K
H
OLR~L|X{} FK
H;H
K
d
;K/OLE~K&OS.~E O&QS
H

p
~LK
H
<0FK.TLO
pc
;S:Tx0S:MAK.Q;TLOOLQZ(|.TLAK.Q;TLK.O& 
d(p) ∝ (p− pc)β

GzSx&
H
3"K&1~Q;T"KZK¢F{K-S:Q 
C
I

.
H
OLRO"~LKB;
H
x&
H
OLR;|&T"K&TzM=2¦|.0:FMAQZ~LA
H
OLS~LA7=~K.{}ﬀFTLK.MAMRK
;K$MŁSﬀK&TL.FMŁS~A
H
ZATLR%F|&K<.F{}{K<Q
H
K$TLK.;TL|.OLK
H
~S~R
H
OLR{}ZMA

|&K¥;K.OTL|.%FA{K&O32  5  /
GB2¦|.~S~yS;OLFT"S
H
~qTLK.OL3YS:1~E ﬃ¤TLK.;TL|.OLK
H
~LKS:MRFTLO<Mj2ﬂ|1~S~<MAS:{}
H
S:RTLK TLK.OL3YS::~LAQ;K-ﬃ1
GUKOS:QW~@.
H
.K&Z~LQ;K&MVK&O~y|
H
FTL{K: h-S:T<
H
&F{S:T"K;K&K.~"~K {S
H
A.TLKl;K.O@O"R~Q;S~R
H
O
*8;TL8Z
H
S:{AQ;K.O'&F{;MRK
>
K&O. d;|&.TLE~K&OST;K&O|.8Q;S~R
H
OS:Q
>
;|&T"R0:|&K&OST"~RK&MRMAK&O. 
Q
H
OLR{};MRK;TL8&K.OLO"Q;Ox;KY&
H
~S:{}
H
S~LA
H
O~8S:O"~LAQ;K;5ySAOAM
H
KYOLK.TS:E~;S:OhO"Q;TL;T"K
H
S
H
~
Q;KMRK&O};TLFZTLA|1~|.OO"~S~RO"~LAQ;K&O%F|
H
|.TS:MRK&O};KMŁS~TLS
H
OLE~R
H
SQS:FO}0WAS  5   OL:AK
H
~
Q
H
R0FK.TLO"K&MAMRK&O. :2¦K&O"~77 ;AT"K/Q32ﬂK.MAMRK&O
H
KX;|.(K
H
;K
H
~NS:O;Q¥~48(KV;KXO"8O"~L&{K|1~Q;ZA|:
GzS&
H
3"K&1~Q;T"K/;KX¨F{K-SQ${}S:T"8QZKM=2¦AT"TLQ;Z~LA
H
;K&O;Z|
H
F{
H
K&O&T"R~LAQ;K&O;S
H
OM=2¦|.~LQ;;K
;KMAS~TS
H
OLE~A
H
S:Q;S:FOVOLS~LA7=~K.{}ﬀFTLK.M= ﬀK.~V;
H
ZKMAS
H
:~R
H
;K&MAS:OLO"K2ﬂQ
H
R0FK.T7
OLS:MAE~|:B3
H
K.MŁS:O"OLKTLK.%FTLFQZ(K~LFQ;O<MAK.O¥;;|
H
F{}
H
K&O$;
H
~<MRK&O¥;T"F;TLR|.~L|&O<&T"R~RQ;K&O<S:Q
0:FAO"
H
S:%:KZKMŁS<~TLS
H
OLE~R
H
O"
H
~R;K
H
~RQ;K&O. ¨.K&O9ZK&T
H
A&T"K&O|1~S
H
~9-S:TLS:.~L|&TLROL|.K&O9;S:T9Q
H
ﬀK.~LR~
H
F{9;TLK32¦K
>
(:OS
H
~O¥q;E~OXK
>
ﬀFOS
H
~LO9&T"R~LAQ;K&Oﬃ1zS
H
O9MRK&S:OV;K}MAS$ﬀK&T"&FMAS~R
H
;RTLR%F|&K B
H
{K&OLQZTLKK
H
%F|
H
|&TSMNMAK.O.
H
 K
>
ﬀFOS
H
~LO¤OLQZR0S
H
~O
ε
K&O~¥MAK$S:TLS:{}1~T"K@;K
.
H
~T
:MAK: 
εc
OS'0S:MAK.Q;Tx.TLR~LAQ;K 
L
K&O~YMŁS~S:RMAMRKN;Q$O"8O"~L&{KXK.~
t
MRK~K.{};Oﬃ 
C
ﬁ


¡ α
-S:TLS:.~L|&T"AOLK MASnZ|&&T"FAO"OS
H
&K S:MA%F|.;TLRQ;K;Q S:TLS:{}1~T"K 32ﬂ:TL;T"K
m
S:Q OLK&QZAM;K
MŁS~LTS
H
OLR~LA
H
K
H
ST"~S
H
~¤32ﬂQ
H
K&
H
;R~LA
H

H
E~AS:MAK<;|.&FT"TL|&MR|&K;S
H
O¤MAS ;S:O"K
§


lim
L→∞
m(εc, L, t) ∝ t−α
 
t t0
¡ β
-S:TLS:.~L|&T"AOLKYMŁS/0S:TLAS~R
H
K
H
MAF;K6;Q;ROLOS
H
&K6;QSTS:{.~LTLKY32ﬂ:TL;T"K6MRFTLO"8Q2ﬂ
H
O&2ﬂS:W7
;TL8;KX;Q$OLK.Q;AMUSTx0:SMAK&QZTLOOLQ;ﬀ|&T"AK.Q;TLK.O
 lim
t→∞
lim
L→∞
m(εc + δε, L, t) ∝ δβ
¡ z
&S:TS:1~|.TLAO"K'MŁS¥;E0FK&T"%FK
H
&K}S:MA%F|.;TLRQ;K';KMŁS¤;QZTL|&K;K'08AK{^:K
H;H
K
τ
ZK}MAS¤;S:O"K
§
S:QlOLK.Q;AM¨;K'MŁS~TS
H
OLE~A
H
MAFT"OLQ32¦
H
S:Q;%:{}K
H
~LKMŁS~S:RMAMAKX;QOWO~.{}K
 τ(εc, L) =
〈τs(εc, L, s)〉s ∝ Lz
¡ ν⊥
-S:TLS:.~L|&T"AOLKMAS<ZR0FK.TL%FK
H
&K;KMŁS¥MR
H
%FQ;K.Q;T/;K&FT"TL|.MŁS~LA
H
~LK&{(:TLK&MRMAK
ζ⊥
;S
H
OXMŁS
 

;S:O"K
§
XMRFTLO"8Q2ﬂ
H
O.2JS:Z;TL8;KV;Q@O"K&Q;RM
 lim
t→∞
lim
L→∞
ζ⊥(εc + δε, L, t) ∝ δ−ν⊥
¡ ν/
&S:TS.~|.TLROLKMŁSZR0FK.TL%FK
H
&K;KMASMA
H
%:Q;K&Q;T;K&FT"TL|&MAS~R
H
O"S~AS:MAK
ζ/
S
H
OPMŁSZS:OLK
§
XMAFT"OLQ32¦
H
O.2JS;;TL8;KV;Q$OLK&QZAM
 lim
t→∞
lim
L→∞
ζ/ (εc + δε, L, t) ∝ δ−ν//
5WK.Q;MAO¨~TL:AO¢32ﬂK
H
~TLKK.Q
>
O"
H
~B
H
;|&ﬀK
H
;S
H
~O& 3
H
Kx{}S
H
R&T"KhOLR{}ZMAK;Kx{
H
~TLK.TQ32¦Q
H
O"8O7
~L&{K
H
2¦K&O~xSOhS
H
OMASV.MŁS:O"OLKN2ﬂQ
H
R0FK.TLOLS:MAE~|Y;KNMAS qNAT"K&.~LK&¨K&T"&FMAS~R
H
ﬃd&
H
OLRO"~K
'{K&OLQZTLK&T.K&OYK
>
(:OS
H
~OYK.~Y{
H
~TLK.TQ32ﬂRMAO
H
KXO"
H
~6;S:O|&%*S:Q
>
'&K&Q
>
;KXMŁS'¢
GzS0F|.TL

-S~LA
H
;K<MAS&
H
3"K..~LQ;TLK<;K$¨:{}K&S:Q ;TL|.OLK
H
~LK&TSR~Q
H
;FQ;ZMAK¥
H
~L|&T1~-P92¦Q
H
K
ST"~- B
H
{
H
~TLK.TS:E~Q
H
K$|&Q;E0:SMAK
H
&K$K
H
~T"Ky;K.OO"8O~&{K&O};|.~LK&T"{}
H
AO~K&OK.~}O"~LW;S:O7
~LAQ;K&O. 6K1~l32ﬂS:QZ~LTLK ;S:T"~y
H
%*S:%
H
K&TLS:R~@;K&OyTLK
H
OLK&R%
H
K.{}K
H
~LOOLQZTyMŁS
H
S~LQ;TLKZQ	S:FO
O"S~R7 ~LK&{(:TLK&M3=+=5  Yﬃ! W&S:TPM=2ﬂS:;ST"~K
H
S
H
.K32ﬂQ
H
;;|
H
F{
H
KNVQ
H
K6.MŁS:O"OLK32¦Q
H
E0FK&T"OS7
MRR~|/ﬀK&T"{}K1~Y;K9.
H;H
S=<R~T"KVMRK&OY;TL8&K.OLO"Q;OZ
H
S:{AQ;K.O6ZF{}
H
S
H
~OYS:Q$0FFROL
H
S:%FKX;Q@OLK&QZAM
;KMAS/~LTS
H
OLR~LA
H

§

H
OLj FM=2¦K
>
RO"~K
H
&KY;K;MRQ;OLRK&Q;T"O.MŁS:O"OLK.O& K.~;
H
YZK6;MRQ;OLRK&Q;T"OPOL&|
H
S:T"AFO
;K/~LTS
H
O"R~LA
H
 W{}
H
~LTLK.TS:E~M=2¦K
>
AO~K
H
&KX;KX;E?|.TLK
H
~LO~48ﬀK&OY;K+=5  /
 
 %(,#G %E;ﬀI  BK % 0
 
K -(ﬁﬂ#G  %  % M%B&
-(ﬁﬂ K %(".*! 
5WQZTBMAKx;MAS
HH
Q;{|&T"AQ;K: +hS~|K.~¢5yS
HZH
K.08AMRMAK
H
~P|.~|;S:TL{ZMRK&OB;T"K&{AK&T"OBN~K
H
~K&T
;K@0F|&T"

K.T¤&K1~L~LKl&
H
3"K..~LQ;TLKGUK&Q;T"O¤;TLK.{}R&T"K&O¤|1~Q;;K.O¥
H
~¥ﬀFT"~L|OLQ;TM=2¦|&QS~LA
H
SQ
>
;|.TLE0F|&K.OxS:T~RK&MAMRK&OP{W;.MAK;K,/Q;TLS:{:~7k5WR0S:O";
H
O *S:{FT"~LAK 
CFC 
;5@S:AOM=2¦|.~QZ;KN;K6MŁS
~LTS
H
O"R~LA
H
S:Q S:FO9S
H
O';K}~K&MRMAK.O9|&QS~A
H
OK&O~; .AMAKK
H
TLS:AO"
H
;K¤MASy;Q;ROLOLS
H
&K
;K&S:MA.Q;M
H
|&.K&O"OS:RTLK -SQ;OLK ;Q &S:TS.~.TLK&
H
~L
H
Q ZK Mj2ﬂK.OLS&K: K1~y;K MŁS ;&Q;ME~|
;RO"~L
H
%FQZK&T'MAK.O'TL|.%FA
H
OMŁS:{
H
S:AT"K&OV;K&O ﬃ&
H
K&O~Q;T";Q;MRK
H
~K.O& 4MAO'
H
~Z
H
¥|&MAS:ﬀFTL|¥Q
H
{WZ&MAK9{}
H
A{}S:MU32  5  / z;K'~48(KTL|.OLK&S:Q2ﬂE~|&TLS~R
H
O.FQ;;MR|&K.O D

 
C
2Z 
C
3S
H
OXQ
H
K
~LK&MAMRKS:;ZTL8;K: M=2¦K&O"S:.KYK1~MAK~K.{};OBO"
H
~hZAOL.TL|1~AO"|&O. *{S:ROBMŁSN0S:T"ŁS:;MRKxMA8-SMAKx;T"K
H
};K&O
0S:MRK&Q;T"O.
H
~
H
QZK&O&W+hKY{}8;.MAKK&O~hZ
H
Y
H
~K.TL{|&;AS:AT"KxK
H
~T"K6MRK&OP|&QS~A
H
OhSQ
>
;|.TLR0:|&K.O
ST"~RK&MRMAK&OqﬀFQ;TBMAK.OLQ;K.MAMAK.OBM=2¦K&O"S:&K MAKx~K.{}ZOK1~MŁSN0S:TLAS:;MRKxMA8-S:MRKxOL
H
~.
H
~
H
Q;Oﬃ1 ;
H
~
MRK&O9.F{(FT~K.{}K
H
~LOOL
H
~TLAZK&O{}S:AOVQ;xO"
H
~'; .AMAK.O9|1~Q;ZAK&T-S:T9K&MAMRK&OOL
H
~~LTL&O
. Z~K.Q;OLK.O}K
H
~K&{;O';K<&S:MA.Q;M= ¢K.~MAK.O'S:QZ~LF{}S~K.O'&K&MRMAQ;MAS:AT"K&OqﬀFQ;T'MRK&OLQ;K.MAO'Mj2ﬂK.OLS:.K: 
MRK~K&{;O$K.~$MŁS0S:T"ŁS:;MRKlMA8-S:MRKOL
H
~@;ROL&T"K.~LOﬃ1  qS:.AMRK&O< -S:MR&Q;MRK&T<{SAO¥;}.AMRK&{K
H
~
K
>
ZMAFE~S:;MRK&O6-SQ;OLK';Ql&S:TS.~.TLKZAOL.TLK1~/;KMAS0S:TLAS:;MRKMRW&S:MAK(¢FQ;TZMAQ;O6;K;|1~S:RMAO
O"Q;T&KX{}8;.MAK
H
ﬀFQ;TLTLS'&
H
O"Q;MR~LK&TMRK/S:;E~TLKD


GB2¦|.~QZ;K;K.K{W;.MAK@S {
H
~TL|@Q;KMŁS~TLS
H
OLE~R
H
S:Q S:FO¤;S:T  5   ﬀFQZ0S:E~ 1~TLK
.
H
~
H
Q;KB:QVZAOL.
H
~
H
QZK: ^S:MRFTLO3Q;KPMASh~TS
H
OLE~A
H
;KPMŁS$K&O"~¢.
H
~
H
Q;K^S
H
OzMRKB;TLK.{}RK&T
&S:O& UMRK&OX{}K.OLQ;T"K&OV32¦K
>
(:OS
H
~O&T"R~RQ;K&OX{
H
~TSAK
H
~XMRK';MAQ;OXO"FQZ0FK
H
~Q;KMAK&OXOWO~.{}K.O
H
2ﬂS:;;S:T"~LK
H
S:RK
H
~BSOPXMASN&MAS:OLO"K32¦Q
H
R0:K&T"OS:MRR~|ZKMŁS¢85yS:ROdMAK.Od{}K.OLQ;T"K&OP32¦K
>
ﬀFOS
H
~LO
O"
H
~6Z &RMAK&O. ZK1~6MASQ;K&O~A
H
T"K&O"~LK:QZ0FK.T"~K
5WQZTVMRK';MŁS
H
K
>
(|.TLR{}K
H
~S:M= MŁS¤~TLS
H
OLE~R
H
S:Q S:FOXST  5   S<|.~|FZOLK&T0F|.KK.~V|1~Q;;R|&K
S
H
O;K
H
:{;TLK.Q
>
O"8O"~L&{K&O

.
H
0FK&1~R
H
;K YS 8MRK&A%:W7 ﬀh|
H
S:T" 
C
 Z 
C
#8 2

 2ZD

 (;A%F7
~S~R
H
08AOLQ;K.Q;OLK  2*I8 2F)

 MRA%
H
K&Ox;K0:FT"~LK
>
 2:ﬁ

 |&.FQ;MRK&{K
H
~O;K  ¨S-WMRFT74NK-S
H
 2
C
 ;;K
+hFQZK.~L~LK17  S-8MAFT  2 2

K1~N;K9+hFQ;K1~L~LK9;MAS
H
 2

 2  

 , T"
H
~O;K ﬀQ;R;K 2F#

,GUK&OYK
>
ﬀFOS
H
~LO
  
 1e%[? ! S4E!S(EﬃS!!
.TLR~LAQ;K.O6{K&O"Q;TL|.ONS
H
O6~:QZ~K.ON&K.ONK
>
ﬀ|&T"AK
H
&K.O
H
KﬀK&T"{}K1~L~LK
H
~SON;K&
H
.MAQ;T"KQS
H
~
$M=2¦K
>
S:.~LR~LQ;;K;KMAS$.
H
3"K..~QZTLKZK¤¨:{}K&S:Q

MAK.OV0S:MRK&Q;T"OZK&K.O9K
>
ﬀFOLS
H
~OO"
H
~9TLS:O7
O"K&{;MR|&K.O6S
H
O 

ﬀBMAQ;OTL|.&K.{}{K
H
~- ﬀ¢ Q;; X A*~K.T6K1~  K&(K.TL%}
H
~6{K&O"Q;TL|
.K&O/K
>
ﬀFOS
H
~LOXS
H
O/Q
H
OWO~.{}K';K K.TLT" ﬀQ;R;K

QS~LTLK'O"Q;TMAK.O/&
H
@{K&O"Q;TL|.O/OL
H
~XK
H
S:.&FT"$S 0:K&VMŁS 

,5ySAOMŁS~LTLF<ﬀK.~E~K~S:AMRMAKY;KX&K.~"~KVK
>
ﬀ|&TLRK
H
.K
H
KX(K.TL{K.~YS:O
;KX;
H;H
K&TQ
H
KVT"|&ﬀ
H
O"KVZ|
H
E~E0FKV'MŁS'&
H
3"K&.~LQ;TLKX;KV¢F{}K&S:Q3
  %/% J&
-ﬁ=%B% ﬃ!# K %(C
%,,%
:K{KOLQ;ROﬀFQ;TB{}S/S:T"~
H
~L|&T"K&OLO"|&K6VMAS~TS
H
OLE~A
H
S:Q};S:FOS:T  5  ;S
H
OPQ
H
O8O"~.{}K
;K&Q
>
;R{}K
H
OLR
H
OY32ﬂK.OLS&K

+NBATLS~- ﬀ¢35yS OLOLSK.~/+NU5yS~;RO6
H
~NK
H
K.?(K.~N|&MAS:(:TL|
Mj2  6Gﬂ	Q
H
K/K
>
ﬀ|&TLRK
H
.KZA;R{}K
H
OLR
H;H
K.MAMAKY32¦*WZTL8Z
H
S:{AQ;K: ZS
H
OMŁS8QZK&MAMRKNQ
H¥
MR{
MRAQ;AZK;:TL ﬃ.
H
~S:MW&
H
~L
H
Q;K&{K
H
~S:MRA{K
H
~|OLK;|.O"~S:;AMRAO"KhOL:Q;OBM=2ﬂS:.~LA
H
;KMŁSN%:TS-08R~| ﬂ#


Z2ﬂS:|1~Q;;R|&K.~"~Kl~TLS
H
O"R~R
H
S-0FK.+h;T"AO~F;ZKBRTS~& :K-S
H
7GUFQ;RO$5@K&Q
H
AK&T. B;AMRA;ﬀK
5yS OLOLS/K.~h+h;TLRO"~LŁS
H
5yS~;RO&+hK~TLS-0:SAM= ;TL|.OLK
H
~L|NSQ;S:;R~LTLK#/K.~;
H
~PMRK&OP;T"
H
.AS:Q
>
T"|&OLQZMR~S~OdO"
H
~ZQ;;MAR|&Od;S
H
O 

D

 
H
FQZOPSXﬀK&T"{}RO;K{K&O"Q;TLK.TBQ
H
;K&OPK
>
ﬀFOLS
H
~OP&T"R~RQ;K&O
&S:TS:1~|.TLAO~R8QZK&O;KVMŁS&MŁSOLOLKV32¦Q
H
E0FK&T"OS:MRR~L|VZKVMAS}N¨ ,Q;zK&O"~6K
H
S:&.FTLyS-0FK&&K.MAQ;U;K
MAS'¨ 3
H
S:QW~TLKX.F{}ﬀFT~K&{K
H
~{}S:TLQS
H
~ZQ@OWO~.{}KXK&O~NMAS;TL|.OLK
H
&K;KX;AO~S:;RMAE~|: 
;T"&OY;Q$OLK&QZAMz;KVMŁS~TLS
H
OLE~R
H
 ;K
H
~LTLKVM=2  5   K1~NQ
H
T"|&%FR{}K 88Q;S:OL74MŁS{}
H
S:AT"K
:
 O"K&{;MRK17
~74AM;Q;K<lMAS;TL|.OLK
H
&K<;K&OﬀFTLZO& dK1~;
H
<lMŁSy~S:AMRMAK
H
RK¤;Q O"8O"~L&{K: YFQ;OS-0F
H
O
0:FQ;MAQ&F{;T"K
H
;T"K}ZMAQ;O;TL|.&AO"|&{K
H
~- ¨S-0FK. Z 7GB¨5@K&Q
H
AK&TK.~+NBRTS~& UM=2¦
H
ﬀQZK
H
.K};K
.K.~L~LK¥~S:RMAMAK
H
RK: dK1~OS-0F:ATK
H
S:T~R&Q;MRAK&TOLMAS;TL|.OLK
H
&K$;K¥;AO~S:ZAMAE~|S:Q 0FFROL
H
S:%FK
;QOLK.Q;AM|.~S:R~Q
H
Z;|
H
:{}
H
K¤%F|
H
|&T"AQ;K:Q S:O. YFQ;O9S 0:
H
O;S
H
O9.K;QW~'S:SZ~|}MAK
{WZ&MAKY{
H
R{S:M2  5   D

 
C
2

MAS9%F|.F{}|1~T"AKYS:T"~LA.Q;MAR&TLKY;Q<O"8O~&{K/K
>
ﬀ|&T"A{K
H
~S:Mj
GUK&OT"|&O"Q;MR~S~OxZK/&K.~"~K/|1~Q;;KXO"
H
~;TL|.OLK
H
~L|&OYS:Q<S:;E~T"KD

ZGzK/;S:;R~LTLKD:D/TS:O"OLK&{9;MAK
MRK&O&
H
&MRQ;OLR
H
O;KV&K1~L~KXO"K&&
H
;KVS:T"~LAK
 F#
#
    


 - 

 
 
     

C
K;S:;R~LTLK/~TLS:R~LK/;KXM=2¦|.~LQ;;KX;KVMŁS~TLS
H
OLE~R
H
S:Q$S:FOYOLS~A7 ~K.{}ﬀFT"K&M;S
H
OYMAK
O"8O"~L&{KTL|.K&Mﬀ;TL|.OLK
H
~L|K
H
ﬂ#

WG¢SVOLK..~R
H
#WRD6K&O"~x&
H
OLS:&T"|&KN9MŁSX;TL|.OLK
H
~S~R
H
;Q
;AO"(:OLR~LR K
>
(|.TLR{}K
H
~S:M¨S:
H
O"¨Q32ﬂS:Q
>
&:{}ﬀFT"~LK&{K
H
~OYF;O"K&T0F|&O. UTL|.Q
H
AO6S
H
ONMAK
;AS:%FTLS:{}{KNZK&ONZS:OLK.O6ZQyO"8O~&{K:(GzS{|.~L;8;KX32ﬂ|1~Q;ZK9Q;K
H
FQ;O6S-0F
H
OYQZ~LAMAROL|.K/K&O"~
;|.&T"R~K9K
H
#ZJIW3GUK&OXT"|&OLQZMR~S~OFW~K
H
Q;OXO"
H
~X{}
H
~LTL|&O/K
H
#ZJ)¤K1~/;ROL&QW~|&OXK
H
#Wﬂﬁ;65
HZH
 
MRK&O&
H
&MRQ;OLR
H
O;KV&K/~TLS-0:SAMO"
H
~Y;TL|.OLK
H
~L|&K&ONS
H
OMŁSO"K&1~A
H
#Z
C


\^]\ _
e
b
fi
b
eghe
`
f
v
,e
u `
kg
r¥t¥`
g se
r
	

r<u u `
s
`/b
f<w
r9bd`/b
s o
bb
g
u `

 !	
@ #4&
JCD %B&
-(ﬁﬂ K %(".*
,
GB2¦K
>
(|.TLRK
H
.K: *TL|&S:MAROL|.KS:QOLK&
H
ZKM=2¦|&Q;AﬀK8
§
;;T"WZKYK
>
(|.TLA{K
H
~S:MAKxZK&O;;|
H
F{}
H
K&O
;:TLO¤32¦|&Q;RMAR;TLK
:
Mj2  6G  h;S:T<+h;T"AO"~LF;;KBRTS~& x+h;T"AO~ŁS
H
5yS~L;AO¤K1~$B;AMRA;ﬀK
5yS OLOLSZ -ﬀK&T"{}K1~zM=2¦|.~QZ;KP;K&Oz{:~E O FTL{|&OUMRFTLO;KPMŁS;|&O~S:ZAMAROS~LA
H
 .;K.Q
>
;R{}K
H
OLR
H
O
32¦K&O"S:.K: ,32¦Q
H$
MA{ MRAQ;R;K;FT" ﬃ.
H
~S:M3.
H
~
H
QZK&{K
H
~6S:MAR{}K
H
~L|:
Acquisition et traitement
Q
Chambre tampon
de pression
Huile Silicone
Caméscope
Depression constante
Film
Débitmètre
Pompe
Grille
8:9,;=<
#ZRD:
6HQﬂ@R\F_DIﬀDO#X4AﬂL`XO,P!O goBvZ[Aﬂ@N&O,RKBCﬂP]FJz
GUK XQ;T$;Q ;ROLﬀFOLE~E K
>
(|.TLA{K
H
~S:MXK&O"~@&
H
O"~LR~QZ|32¦Q
H
K%FTLRMAMRK&RTL&QZMŁS:RTLKK1~y;MAS
H
K
3"FQ;S
H
~¤MAK$T
:MAK$32ﬂQ
H
{}RMAAK.Q (FT"K&Q
>
¦#Z 

I

+hK.~"~K%:TLAMRMAK¥K.O"~¥;MAS:&|.Ky;:TL ﬃ.
H
~S:MRK&{K
H
~
#ZD
 G 'T#
] 
v !/ -E %*7`Ł(,% %-\-+(
r?1ﬂ%

	(Eﬃ
 '
d -0
S
H
OMAK 
H
$2ﬂQ
H
KV;S:{;T"K/.8MA
H
;TLRQ;KK
H
;|.;TLK.OLOLR
H
O"~S;MAK/K1~&
H
~T 
FMA|.KjR%;W#ZRD ﬃ1
+hK1~L~K/;S:{;T"K/(K.QZ~ .~LTLKXS:MRA{K
H
~|.KNK
H
.
H
~
H
Q¥K
H
MRAQ;R;K: 	;|.;R~
H
Q;Mj ZMŁS;|&;T"K&O"OLA
H
.F{}ﬀK
H
OLKK
>
S:1~K&{K
H
~$MAKlﬀFR;O¥;Q ﬀQ;AZK

AM
H
2¦nS SO$2ﬂ|.&FQ;MRK&{K
H
~-
3
H
S;(:T"~
{&{K/ qS:A;MRK/;K9MRAQ;R;KXTLF{Z~Y&K1~|&Q;RMAR;TLK

MAK ﬀQ;R;KVO&2¦|&&:Q;MAK9~TLS-0FK&T"OMŁS%FT"AMAMRK:ZG¢S
;|.;TLK.OLO"A
H
S:OLO"Q;TLK@S:MA:TLO'Q
H
K$S:QW~K&QZTZKﬀQZA;K<OLQ }OLS:{{}K
H
~R{}ﬀFT"~S
H
~K<S:Q£;K.OLOLQZO
;K<MAS%:TLAMRMAK}(FQZT%FS:TS
H
~LATQ
H
K@ﬀ
H;H
K<Q
H
R FT"{}E~|ZK@SOLOS%FK$~LTS-0FK.TLO&K&MRMAK!74&jdGUK&O
STS:{.~LTLK&O/ZK.
H
~T 
FMAK';K.K.~L~LKK
>
(|.TLRK
H
.K}O"
H
~MRK';|&ZR~}qMRK';AO"(:OLR~LR PK.O"~9S:MAR{}K
H
~L|
K
H
&
H
~L
H
Q¥K
H
 
H
.~LA
H;H
K&{K
H
~!ﬃPK.~xMASV08AO"&FO"R~L|N;Q¤MRAQ;R;K

MAK.O ﬀQZA;K.OxQZ~RMAROL|&OPO"
H
~;K&O
Q;RMAK&OBO"AMRA&
H
Kx;K;E?|.TLK
H
~LK&OB08AOL.FOLE~|.O{}S:ROd;
H
~MŁS{}S:OLO"K0FFMRQ;{}RQ;KK.~MŁSN~LK
H
O"A
H
;K
O"Q;T" qS:.KOL
H
~N~TL.O;T"W;K.OS:TNS:AMRMAK.Q;TLO.(GUK.OQ;AMRK&ONQW~AMRAO"|&K&OY
H
~Q
H
K{}S:OLO"K90FFMRQ;{AQ;K
;K

 ﬂ#
C ± 
 

) % ﬃ&{- PQ
H
K$~K
H
OLA
H
;KyO"Q;T" qS&KyZKlI
 ±
Dy{ ﬃ{ K.~;K&O}0WROL.FOLE~|&O
.
H
|.{S~LAQ;K.O
ν
;K
C
)
C
{{

ﬃO&
NK qS&
H
%:|
H
|.TS:MRK: ﬀ(FQZTQ
H
K908ROL&:OLR~L|K.~NQ
H
;|.;R~/Z
H;H
|.O& 3Mj2ﬂQ;RMAKVS:OLO"K}~TLS-0FK&T"O/MŁS
%FT"AMRMAK: *Q
H¤
MA{ OLK6 FTL{KN;QZAOxO"K;|&O~S:ZAMAROLK6OLFQ;OMj2ﬂK1?K1~x;KNMŁS9%FTLS-0WE~|;+hK1~L~K/K
>
(|.TLAK
H
&K
K.O"~/;
H

H
~LK&TL{|&ZŁS:RTLKVK
H
~T"K'&K&MRMAK;KMŁS 
H
~S:
H
K.ATL.Q;MŁSATLK 

)

 O"
H
S
H
S:MRF%FQ;K9Q
H
K
;R{}K
H
OLR
H
 ¨K.~&K.MAMAK;K<M=2¦
H
O~S:;RMAE~|;K6S-8MAK.A%FW7  S-8MA:T'l;K&Q
>
ZA{K
H
O"A
H
O. £M=2¦
H
|1~Q;;RK/MŁS';|.O"~S;AMRAOS~A
H
32¦Q
H@
MA{ MRAQ;R;KOLQZOLﬀK
H
;Q
H

H
S:MAR{}K
H
~| 

ﬁ



 !@ #* $ﬁ)*
K K % +% 0&/* %EF ﬀI  BK %
GUK/;AS:%FTS{}{KN;K.O;S:O"K&O;Q$O"8O"~L&{KVK.O"~YTLK.;TL|.OLK
H
~L|O"Q;TMŁS

%:Q;TLKX#ZJIWe58K&MA
H
MRK;|.;R~
32ﬂS:MRA{K
H
~S~LA
H
K1~MŁSX0WROL.FOLE~|;Qﬀ;Q;A;K W
H
F;OLK.T"0:K/;R?(|&T"K
H
~OxT"|&%FR{}K.Oh32¦|&.FQ;MRK&{K
H
~

ﬀFQ;TQ
H
;|.;R~.TLFROLOS
H
~& ;K&O%F:QZ~L~LK&O& ZK&OY&FMR
H;H
K.OYK1~;K&O
H
S:Z(K.OYMRAQ;R;K&O.
GzS@W
H
S:{}RQ;K;Q O8O"~.{}KK&O"~%FFQZ0:K&T
H
|&K¤ST9MŁS$&F{ﬀ|.~E~R
H
K
H
~T"K¤MŁS$%FTS-08R~L|K.~9MŁS
~LK
H
O"A
H
;KYOLQ;T qS:&KWGB2¦
H
O~S:ZAMAE~|;TLR{S:RTLKxK.O"~;
H
Y&K.MAMRK;K YS-8MAK&R%FW7  S-8MAFT   Yﬃﬁ
FC
 

28 


x~T"&Oz qS:AZMAKd;|.;R~¢
H
F;O"K&T0FKOLFQ;O¢MŁS%FT"AMRMAKZK&O¢%FFQZ~"~K&Oz;ROLﬀFOL|.K&O¢OLQ;T¢Q
H
TL|.OLK-SQ
;K
>
S:%F
H
SM*&K
H
~LTL|::+hK&F{(:T"~K.{}K
H
~zK&O"~¨OLR{}RMŁS:RTLK¨Y.K&MRQ;F;OLK.T"0:|hMA:TLOLQ;KPMj2ﬂ
H
T"K.~:Q;T
H
K
Q
H
K6;MAS:Q;K;MŁS
H
KTLK.&FQZ0:K&T~KN2ﬂQ
H
MA{ MAAQ;R;K{
H
.K

S:;TL.OQ
H
&K.T"~S:
H
~K.{}ZO& MAK

MR{
O"K;|.O"~S;AMRAOLKO"FQ;O9MAS< :TL{KZK%FFQW~L~K.O9;ROLﬀFOL|.K&OOLQ;TQ
H
T"|&OLK&S:Q ;K
>
S%F
H
S:M 

ﬁ

¢G¢S
MR
H
%FQ;K.Q;T32ﬂ
H
;KNZKN&K6TL|.OLK-SQ¥K&O"~h|&%*SMAK6
λRT = 2pi
√
2
√
γ
ρg
D )W IX{}{aﬀFQ;TMAK&OQ;AMRK&O
QZ~LAMRAOL|.K&Oﬃ1
S
H
OMŁS ﬃ&
H
K9;Ql;ŁS%FTS:{{K#W I};S:Q;TL|.KK
H
3LS:Q
H
K MRK

MR{ ZKMAR8QZA;K
H
2¦W.&Q;ﬀK'S:O
~LFQZ~K¥MASOLQ;T qS:&K<;K<MAS%FTLRMAMAK

MŁSO"Q;T" qS&K<;K<&K

MR{ S:QZ%F{}K
H
~K¥;T"F(:T"~R
H;H
K.MAMRK&{K
H
~
S-0FK.MAKY;|.;R~& W;KNOLFT~KNQ;KNMAKY;|&;E~xO"Q;T" qS:.AQ;K08R~LK&OLO"K;K;S:OLOLS:%FKNZKM=2¦Q;AMRK6V~TS-0:K&TLO
MAS¤%FTLRMAMAK-ﬃ6TLK.O"~LK}.
H
O"~S
H
~-¢
H
TLK&{}S:T"8QZKQ;KMŁS¥Z
H
S{}R8QZKK.O"~MŁS¤;MRQ;OXTLR;K(FQZTVMRK&O
Q;RMAK&O};K%FTLS
H
;K.O08AO"&FO"R~|.O&x+N2ﬂK.O"~<;
H
&K.MAMAK$Q32¦
H
OLKl;T"FﬀFOLK@;K;|.&TLRTLKR&j MRK&O
.F{}{K
H
~S:AT"K&Ox|1~S
H
~Y%F|
H
|&TSMAAOLS:;MRK&OS:Q
>
S:QZ~LTLK&OST"~RK&O;Q$;ŁS%FTS:{{K:
 S:OxZ|&;E~- MAKYTL|.%FA{K6ZKN%FFQW~L~K.OhﬀK&T"OLAO~K
	&ﬃ18GzS9;AO~S
H
&KNK
H
~TLK6&K.OxFS3"K1~OxT"K&O"~LK6~LTL&O
;T"WZKVZK
λRT

#*I
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
¢FQ;TQ
H
Z|&;E~6ZMAQ;OA{ﬀFT"~S
H
~- ZZK&ON.FMA
H;H
K&OMRAQ;AZK&O;T"K
H;H
K
H
~;MAS:&K}
	 	&ﬃ1 ZK&MAMRK&OYS:Q;O"OL
%F|
H
|&T"AQ;K.{}K
H
~h;AO"(:OL|&K.OhO"K&MA
H
Q
H
T"|&O"K-S:Q¥;K
>
S:%F
H
SM(.K
H
~T"|: ;S-0:K&
H
|&S
H
{F
H
OQ
H
KNMR
H
7
%FQZK&Q;TY32¦
H
;K;MAQ;OYﬀK.~E~K ﬀZTL8;K9;KDFDF 2}{{$ﬀ
H
~TLS
H
OLE~KV;QyT"|&%FR{}KX;K%FFQZ~"~K.ONS:Q
T"|&%FR{}K;K&FMR
H;H
K.O/S:T/M=2¦
H
~LK&TL{|&ZŁS:RTLKV32ﬂQ
H
T"|&%FR{}K{}
>
~LK$
	

	 	-ﬃ! 5ZS
H
O/K
H
~T"K&TXS
H
O
MRK&O9Z|.~SAMAOQ;K¤MAKMAK&1~K.Q;T9ﬀFQ;T"TSyT"K.~T"FQZ0:K&T'S
H
O ﬂ#8 

IW 

 

 MAS@;Z|
H
F{|
H
FMAF%:AKK&O"~
~LTL&O6TLR;K;S
H
ONMRKT"|&%FR{}KX;KV&:MA
H;H
K&O& 4M¢K&O"~NK
H
K.?(K.~ﬀFO"OLAZMAKV32ﬂ:;OLK.T"0FK.T;K.ON;|1 qS:QZ~O
~LF(:MAF%FRQ;K&O. -;K&O¢;|.O"~S;AMRAOS~A
H
O3%FMRFS:MRK&OUOL:Q;O¨MASx FTL{KP32ﬂ:OL&RMAMAS~R
H
OZKMRA%
H
K.OU;K&7
MR
H;H
K.OhK
H
:;(:OLR~LA
H
;K;;S:OLK ;FQ¤K
H
&FT"K/Q
H
KZAOL;S:TLE~A
H
;T"F%FTLK.OLO"R0FKN;KMŁSO"~T"Q;.~LQ;TLK
;K
>
S:%F
H
SMAK: &K.~"~K<;K.T
H
R&TLK¥ﬀFQZ0S
H
~}S:T"TLR0:K&Tl;|.;R~.TLFROLOS
H
~@
IIturbH
ﬃ9FQ ;|&.TLFRO7
OLS
H
~
IIturbL
ﬃ1 ;O"K&MR
H
MŁS908AO"&FO"R~|GzS'Z
H
S:{AQ;KXK&O~YS:MAFT"OS::~LAQ;K

MRK&O&:MA
H;H
K&OOLK
;|.;MŁS&K
H
~K.TLTS~AQ;K.{}K
H
~- ;K.MAMAK.OxﬀK&QZ0:K
H
~6 QZOLA
H;H
K&Th8Q;S
H
$;K&Q
>
32ﬂK
H
~TLKXK.MAMAK.OxOL
H
~~LTLF
;T"WZK&O& :FQS:;STS=<R~TLKS
H
OBQ
H
KTL|.%FA
H
MAK&QZT;K
H
OLE~|K&O~B~K.{}ﬀFTSATLK.{}K
H
~ qS:R;MAK:+hK
S;R~LTLKh~LTS:E~Kx;KMAS6~TLS
H
OLE~R
H
;QTL|.%FA{KxMAS:{}
H
S:RTLKS:QTL|.%FA{KhS:~R8QZK;K&FMR
H;H
K.O&
5
HZH
 ﬀFQ;T¢MAK.Oz;|&;E~O¢MAK.O¨;MRQ;OzA{(:T"~S
H
~LO& ;K.O
H
S:;ﬀK&OZKMRAQ;AZKB;TLK
H;H
K
H
~;MŁS:.K 	 	 	-ﬃ!
+hK.O
H
S:;ﬀK&O(K.QZ0FK
H
~}O&2¦FT"%*S
H
ROLK&T'O"FQ;OMŁSy FT"{}K¥ZK$O~T"Q;.~LQ;TLK.O}%F|.F{|.~T"AQ;K.O'OLA{;MRK&O
.F{}{K/;K.O6O";ATLS:MAK.OK
H
TL:~S~R
H
FQ<;K&OY&K.MAMAQZMAK&O.GzK
H
&:TLK: ,
H
~TLS
H
O"R~K/ZQyTL|.%FA{K;K
.FMA
HZH
K&O&K.MAQ;3ZK
H
S:;ﬀK&OYS:TM=2¦
H
~LK&TL{|&ZŁS:RTLKY32ﬂQ
H
TL|.%FA{K{
>
~K'
	 	

	 	 	&ﬃ1

 !  *ﬁ)*
CD# *
 *J;C&*"=.%BKH&
Jﬁ)%(,
+*
0,%Oﬁ)- $K %
+%/  ,#
%E
:K{KO"Q;AO
H
~L|&T"K&OLO"|&KVS:Q¥T"|&%FR{}K6;K/&FMR
H;H
K.O& WK.~;MRQ;OxS:T~R&Q;MRA&T"K&{K
H
~hMAS~TLS
H
O"R~R
H
;QO"8O~&{KY;KM=2¦|.~S~PO"~S~A
H;H
S:RTLKxO"S~AS:MAK.{}K
H
~PFTL%*S
H
AO"|VQ
H
|.~S~S::~LAQ;K8+hF{}{K

H
M=2ﬂS 08Q3 x.K.~L~LKy~TLS
H
O"R~R
H
ﬀK&QW~¤OLK qSATLK 08AOL.FOLE~|.
H
O~S
H
~K hK
H
S:Q;%F{K
H
~S
H
~¤MAK
;|.;R~qO"
ν &
)
C
{}{

ﬃOﬃYFQ@K
H
MAKV;R{}
H
Q;S
H
~OL
ν .
)
C
{{

ﬃOﬃ1(S
H
ONMAK.ON;K.Q
>
-S:O
K.MAMAKhS:TLT"R0:KxS:Td
H
~K&T"{}E~L~LK
H
.KhOL;S~R7 ~LK&{(FT"K&MRMAK:^¨S:TBMŁS6OLQ;E~Kx
H
O.2ﬂ
H
~|&T"K&O"OLK&TLSSQ
>
;K.Q
>
08AO"&FO"R~L|&Od~48;AQ;K.O
ν 1
C
{}{

ﬃOBK1~
ν 1
I

{{

ﬃO&*GzS

%FQZTLK#Z¦ﬁ/AMRMAQ;O~TLKMAK.OB;K&Q
>
~4WﬀK&O
;K~TS
H
OLE~A
H
O&(
H
OLKZMŁS:.K~:Q^3"FQ;T"O/}08AO"&FO"R~|9&
H
O~S
H
~LK: MRK9STS:{.~LTLK92ﬂFT";TLK9K&O"~
;
H
XMAK/;|.;R~32ﬂS:MRA{K
H
~S~LA
H

S
H
OMRK-S:O;K&O%FTS
H
;K&OP08AO"&FO"R~|.OqA%Z*#Z¦ﬁ,jS*ﬃ"ﬃ1 *RM;K
>
AO~KYQ
H
KY0:SMAK&QZTB&TLE~R8QZKYZQ;|.;R~
qc
~K.MAMAKYQ;K: 8OL(MAKYO"8O"~L&{KK&O~x
H
R~LŁS:MRK&{K
H
~BS
H
OhM=2¦|.~S~MŁS:{
H
SATLKhK.~xQ32¦
H
MRQ;ﬀS:;;MRAQ;K
Q
H
K(K.T"~LQ;TLS~A
H
32ﬂS:{}ZMAR~LQ;;K
H
RKqSThK
>
K.{};MRKK
H
TLS:;;T"WS
H
~x;K&Q
>
&FMR
H;H
K.Oh0F:E7
O"
H
K.O¤M=2ﬂS:R;K<32ﬂQ
H
K~R%FK ﬃ! O"
q < qc
S:MRFTLOMAK$O"8O~&{KlTLK1~FQZT
H
KlM=2¦|.~S~MAS:{}
H
S:RTLK: 
S:ZTL&O'Q
H
~TS
H
OLE~FRTLK;S::~RQ;K¥;
H
~MŁS@;Q;TL|.K¥;R0:K&T"%FK¥MAFT"OLQ;K¤MRK¤;|.;R~~LK
H
 0:K&TLO
qc
ST0S:MAK.Q;TLO9
H
 |.TLAK.Q;TLK.O& ¢K.~'O"
q > qc
S:MRFTLOMŁS$Z
H
S:{AQ;K¤;K108AK
H
~'Z|&OL:TL;
HZH
|&K<K.~MAK
OWO~.{}K
H
K¤TLK1~FQ;T
H
K 3LS:{}S:RO9yMj2ﬂ|1~S~9MŁS:{
H
S:AT"K:z
H
ﬀK&QZ~TLK&{}S:T"8QZK&TQ;K¤O"h
H
SQ;%7
{K
H
~KXMRK
H
~K.{}K
H
~YMRK/;|&;E~6S:MAFT"OxM=2¦|.~S~MŁS{}
H
S:AT"KNﬀK&QZ~YO"Q;;OLRO"~LK&TY(FQZT;K&O0S:MAK.Q;TLO;K
q
O"Q;(|.TLRK&Q;T"K&O
qc 
.K.~N|.~S~NMAS:{}
H
S:RTLKNK.O"~N;
H
VMA
H
|-S:RTLK.{}K
H
~O~S:ZMAK: 4MzK&O~O~S:;MRK/0WRON
08AO;K/ﬀK&T"~LQ;TL;S~R
H
Oh2JS:{;MRR~QZ;K
;H
AKO"
q < qc
K.~
H
O"~S:;MRK608AOV0WROx;KN~LK&MRMAK&O(K.T"~LQ;T7
S~A
H
OhO"
q > qc
;GUFTLO"Q;K/MAKO8O"~.{}KXS9~LTS
H
OLR~L|N0FK.TLOQ
H
|1~S~Z|&OL:TL;
HZH
|: ;
H
F;OLK.T"0:K
#F)
 G 'T#
] 
v !/ -E %*7`Ł(,% %-\-+(
r?1ﬂ%

	(Eﬃ
 '
d -0
8r9,;=<
#ZJIW
$>	O!F`MNvFRaRKB DSBXpAﬂQ'F^X`BX DIX `XPkRKBdz
6BJ#L^CuJ#BX l^FJ#BISNXoDIuDS@  dO,PBPpDSB JFKl`O#X`HL`XO,Pk@nrJ#B	X `XPkRKB=AﬂBISPP!NBaDGFC'X ISCjN@]MO,RKBoDSB
MSL^ISPP4BVMSL^ISP!PkB qey`n7DSB+HL^J#L^CﬂC?BX	qey.L^I_DSB=CEFAGAﬂBX	qeyze BXVHL^J#L^CﬂC?BX AﬂBI2lBCﬂPP!NB
DO#X4AﬂL`X`@BXVXISN I2CuN@X`BFI QﬂBvZF`MSL^CEFJ HBCﬂPN@n=L^I X`BoDS@4AEJFSHBN.BN&NvFPO!cdIﬂBRKBCﬂP]z  BX CEFAGAﬂBX
AﬂBISlBCﬂPTXﬂYwL^NMGFCﬂO#X`BN_X`L^IX0JF\g L^N&RKB DSB XP!N&IeHP!I2NBXKMS@L^RK@P!N&O!cdIeBX_XO,RTAEJ#BXnoHL^RaRKB DSBX
X4AEO,NvFJ#BXhBC NL^P]FP!O]L^C L^I DSBXhHBJ,J I2J#BXdz	> FC'XuJF

L^C?B)Q'FSHQSISN@B BC [FISC?BnJF XISN,g[FSHB
D Yw@HL^ISJ#BRKBCﬂPrFIMRKBCﬂP4B=AENLAﬂL^N&PO]L^CﬂC?BJ,J#BRKBCﬂPrFlBH	J#B DS@  dO,PnŁDSBVX`L^N&P4BocdIeB J#B DS@  dO,PsXISN&b
g[FSHO!cdIﬂB	NBXPkBaHL^C'XP]FCﬂP]z
#:ﬁ
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
;KNM=2¦
H
~K.TL{R~L~LK
H
.K6O"S~LA7=~K&{ﬀFTLK.MAMAKV  5  / W0:FATxA%;8#Zﬂ)qS*ﬃK1~Vq,ﬃ"ﬃ1 8MŁS TLS:.~LA
H
~Q;T";QW7
MRK
H
~K{} :K
H;H
KS:Q;%F{K
H
~S
H
~'S-0FK.M=2¦|&&S:T"~9S:QOLK&QZAM= z2ﬂK.O"~"7474ZATLK}S-0FK.MAK;|.;R~& 3"QZOLQ32ﬂ
.K¤Q;K¤MAK}S:FO9K
H
0S:;AO"OLK¤~LFQZ~MRKOWO~.{}K¥;K} qS&
H
(K.TL{}S
H
K
H
~LK
q > q2
ﬃ1¨PT"&O';Q
O"K&Q;RM= 8MŁSO"R~LQS~R
H
K.O"~Q
H
ﬀK&Q<;MRQ;Oh.F{;MAR8QZ|&K: 8-STxAM,¤SZAO"~S:;RMAR~L|K
H
~T"K/M=2  5  nK.~Q
H
T"|&%FR{}KS
H
OMRK&Q;K.MﬀO"K&Q;MRK6MASVTLS
H
%F|.K;KN.FMA
HZH
K&OPMŁSX;MRQ;OP;TL8;KY;K&O(FT";O;TL|.OLK
H
~LKNQ
H
K
Z
H
S{}R8QZK/;|&O"FTL;
H;H
|&K ,;K~48(K  5   Q
H
K/;A{K
H
OLA
H
 ZMj2ﬂ
H
~L|&T"AK&QZTx;Q<O"8O"~L&{K|1~S
H
~
O~S~LA
H;H
S:AT"K:
H
ﬀK&QW~XF;OLK.T"0:K&TX;K~K.{}ZOK
H
~K.{}ZO/;K&O/
H
&Q;T"OLR
H
O;Q;|.OLFT";TLK0:K&T"O
MRK/&K
H
~LTLKX;Q$O"8O"~L&{K¤ 0FFRTA%;Z#Zﬂ)q-ﬃLﬃ1,¨S:T" :AO&K.O
H
.Q;TLO"A
H
OO"
H
~NO"QOS
H
~LK&OY(FQZT
8NTLS:MAMRQ;{}K.T
:
MAKx;|.OLFT";TLK;S
H
O~LFQZ~BMRKhO"8O~&{K: :8QZ;TLK.S:OLO"KS:MA:TLO;S
H
OBMAKTL|.%FA{Kh32  5  /
BQ;ROMŁSZ
H
S:{AQ;K/ZQ@ VQZTYO"KX-S:MR{}K ZK.~YMRK;|&O"FTLZTLK
H
2ﬂK
>
AO"~LKX;MAQ;OQ;KVOLQZTMAK&OﬀFTLZO& 
ERP¨S:TMŁSlOLQZR~K<
H
QS:MR

K.TSl&K$TL|.%FA{K¤;K$QS:O"E74MAS:{
H
S:RTLK 5WSZTL|&O"K
H
.KyK.O"~}&MŁSATLK!7
{K
H
~;Q;K¤SQ&
H
ﬀR~VK
H
~LTLK¤Mj2ﬂFT"%*S
H
ROS~LA
H
ZK
>
S:%F
H
S:MAK;K&O&FMR
H;H
K.O9K1~MAK.O.
H
;E~R
H
O
S:Q
>
ﬀFTL;O.AT"&Q;MAS:AT"K&O& QS
H
<MRK/;|&;E~S:Q;%:{}K
H
~LK/MAKO8O"~.{}KXSOLOLKX;KX;MRQ;OxK
H
;MRQ;Ox;K
~LK&{;O;S
H
OM=2¦|.~S~2  5  /
§
QW74;K.MŁX32¦Q
H
K60S:MRK&Q;T
q1
;Q};|&;E~- MŁSX;RO"~S;AMRR~|;AO"S:TLS=<A~& *MAK
O"K&Q;M;|1~S~d(FO"OLR;MAK|.~S
H
~SMAFT"OM=2  5  /:G¢S6Z
H
S:{AQ;KxK.O"~P*8O"~|.TL|1~AQ;K

;|&;E~B&T"FAO"OS
H
~
MRKOWO~.{}K'ﬀK&QZ~NTLK.O"~K.TS
H
OM=2¦|.~S~NMAS:{
H
S:RTLKﬀFQ;T6;K&O60:SMAK&QZTLONZK
q
O"Q;ﬀ|&TLRK&Q;T"K&O/
qc
 
~S
H
;RO8Q2J;|&ZR~;|.&TL:AOLOLS
H
~Y
H
:;OLK.T"0FKV;KXM=2  5   3"Q;OLQ32ﬂS:Q$;|&;E~OLK.Q;AM
q = qc

S
H
O<MAK&S:O<;K&O<S:O"OLK.O$08AO"&FO"R~L|&O j¨A%;h#Zﬂﬁq,ﬃ"ﬃ1 xMRK&F{ﬀFT"~LK&{K
H
~¥;Q O"8O"~L&{KK&O"~
;E?|.TLK
H
~&
§

H
O"= OLZ.K;K&T
H
AK.TdK&O~PS
H
OM=2¦|.~S~dMŁS{}
H
S:AT"KPK.~BQ32¦
H
;R{}
H
QZKhMAK;|&ZR~- :S:MA:TLO
ﬀFQ;T
q < qc1
;K.OFOL.AMRMŁS~LA
H
O/ZK¤MAR%
H
K&OS:;;S:TS:ROLO"K
H
~'OLﬀ
H
~S
H
|&{K
H
~-GzSyZ
H
S:{AQ;K
S:O"OL8&R|&K¥K&O~;|.~LK&TL{
H
AO"~LK qﬀ|&T"A8;AQ;K-ﬃ1 MRK¥O"8O"~L&{K@K.O"~;
H
<~LFQ^3"FQZTLO'S
H
OQ
H
|1~S~
MAS:{}
H
S:RTLK:(¨:Q;TZK&O0S:MRK&Q;T"OX;Q ;|.;R~
H
 |&TLRK&Q;T"K&OV
qc2
 zMAK;|&O"FTLZTLK¤S;S:TLS=<A~&UGB2ﬂ|1~S~
MAS:{}
H
S:RTLKK.O"~9~LFQ^3"FQZTLOVMA
H
|-S:RTLK&{K
H
~VO"~S:;MRK: z{SAOXMAK.O9FO"&AMRMŁS~LA
H
O;KMRA%
H
K&Op3"FQ;K
H
~9MAK
T 
FMAK;KxﬀK&T~Q;T"S~R
H
O¨32JS{};MRR~LQ;;K
H
AK*+N2¦K&O~B(:Q;TLQ;FWAM8K&O~BA{(:OLOLR;MAKP;K~TL:QZ0FK.TBMAK
OWO~.{}K/S
H
OQ
H
|.~S~MŁS:{
H
S:AT"KYO"
q < qc2
3
H
K FAO8QZKVMRK;|.OLFT";TLK/K.O"~6S:;STLQ3 WOLFQ;O
MASV FT"{}K632  5  / Z
H
FZOLK&T0FK/Q
H
.F{(FT~K.{}K
H
~OLR{}RMŁS:RTLK9.K&MRQ;FW~K
H
Q<S-0FK./MAK.OhQ;AMRK&O
;K}S:QZ~LK&OV0WROL.FOLE~|&O. 2ﬂK.O"~"7474ZATLKMŁS<;RO"~S;AMRR~|'K
H
~TLK  5   K.~T"|&%FR{}KQS:O"E7 MŁS:{
H
SATLK
;T"&OxZQ¥OLK&QZAM
qc2 > q > q1
ﬃ1 8K.~xQ
H
K/S:QZ%F{}K
H
~S~LA
H
;KMŁSX TS:1~R
H
~LQ;TL;QZMAK
H
~LK{} :K
H;H
K
MRFTLO"8Q2ﬂ
H
O.2ﬂ|.MAFR%
H
K;QnO"K&Q;RMj ;|.;R~<;|.&T"FAO"OS
H
~!ﬃ! 3"Q;O"8Q2J &KQ;KMAKO8O"~.{}K OL:R~
K
H
~LA.TLK&{K
H
~YS:~AQ;K,S
H
O.KV&S:OAM
H
2¦<SS:O2ﬂ*8O"~L|&TL|.OLRO&
§

H
O"= MAK.Oh~TLS
H
OLE~R
H
OxS:QZ~LK&OK.~xS:OLO"K&Ox08AO"&FO"R~L|&O;T"|&OLK
H
~K
H
~Y;K.Q
>
;E?|.TLK
H
&K.OK&OLO"K
H
7
~LAK&MRMAK.O

MASZTLK&{A.TLKXOLKV qS:R~Y;|&ZR~6&TL:AOLOLS
H
~NK1~NK.O"~N8O~|&T"|.~LAQ;K: (MŁS'OLK.&
H
;KOLKV qS:R~Y
;|.;R~PZ|&&T"FAO"OS
H
~K.~
H
2¦K&O~hSO*8O"~L|&T"|.~RQ;K:WGB2JS:ZOLK
H
&KY32ﬂ*8O"~L|&T"|&OLROxS
H
OMRKOLK.&
H
}-S:O
K.O"~V;Q;K¥MŁS¤;T"|&O"K
H
.K};K.OXFOL.AMAMAS~R
H
O6;K'MAR%
H
K&O. 3Q;$3"FQ;K
H
~MRKT
:MAK';K'ﬀK&T~Q;T"S~R
H
O
32ﬂS:{;MAE~Q;ZK&O
H
AK&O.

H
O"K@ZTLFﬀFOLK@S
H
OMAK.O}O"K&1~A
H
OO"Q;R0S
H
~K.O}ZKy-STS:1~|&T"AO"K&T;MAQ;O
H
K.{}K
H
~¤&K.O;K.Q
>
~48ﬀK&OY;K/~TS
H
OLE~A
H
O&
#
C
 G 'T#
] 
v !/ -E %*7`Ł(,% %-\-+(
r?1ﬂ%

	(Eﬃ
 '
d -0
8:9,;=<
#Zﬂ)Z
? B+X XP4RKBnsl`I.A'FNxJ#B DSBXXIGXnqkFy_BP+q
  y\DGFC'XxJ#BxN@]MO,RKB D Y {  6n:BPqvH4y_DGFC'X
JYw@P FPŁcdIF^XO,b4JFRaO,CEFO,NBdz
 BXO,R\F`MSBX qkFy)L^CﬂPx@P4@\RKL  GBCﬂC?@BXoXISN_Xn AEI2O#X.X`BISO,J,J#@BXdzs BX

L^C?BX_DS@X`L^NvDSL^CﬂC?@BXn
DGFC'X	J#BXdcdIﬂBJ,J#BX	J#BX.HL^J#L^CﬂC?BX L^CﬂP  L^IMS@nŁFAGA'FNvFO#XX`BCﬂPrFJ#L^NX.BCuC?L^O,NqvBvZPNvFO,PŁDSB

yz
q
  y BXPaISC O,C'XP]FCﬂP FC?@dz	pC DO#XPO,CSMIﬂBuDSBXﬀN@]MO]L^C'X JFRaO,CEFO,NBXn\L
 J#BXfHL^J#L^CﬂC?BXX`L^CﬂP
L^NMGFCﬂO#X`@BXXI2NxISCﬀN@X`BFIKQﬂBvZF`MSL^CEFJ q _DNL^O,PkB4y`npBP:DSBX	DSL^R\FO,C?BX HQ'FSL^P!O!cdIeBXn:L
0O,J6C?Y  
F A'F^XoD YwL^NvDNBVX4A'FP!O!FJsqvBC)Q'FI2P=BPBC  F^X aMGFIﬂHQﬂB4yz >.BIZ A'FO,NBX DSBaHL^J#L^CﬂC?BXVX`L^CﬂP=BC
P!NvFO,CjDSBaHLdFJ#BX`HBN DGFC'X.HBX DSL^R\FO,C?BXdz
qvH4yVBXPEJ#BrN@XI2J P]FP D Y ISC?BrN@R\FC?BC?HB XISNŁ+X EL^CaDO#XPO,CSMIﬂBrJ#BXrRKL^I2lBRKBCﬂP,X:DSBXpHL^J#L^CﬂC?BX
AﬂBCEDGFCﬂPŁHBPrO,CﬂPkBN&l^FJ,J#B DSBxPkBRTAﬂXdz  BXaHL^J#L^CﬂC?BX	DI  L^NvD	AEN@X`BCﬂP4BCﬂPrISC?BoD ^CEFRaO!cdIeB	DSB
P  &AﬂB	{    ISC?B_DO,RKBC'XO]L^CEzpC AﬂBISPxL X`BN&lBNDSB.PkBRTAﬂX_BChP4BRTAﬂX\DSBX.O,C?HI2NXO]L^C'XaDSB
HB DS@X`L^NvDNB	lBNX J#B.HBCﬂP!NBoDIX `XPkRKBdz
# 2
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
c q2q1q
IST
Quasi−laminaire
CST
Debit
Bistabilite
Laminaire
(a)
q Debit
CST
LaminaireOscillations
Quasi−laminaire
Bistabilite
qq1q2 c1c2
IST
(b)
8:9,;=<
#Z¦ﬁ;
?>	O!F`MNvFRaRKBXTDSBX:AﬂQ'F^X`BXVcdI'FJ O,P FP!O gX:AﬂL^ISNVJ#BXTl`O#X`HL`XO,Pk@X sqkFy ν & aRaR 4ﬂX
BPTq
  y ν . KRaR   ﬂXdz

 !  %EN&ﬁ)%Eﬀ6 ;
%/ ﬁ - *  C
§
0S
H
~6ZKV;S:OLO"K&TYMj2ﬂ|1~Q;ZK/8Q;S
H
~R~S~E0FKX;KXMŁS9~LTS
H
OLR~LA
H
 Z
H
O&2¦
H
~|.TLK.OLOLKS:Q
>
;TL8&K.OLOLQZO
;Ky&TL|&S~R
H
O¤K1~¤ Q;O"A
H
O;Kl&FMR
H;H
K.O& 8QZOL
H
~<MAS S:O"Kl;KMAS (K.T"~LKl;K&:;|&T"K
H
.K
O"S~AS:MAKNK.~Y;
H
X;KXMAS9~TS
H
OLE~A
H
0FK&T"O6MRK/S:FO.
5WQZ;(:OL
H
OQ32J@-S:Q;O"K;K.O{FQZ0FK.{}K
H
~O9ZK&O9.FMA
H;H
K&OMAK.Q;TZK
H
O"R~|};K.08RK
H;H
K~K.{}ﬀ7
TLS:AT"K&{K
H
~h qS:R;MAK6S
H
OhQ
H
K/TL|.%FA
H
;KM=2¦|&.FQ;MRK&{K
H
~-ZS
H
O.K/-S:O. ;MŁS9%:TS-08R~|N;|&O~S:;RMAROLK
MRK

MA{;K/MRAQ;AZK: 3"Q;OLQ32ﬂ'&K/Q32¦Q
H
K
H
FQZ0:K&MRMAK.FMA
HZH
KOL:R~.TL|&|.K

MAKNO"8O"~L&{KS%FS:%
H
|
Q
H
KV.FMA
H;H
K:
 M=2¦F;ﬀFOL| WR{S%F
H

H
OBQ;K;K.Q
>
.FMA
H;H
K&OOLK6TLK.~LTLFQW0FK
H
~ZTL8;K&OxMj2ﬂQ
H
KN;K6M=2ﬂS:QZ~LTLKYOLFQ;O
Mj2ﬂK1?K1~';K¥MŁSW
H
S:{}RQ;K:BNS
H
O&K¥&S:O& BK.MAMAK.O&FS:MAK.OL&K
H
~}O"FQ;O'Mj2ﬂK1?K1~;K¥MŁSy~LK
H
O"A
H
;K
O"Q;T" qS:.K

MAK/O"8O~&{KVS%:MAFSMAK&{K
H
~h(K.TL;Q$Q
H
KX&:MA
H;H
K:
§

H
O"= ﬀMAK&ON&TL|&S~R
H
OZK&FMR
H;H
K.OOL
H
~X%:FQZ0FK.T
H
|.K&OXS:TNMŁS%FTLS-0WE~| MAK.Q;TLO6 Q;OLR
H
OSTMŁS
~LK
H
O"A
H
;KhOLQ;T qS:&K+hF{{}KS
H
OBMRKh-SOBMŁS:{
H
SATLKY
H
O~S:ZAMAE~|P;K YS-WMRK&R%FW7  ¨S-8MAFT¢S-0FK.
ﬀQ
>
ﬃ! W2ﬂK.O"~h;AK
H
MŁSX&:{}ﬀ|.~LR~R
H
%FTS-08R~L| ﬃ~LK
H
O"A
H
;K6OLQ;T qS:&K68QZ(T"|&%FE~MASVW
H
S:{}RQ;KN;Q
OWO~.{}K

\l\  v
gxw9iys
`
s
v
gxo9s
`
GB2¦|.~QZ;KNQS
H
~LR~S~R0:K6ZKN&K.O~LTS
H
O"R~LA
H
OPSOLOLKNS:T;K&O{}K.OLQ;T"K&OhO~S~LAO~AQ;K.O&W¨FQZT.K&MŁS

H
;:R~S:Q ;T"|-S:MAS:;MRK;|1~K&1~K.TS:QW~F{}S~RQ;K&{K
H
~'MRK&O'&:MA
H;H
K&O&dGzK¥{8;K¥;K¤08AO"QS:MA7
OLS~R
H
ZQ O"8O~&{K: ¨S:TVMAK;K.OLOLQZOK.~$~TLS-0FK&T"O9MRK&OX~TL:Q;OZKMŁS<%FT"AMAMRK: (K
H
QZ~LAMRAOS
H
~XMRK&O
;T"F;T"A|.~L|&O;K$TL|1 TS:1~A
H
ZK@MASMRQ;{A&T"K¤S:TMj2ﬂQ;RMAK ¦#Z 

I

 B~T"FQZ0FK$A.OLK.O}MRA{R~K.O9K
H
#

    x/
 ﬃ*] %'!

T"K
H
S
H
~; .AMAK¥MAS Z|.~K..~LA
H
;K&O}&FMR
H;H
K.OS:TQ
H
;TL8&|.;|S:QW~F{}S~RQ;K:5
H
K1?K1~- 
.F{}{K$
H
MRK@0F:R~}OLQ;T¤MAS

%FQ;TLK#ZJ);q,ﬃ! .K&MRMAK&O74.NS:ZS:TSAOLO"K
H
~¤.F{{}K$Q
H
K
H
OLK.{;MAK
;KVﬀF
H
~OMRQ;{
H
K.Q
>
 MAK&QZTLO&K
H
~LTLK.ONOL
H
~
H
FRTLO. K.~6MAK&QZTLOMAQ;{
H
FOLE~|&O0:STLAK
H
~Y :T"~K.{}K
H
~-
GzS';|.~LK&1~A
H
S:QW~F{}S~RQ;K;K.O6.FMA
HZH
K&O;FE~;
H
V;S:OLO"K&TYS:TQ
H
~TSR~K.{}K
H
~32¦A{}S:%FK
O"(|.&

8QZK:Z+hK&MAQZE74.,SV|1~|6K.?(K&.~LQ;|N;S:Tx+hZTLAO~FZ;KNBRTS~& *AMK&O~x;T"|&O"K
H
~|K
H
;|1~S:RMS
H
O


I

FGzSNZTL8&|&ZQ;TLK.F{}ﬀFT~KhQ
H
Kh08
H
%~S:
H
Kh32¦|.~S:ﬀK&Od;
H
~0FFR&ZMRK&O¨;MAQ;OOLA%
H


&S~E0FK.O

S:ZTL&OS-0FFRT/;|&.F{(FO"|}Q
H
K}O"|&Q;K
H
&K08R;|&$K
H
A{}S:%FK.O/;AO~
H
.~K.O& z&K.MAMRK&O7 &dO"Q;;ROLOLK
H
~
;K.Q
> 
ME~TLS:%FK&O9;K$,:Q;TLRK&T9O"Q;&.K&O"OLR O. ;S:&Q
H
lS:QZ~LK¥K.~SOLOLK¥ T"|&Q;K
H
&K&O}OLS~ŁSMAK&O. 
;QZAOxQ
H
O"K&Q;RMAMŁS%FK:WGUK&O&:MA
H;H
K&OS:;;S:TS:ROLO"K
H
~YS:MA:TLOx.F{}{KNZK&OFS3"K1~O;RK
H
&
H
~LTS:O~|&O
K1~x;F{F%F
H
K&O. 4MﬀK&O~S:
H
OLﬀﬀFOLO"A;MRK6S
H
OhQ
H
;K&T
H
AK.T~K.{}ZOh;K6;|.~LK&.~LK&TMRK&Q;T"OﬀFOLE~R
H
O
O"Q;TS:Q;KVA{}S:%FK:
Z2ﬂS:TL|-SMAAO"|MRK}~TLS:R~LK&{K
H
~ZK¤&K.O';
H;H
|.K&O. dQ;xSﬀK&T"{}RO32¦FZ~LK
H
RTMAK.O9T"|&OLQZMR~S~O;T"|17
O"K
H
~|.O}S
H
OMŁSyO"K&.~LA
H
OLQZR0S
H
~K 6FQZO}S-0:
H
O|.~LQ;;A|¥MRK&O~LTS
H
O"R~LA
H
O9(FQZT';K&OQ;AMRK&O
;K0WROL.FOLE~|&O
ν 1
I

 
C
K.~D
 
{}{

ﬃO.3S
H
OS:Q;K'&S:O& 3ﬀFQ;T6OLK.Z~0S:MAK.Q;TLO6;Ql;|.;R~
H
:Q;OxS-0F
H
O|.~LQ;;A|6;K&OhOL|&Q;K
H
&K.O6ZK/)*IV{
H
QZ~LK&O. WK
H
TLK.%FAO~TL|.K&O9Q
H
~S:Q
>
;K/I
C
R{S:%:K&O
STNOLK.&
H
;K

(¨FQ;T6S:Q;K0S:MRK&Q;TY;KMAS08AO"&FO"R~|K.~N;Q;|.;R~NQ
H
KO"|&Q;K
H
&K&
H
~LAK
H
~
;
H
9ﬁ  
  
R{S%FK&O. 4M¢K&O~XS:
H
OLzﬀFOLO"A;MRK32ﬂS-0FFRTS:.&.O/;K.OO"~S~RO"~RQ;K&O6OLQ;TK
H
0WRTL
H
2'{AMAMRA
H
OZK.FMA
HZH
K&O.

H
ZTL|&O"K
H
~KyS
H
O}MŁSOLK&1~R
H
O"Q;R0S
H
~K$MAK.O}T"|&O"Q;MR~S~O}FZ~K
H
Q;OﬀFQ;TMAK.O08AO"&FO"R~L|&O}~4*7
;RQ;K&OX;KI

K.~
C
{}{

ﬃO& UMAK.O/TL|.OLQ;ME~S~LOVﬀFQ;T
ν 1
D

{{

ﬃOXK.~
ν 1
C
{{

ﬃO|1~S
H
~
QS:MRR~S~E0FK&{K
H
~MRK&O{&{K&O.

\ l\  v/b
o
t
g
r
g
b

H
&S:TS:1~|.TLAO"Kh%F|
H
|&TLS:MAK.{}K
H
~dMAK.O¨~LTS
H
O"R~LA
H
O¨S:Q'SFO08ŁSY
H
~K.TL{R~L~LK
H
.KhO"S~R7 ~LK&{(7
T"K&MAMRKxS:TBMAS/{}K.OLQ;T"K;K&OK
>
ﬀFOS
H
~LO{K
H
~R
H;H
|.OPS:QS:;E~TLK  MAFT"OLQ;K&K.Q
>
74&,K
>
RO"~LK
H
~- 
2ﬂK.O"~"7474ZATLK6OL(MŁS~LTS
H
O"R~LA
H
K&O"~.
H
~
H
QZK ﬃ1;5yS:ROhMŁS{}K.OLQ;T"K;K/&K.OK
>
ﬀFOS
H
~LOS:OLO"K/S:T
MAS ;|1~K..~R
H
ZTL|&.AO"Ky;K.Oﬃ&
H
K&O¤MAS:{
H
S:RTLK.OK.~~Q;T";Q;MRK
H
~K.O& hQ;YO&2ﬂS-0F.TLK;&AMRK¥S
H
O
H
~TLKO"8O"~L&{K¤-S:QZOLK';KOLS
H
S~LQ;TLKZAOL.TL1~KK1~/;K&O/ZR?(|&TLK
H
~ON~48ﬀK&O/;K{FQZ0:K&{K
H
~O
Q;((K.QZ0FK
H
~YS-0:FATxMRAK.QS
H
OxMAK.O ﬃ&
H
K&OxMAS:{}
H
S:RTLK&O6;|. qS:QW~Oh~LF(:MAF%FRQ;K&OFOL.AMRMŁS
H
~O. FO7
.AMAMAS~R
H
OdZKNMAR%
H
K.Oﬃ1 YFQ;OhS 0:
H
OxZ
H
NQW~AMRAO"|;R?(|&T"K
H
~O~4WﬀK&Oh;K6~LTS:.K&Q;T"OhﬀK&TL{K.~"~S
H
~
;KV;|
H
AT6;MAQZOLAK.Q;TLOYS:TLS:{.~T"K&OY32¦FTL;T"K:(+hF{{}KV
H
MAKX0FK&T"TS;S:T6MASO"Q;R~LK: ,M=2¦Q
H
32ﬂK.Q
>
H
:Q;O'SﬀK&TL{AO32ﬂS 0:FATS:&.&OMŁS$ TS:1~A
H
~Q;T";Q;MRK
H
~K¤{ FK
H;H
K¥S
H
O'MAKO8O"~.{}K BK.~
;
H
NXM=2¦K
>
ﬀFOS
H
~
β
 Q;,-S:TLS:.~L|&TLROLKM=2¦|.0:FMAQW~A
H
ZK6MAS/ TLS:.~LA
H
~QZTL;Q;MRK
H
~KY{^:K
H;H
K
Ft
;T"&O6;QyO"K&Q;RM¢ZK9MŁS'~TLS
H
O"R~R
H

Ft ∝ (ε− εc)β
OL
ε
K&O~MAKVS:TLS:{.~T"KX;K9.
H
~T
:MAKXK.~
εc
OLS0:SMAK&QZT&T"R~RQ;K ﬃ! Q;K'M=2¦
H
ﬀFQ;T"TS.F{};S:TLK.T/¤&K.MAQ;dZK'MŁSﬀK&T"&FMAS~R
H
;RTLR%F|&KU+hK&O
;E?|.TLK
H
~LO~TS&K&QZTLOOL
H
~

 * 
 ! !"  ﬁﬀ)ﬃﬂ
#
 -ﬃ! ﬃ%  ﬃ ﬂ !,ﬃ "#   '-ﬃ! ﬃ!  " !ﬀ)ﬀ)" ﬃ%&" !'	 0  	ﬀ 

   
	%	ﬀ
#
 ﬂ'  ﬃﬂﬀ $ , ﬂﬀ)
$ 	)"	,ﬃ!   
/
#  
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
¡
MAK
H
F{ZTLK;K.FMA
HZH
K&O.E5
H
K1?K1~- ¢&F{{}K
H
MAK0FK.TLTS@S:TVMŁS<OLQ;E~K: ¢&K
H
F{ZTLKK&O"~
{S
>
R{SMﬀMRFTLO"Q;KN~:QZ~K.OMAK&Oh&FMR
H;H
K.OxOL
H
~;ROLﬀFOL|.K&OO"Q;TQ
H
TL|.OLK&S:Q<;K
>
S:%F
H
S:M=ZBMAQ;O
MAK/OWO~.{}KVK&O~6Z|&OL:TL;
HZH
|: ,;MRQ;O&K
H
F{ZTLK/K&O~6 qSA;MRK:
¡
MŁS¤ TS.~R
H
;K&FMR
H;H
K.OVS FS
H
~9O"
>
;MAQ;OX;T"WZK&OX0FFROL
H
O&¢+hK.~"~K TS:1~R
H
K&O"~V|.%*S:MAK
Q
H
OLUMAK.O&FMR
H;H
K.OOL
H
~Y;AO"(:OL|&K.O6O"Q;TQ
H
TL|&O"K-S:Q$;K
>
S%F
H
S:MU.K
H
~T"|:
¡
M=2¦|&&S:T"~7 ~48(KN;K&OxZAO"~S
H
.K&OK
H
~LTLK;MRQ;Ox;T"WZK&Oh0:FAO"
H
O. 4MK.O"~
H
Q;M(OL(MAK&Oh&FMR
H;H
K.OhOL
H
~
OLQ;TQ
H
TL|.OLK&S:Qy;K
>
S:%F
H
SM=
¡
MAK~S:Q
>
;K¤&T"|-S~LA
H
O ﬃ Q;O"A
H
O&B+hK¤~S:Q
>
K&O"~
H
Q;MhMAFT"OLQ;K¥MAK}O"8O"~L&{K<K&O"~;S
H
O'M=2¦|.~S~
MŁS:{
H
S:AT"K:

  	
 %OKHﬃﬁ % +%H$,
%E
5WQZTxMŁS

%FQ;TLK#Z
C
O"
H
~TLK.;TL|.OLK
H
~L|&K.O6MRK&Ox;RO"~LTLAZQZ~R
H
OhZQ
H
F{;T"K;K/.FMA
HZH
K&O
N
{}K.OLQW7
T"|&K&OﬀFQ;TO"
>
0S:MRK&Q;T"O;Q@Z|&;E~(FQZTQ
H
KXQ;AMRK;K/08AOL.FOLE~|
C
{{

ﬃO&6KqS*ﬃx@ ﬃhMAK
;|.;R~K&O~B&T"FAO"OS
H
~- 
H
O.2ﬂ|.MAFR%
H
K;
H
;Q'OLK.Q;AMjGUKx.F{(FT~K.{}K
H
~¨MAK;MAQZO{}S:TLQS
H
~K&O"~
MRK qS:E~Q;K'MAK
H
F{ZTLK{ FK
H
ZK'&FMR
H;H
K.O;A{
H
Q;KQS
H
lMj2ﬂ|.-S:T~XS:QlOLK.Q;AMS:Q;%F{K
H
~LK:
GUF
H
;QOLK&QZAMYj¨A%;(#Z
C
qW7= ﬃ"ﬃ1 3MAS¤;AO~T"A;QZ~LA
H
OLK&{9;MAK 1~TLK;K~48ﬀK%*S:Q;O"OLAK
H
 zS-0FK.}Q
H
 qS:R;MAK|.-S:T~"7=~4WﬀK:Z+hK.~"~KY;AO~T"A;QZ~LA
H
O"K&TS-S:TLS:.~L|&TLROL|.K6;MRQ;OMAF
H
*BMAQ;O;T"&OhZQOLK.Q;AM,;K
MAS~LTS
H
O"R~LA
H
j¨A%;^#Z
C
,ﬃzK1~ ﬃ"ﬃ1 MŁS;AO~TLR;QZ~LA
H
K&O~d;R{}8S:MRK

MAKPO"8O"~L&{KxK&O~d;RO"~S:;MAK
GUK';R'&FT"TLK&O"(
H
S
H
~S:Q
>
0:SMAK&QZTLO/;Q
H
F{ZTLK';K'.FMA
HZH
K&OXMAK9;MAQ;O/%:TS
H
K.O"~S:OLO"W.A|
S:Q@TL|.%FA{KQSOLE7 MŁS:{
H
S:AT"K: ZMRKO"K&.
H
;AS:QT"|&%FR{}KX32  5  /z+hK;K&T
H
AK.TN.
H
~
H
Q;K}OLK
;|.-S:MRK&TV0FK&T"O'MAK.O%FTS
H
;K&O0:SMAK&QZTLO;K
N
MA:TLOLQ32¦
H
O.2JS:Z;TL8;K¤;Q O"K&Q;RM=¨BMAQ;OZTL&O'ZQ
O"K&Q;RM= F.K&O;K&Q
>
ZA&OPO"
H
~h.
H
 
H
ZQ;O

MRKO"8O"~L&{KNO"K~LTLFQW0FK6S:MAFT"OBS
H
OQ
H
TL|.%FA{K{}
>
~K
K
H
~LTLKMj2  5   K1~BMAKxT"|&%FR{}KQS:O"E74MAS:{
H
S:RTLK -MAKxZ|&OL:TL;T"Kx0FK
H
S
H
~K.OLO"K
H
~RK&MAMRK&{K
H
~B;K.OB(:TL;O
{}S:AOhK
H
0S:;AO"OS
H
~YMŁS~L:~S:MRR~L|N;Q$O"8O"~L&{K:
GzS

%FQZTLK#Z 2/TLK&ZTL|&O"K
H
~KYMŁSZAO"~LTLR;QZ~R
H
;Q
H
:{;TLKZK&FMR
H;H
K.O
N
(:Q;TBOL
>
0S:MAK.Q;TLOBZQ
;|.;R~PﬀFQ;TPQ
H
K6Q;RMAK;K08AOL.FOLE~|
ν 1
I

{{

ﬃO&8GUKYZ|&;E~K.O"~&T"FAO"OS
H
~;K9jS*ﬃd} ﬃ1 *
H
O"KTS:;ZTL8;Kx;
H
;Q'OLK.Q;AMj! ST"~dMRKh qS:E~Q32¦
H
O&2ﬂS:;;T"WZK;QOLK&QZAMZK
H
S:Q;%F{K
H
~S
H
~dMAK
;|.;R~S:QMAAK.QZKhMAKP;R{}
H
Q;K&T. MAK&F{(:T"~K.{}K
H
~K.O"~BS
H
S:MA:%FQ;K6.K&MAQZ8:;OLK.T"0F|h(FQZT
ν 1
C!
{{

ﬃO&
§

H
O"= 3MRF
H
ZQ OLK.Q;AMBMAS¥;AO~TLR;QZ~LA
H
K.O"~;K~48ﬀK}%FS:Q;OLO"AK
H
 UMAK';ROLK;|&&S:MŁS
H
~
0:K&TLOPMRK&OB%FTLS
H
;K.OP0S:MRK&Q;T"OB;K
N
QS
H
M=2¦|&&S:T"~S:QO"K&Q;RM;;A{
H
Q;KFGzS/;AO~T"A;QZ~LA
H
;K.08AK
H
~
|.%*S:MAK.{}K
H
~B;A{8S:MAK;MRQ;Od;T"&OP;QOLK.Q;AM3jR%;F#Z 2W7  ﬃLﬃ! {}S:AO¨&K1~L~K FROMRK&OB;K.Q
>
;R&O
H
K
.*S:MAK.OL.K
H
~ 3LS:{}S:RO

SQ;MRQ;OZTL&O;QO"K&Q;RM= *MRK6;RNSOLOL8&R|NXM=2  5     qS:AZMAK&OB0S:MRK&Q;T"O;K
N
ﬃ
O"K/;|&ﬀK&Q;ZMAKXS:Q¥;T"

~ZK/&K&MRQ;3SOLOL8&R|XS:Q¥TL|.%FA{KNQSOLE7 MŁS:{
H
S:AT"KVq%FTLS
H
;K.Ox0:SMAK&QZTLOx;K
N
ﬃ1
§

H
O"= 8(:Q;Tx;K.O0S:MRK&Q;T"Ox;K
q
~K
H
S
H
~0FK&T"O
qc
qS:T0:SMAK&QZTLO
H
 |&TLRK&Q;T"K&OﬃMAKO8O"~.{}K
K.O"~;KN;MAQ;OhK
H
;MRQ;OhO"FQZ0FK
H
~6;S
H
OxMj2ﬂ|1~S~h8Q;S:OL74MŁS{}
H
S:AT"K::GzKN;|&;E~
qc
K.O"~.K&MRQ;39;S:T"~LAT
;QZ8QZK&MzMAK/;|.OLFT";TLKXO"Q;TMAK&OﬀFTLZO;AO"S:TSﬂ<A~-

H
S &
H
O~S~L|Q;K (:Q;T¥MAK.O$ZK&Q
>
08AO"&FO"R~L|&O¤~48;AQ;K.O& MAK
H
F{;T"K ZK .FMA
H;H
K&O
N
S:QZ%F{}K
H
~S:E~QS
H
'
H
O&2ﬂS:;;T"W;S:R~BZQ'OLK&QZAM= :2¦K&O~"7474;RTLK8Q;S
H
MAK;|&O"FTL;T"K;A{
H
QSR~-

H
ﬀK&QW~S:MRFTLOK
H
08AOLS:%FK&T;KNZ|
H
RTh.F{}{KS:TLS:{}1~T"K632¦FT";TLK6;Q¤O"8O~&{KMASQS
H
~E~|
〈1−N/Nlam〉
 ,
〈. . .〉
TLK.;TL|.OLK
H
~LK9MAS{ FK
H;H
K~LK&{(:TLK&MRMAK ZK.~Y
Nlam
K.O"~YMAK
H
F{9;TLK
#F#
    x/
 ﬃ*] %'!

100 110 120 130 140 150 160 170 180
Nombre de colonnes
0.00
0.05
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(a)
100 120 140 160 180
Nombre de colonnes
0.00
0.05
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(b)
100 120 140 160 180
Nombre de colonnes
0.00
0.05
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(c)
100 110 120 130 140 150 160 170 180
Nombre de colonnes
0.00
0.05
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(d)
100 110 120 130 140 150 160 170 180
Nombre de colonnes
0.00
0.05
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(e)
100 110 120 130 140 150 160 170 180
Nombre de colonnes
0.00
0.05
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(f)
8:9,;=<
#Z
C

?>	O#XPN&O dISPO]L^C'X=DIC?L^R  dNBDSBVHL^J#L^CﬂC?BX AﬂL^ISNpI2C?B:QSI2O,J#BDSB=l`O#X`HL`XO,P4@S}VRaR 4ﬂX
BPrAﬂL^ISN DSBXKDS@  dO,P,XKDSB 	qkFy n~ HR
3
ﬂXn.q
  y  [n~ HR
3
ﬂXn.qvH4y\~E^n]fHR
3
ﬂXn
qkDy_n HR
3
ﬂXnqvB4y ~'nHR
3
ﬂX.BP+qg y ~'n

HR
3
ﬂXdz
D

 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
120 130 140 150 160 170
Nombre de colonnes
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(a)
120 130 140 150 160 170
Nombre de colonnes
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(b)
120 130 140 150 160 170
Nombre de colonnes
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(c)
120 130 140 150 160 170
Nombre de colonnes
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(d)
120 130 140 150 160 170
Nombre de colonnes
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(e)
120 130 140 150 160 170
Nombre de colonnes
0.00
0.10
0.20
0.30
0.40
0.50
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(f)
8:9,;=<
#Z 2Z
?>	O#XPN&O dISPO]L^C'X=DIC?L^R  dNBDSBVHL^J#L^CﬂC?BX AﬂL^ISNpI2C?B:QSI2O,J#BDSB=l`O#X`HL`XO,P4@p'}VRaR 4ﬂX
BPrAﬂL^ISN DSBXKDS@  dO,P,XKDSB 	qkFy n~ HR
3
ﬂXn.q
  y  [n

HR
3
ﬂXn.qvH4y 

n~ HR
3
ﬂXn
qkDy ^n HR
3
ﬂXnqvB4y `n 0HR
3
ﬂX.BP+qg y_2}`n HR
3
ﬂXdz
D

D
    x/
 ﬃ*] %'!

;K¥.FMA
H;H
K&O';S
H
OM=2¦|.~S~'MŁS{}
H
S:AT"K@qQ;K&O~}S:Q;OLO"xMAK
H
F{;T"K¥{S
>
R{S:MP;K<.FMA
HZH
K&Oﬃ1
〈1−N/Nlam〉
OLK.{;MRKx(:QZ0FFRTE3"FQ;K.TdMAKT
FMRKh;K;S:TS:{.~LTLK32ﬂ:TL;T"Kx;QO"8O"~L&{K-S:TAM8K&O"~
H
Q;MzS
H
O6Mj2ﬂ|1~S~YMŁS{}
H
S:AT"KNK1~S:QZ%F{}K
H
~KS 0:K&MAKX;|&O"FTLZTLK:(GUK&OY;ŁS%FTS:{{K&O;K.ON;SOLK&O
S:O"OL8&R|&OV$.K};S:TS:{.~LTLKOL
H
~TLK.;TL|.OLK
H
~L|&OO"Q;TVMŁS

%FQ;T"K#W

 UﬀFQ;TXMRK&OX;K&Q
>
08ROL&:OLR~L|&O
~48;R8QZK&O&
H
SQZ~LAMAROL|/.F{}{K/S:TLS:{.~T"K&OY;KV&
H
~T 
FMAKXMRK&O;|&ZR~OYTL|.;Q;E~O
 εh =
q−qhc
qhc
 
S-0FK.
qhc 1
)ZD
±
Dh&{
3
ﬃO& (FQZT
ν 1
C
{{

ﬃOdK1~
εl =
qlc−q
qlc
 :
qlc 1
 ZD
±
I6&{
3
ﬃO. F(:Q;T
ν 1
I

{{

ﬃO&¨GzS@0S:MAK.Q;TV;K
qhc
Sy|.~L|;|1~K&T"{}
H
|&K}%FT&K¥yMj2JS`3"Q;O"~LK&{K
H
~;K.O;
HZH
|&K.OK
H
MRF
;K;Q;AO"OS
H
&K:dS
H
O'MRKTL|.%FA{KZK¤;AO~S:ZAMAE~|
H
S&S:MA.Q;MA|}OL|&;S:TL|.{}K
H
~MRK&O{} FK
H;H
K.O
S
H
OMAK.ON;K.Q
>
{8;K&O.3GzS;TLS
H
;KS:O"OL8&R|&K'MAS}~TLS
H
O"R~R
H
SQS:FO/O"S~LA7=~K&{ﬀFTLK.M
;TS
H
;K;Q SQZ~!ﬃOLQ;E~¤Q
H
KyMAFY;K;QZAOLOLS
H
.K32¦K
>
(:OS
H
~
0, 22 ± 0, 05
S
H
OMAK$-S:O
ν 1
C
{{

ﬃO&ﬀS
H
ONMAKX&S:O
ν 1
I

{{

ﬃO6.K.~"~K9ZTS
H
ZK
H
KX0F|.TL

K9&MAS:AT"K&{K
H
~S:OYQ
H
K
MRFZK$ZQ;AO"OS
H
.K

&F{{K
H
M=2ﬂSy08Q OLQ;TMŁS

%FQ;T"K@#W2Z ¨MAK
H
F{;T"K¥;K¥&FMR
H;H
K.O'S
H
O
Mj2ﬂ|1~S~V32  5  
H
KﬀK&QW~S
H
O&K}-S:O=3LS:{SAO .~LTLK}~LTL.O%FTS
H
3¨+hK&.hﬀK&QZ~9OLK.F{;TLK
H
;TLK
%FT:&KNS:Q qS:E~8QZK: ZﬀFQ;TMAK.OhQ;AMRK&O;K6 qS:R;MAK08AO"&FO"R~L|: 8MŁSW
H
S:{}RQ;KNMAS:{}
H
S:RTLK;T"&Ox;Q
O"K&Q;RM;K&O~h{}S:TLQ;|.KS:TPMŁSZTL|&O"K
H
.KN32¦FO"&AMRMŁS~LA
H
O;KMAR%
H
K.OdK
H
F;ﬀFOLE~R
H
;K;S:O"K:W+hK&O
FO"&RMAMŁS~A
H
O6
H
~X~LK
H
S
H
&K¥TS:Z;TL8;K&TX;K.O.FMA
H;H
K&O0:FAO"
H
K.OXK.~/ qS:.AMAE~K
H
~;
H
'MRK&Q;T
.*S:MAK.OL.K
H
.K: WS:{}ZMA

S
H
~BS:TMŁ/{&{K~LFQZ~;|&O"FTLZTLKYK
>
AO~S
H
~SQ};T"|-S:MAS:;MRK:GUK6O8O"~.{}K
H
Kh(K.QZ~P;
H
;S:O .~LTLKx qS:R;MAK.{}K
H
~;|.OLFT";
H;H
|:GUK&OBFO"&RMAMŁS~A
H
Oz;KMAR%
H
K&O¨K
H
F;ﬀFO"R~R
H
;KX;;S:OLKXOLK.{;MRK
H
~Y{S:O"Q;K&TMAK/&S:TS.~.TLKX&
H
~L
H
Q$;KXMŁS9~TLS
H
O"R~R
H


   * =ﬁ)*  % "*H%  ,*# ﬁ=ﬃ!  +% Fﬀ.*
%E %B"ﬁ)%
&
, N&ﬁ $ %  E$#4 
3
H
K qS&
H
.F{{}8;K;K'{K&O"Q;TLK.T/M=2¦FTL%FS
H
AOLS~R
H
O"S~LŁS:MRK32¦FS3"K.~LOX;AO"&TLK1~OX&
H
OLRO"~K
QZ~LAMRAOLK.TMAS&
H
O"~T"Q;.~LA
H
ZK PFTL
H
  

#

,+hK.~"~KX&
H
O"~LTLQ;1~A
H
(K.TL{K.~;K/ZAO"~L
H
%:Q;K&TxMRK&O
;MRQ;ONZTL8;K&O0:FAO"
H
Oq;*0ZﬃN;KS8QZK'FS3"K.~& K1~/;
H
932JS-0:FAT/S&&.OXMAK.Q;T
H
F{;T"KK.~
MAK&QZTLONZAO"~S
H
.K&ON;S:TNTLS:;ﬀFT"~N}Mj2ﬂF3"K.~.
H
O"A;|.TL|:
§
0:S
H
~N;K{
H
~T"K&TYMAK&O6TL|.OLQ;ME~S~LO6;K
.K.~L~LKX|.~QZ;K: ,
H
;T"|&OLK
H
~K9MAS{}|1~;8;K/QZ~LAMRAOL|.K:

 & #%ﬀ  &)( 	(  
Z2ﬂS::ZTLF%FTLS:{{}|¨K
H
MŁS
H
%FS:%FKB+lQ
H
S:MR%FFTLE~;{K¢8QZ*(K.TL{K.~U;KB~LTS:.K&TUMŁS{S:RMAMRK¨;K 
nR%
H
K.T7
5WK. ﬃ;K9S8QZK'&FMR
H;H
K¤
H

H
(|.TLAZ;|&T"AQ;K ﬃ! }S:T"~LATY;K&O/ﬀFO"R~R
H
O;K.K&O:S3"K.~LOOLQ;T
S8QZK}R{S:%:K:z
H H
K}ZK&TLZKS:OVMAK.OX;*0;K&OV&FMR
H;H
K.OX(|.TLAZ;|&T"AQ;K&OqMAS¥{S:RMAMRK;K
PFT"
H
 zZK6.K&Oh:S3"K.~LO
H
2¦K
>
AO~KYS:Oﬃ1 {SAOB
H
(K.QZ~hMRK&O&
H
OLAZ|&TLK.T.F{{}K;*032ﬂS:QZ~LTLK&O
.FMA
HZH
K&O.GzSY;TL8&|.;Q;TLK(K.TL{K.~¨|&%*SMAK&{K
H
~¢;K&F{Z~K.T¨MRK
H
F{;T"K;K qS:&K.O¨ZKhMŁS{}S:AMRMAK: 
Q;PK&O~'S:QZOLOLMAK
H
:{;TLK;K;*0 ;KMAS$.FMA
HZH
K&
H
O"A;|.TL|.K:¨GzK.O9;E?|.TLK
H
~LK&O|.~S(K.O;K
.K.~6S:MA%:FTLE~;{K6O"
H
~NMRK&OO"Q;R0S
H
~K.O

¡

H
;K.TL;KXMRK&OND

&:MA
H;H
K&OxMRK&OhZMAQ;O;TL8;K&Oh;KMŁSV&FMR
H;H
K6&
H
OLAZ|&TL|.K
C0
ﬃ1WGzK.Ox;*0
OL
H
~Y&K.T"~S:
H
O;KX.K&OYFS3"K.~LO
D

I
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
−0.5 0.0 0.5 1.0 1.5 2.0
εh
0.0
0.1
0.2
0.3
<
 1
−N
/N
la
m
 
>
stable
stable
lineairement stable
bistabilite
(a)
−0.15 −0.05 0.05 0.15 0.25 0.35 0.45
εl
0.00
0.05
0.10
0.15
<
 1
−N
/N
la
m
 
>
stable
stable
lineairement stable
bistabilite
(b)
8:9,;=<
#Z


?>	O!F`MNvFRaRKBX+DSBXsAﬂQ'F^X`BX L
 L^C)FKHQﬂL^O#XO HL^RaRKBsA'FNvFRKPNBVD YwL^NvDNB+JFcdI'FCﬂb
PO,P4@ 〈1−N/Nlam〉 =qkFy ν |TS} RaR   ﬂXBPxq
  y ν |'}_RaR   ﬂXdz> FC'X J#BX.DSBIZ
HF^XnVJYw@P]FP	JFRaO,CEFO,NBﬀq J OMC?B 〈1−N/Nlam〉 = 0 yfBXPTXP F dJ#B AﬂL^I2N ε < 0 BP
J O,C?@FO,NBRKBCﬂP XP F dJ#B\qXP]F dJ#Bxl`O#X _l`O#X DSBpAﬂBN&P!I2N  FP!O]L^C'X	O,C

CﬂO,P4@XO,R\FJ#BX4y+AﬂL^ISN
ε > 0 z ŁAENXﬀFlL^O,N0XI  dO	I2C?BAﬂBN&P!I2N  FP!O]L^C D Y FRTAEJ O,P!I'DSB

CﬂO]Bn J#B0X XP4RKB
cdI2O,P!PkBxHBP@P]FPsBP @lL^J IﬂBAENX+DIX`BISO,J$BCﬂP!NBJF  dNvFC?HQﬂBpXIAﬂ@N&O]BISNB qkDS@X`L^NvDNB
FlBHx{  y BP=JF  dNvFC?HQﬂB O,C g @NO]BISNB0qv@P]FPcdI'F^XO,b4JFRaO,CEFO,NB4y`nBP7AEJ IGXaJ#L^O,ChDI
X`BI2O,J ISCﬂO!cdIeBRKBCﬂP XI2N JF	 dNFC?HQﬂBxXP]F dJ#B	XIAﬂ@N&O]BISNBn &IGXdcdI Y FI HQ'FSL`X	X4A'FPO]L^b
PkBRTAﬂL^NBJz
 
C qkFy.JF  dNFC?HQﬂB+XIAﬂ@N&O]BISNBVXI2O,PrISC?B	J#L^OsDSB=AEISO#XXdFC?HBdz > FC'XVJ#B
N@]MO,RKBVDSB  dO#XP F dO,J O,P4@n:L^C)FaX`@4A'FN@+J#BX DSBIZN@]MO,RKBX BC)DO#XPO,CSMI'FCﬂPJ#BXo@P]FP,X
AﬂL^I2N.J#BXdcdIﬂBJX N BXPŁXI`Aﬂ@N&O]BI2N qkcdIF^XO,b4JFRaO,CEFO,NB4yL^IjO,C g @NO]BISN0q{  y  qkFy

 \BPTq
  y



AﬂL^I2N εl |x}`n4} [n

  	AﬂL^ISN εl |x}`n4}BP

 xAﬂL^ISN εl |x}`n4}G}Gz
D

)
    x/
 ﬃ*] %'!

8:9,;=<
#Z  Z
 
$  - %2a?ﬃ  S%'ﬃS 1Eap
% d'
 dﬃS!! (	?`$
 
 ﬃd  
/[
  (& 4 %T*!/'$('r#$('ﬃSs*! $- &p(7?*]ﬃ
 ?&2 1$
 
 
:(= 1e%ﬃ
d*$`p (#
d  eﬃS:(
$
 * %-\#e% 
Gkﬃ
:d
Ł [ﬁd`
ŁE6
 x'
:(  %'ﬃ!
x 1e%'ﬃS
 *!E- &x(Łﬀ_
 %v,% *
¡

H
OLK;MŁS&KS:Q{AMARK&QZQO"K&%F{K
H
~;
H
~MAK.OBK
>
~T"|&{R~L|&OPOL
H
~MAK.OB&K
H
~LTLK.O;KMAS&FMR
H;H
K
C0
K1~Y;KXMŁS;MRQ;O;TL8;KX;KXOLK.OY0:FAO"
H
K.O& 
C1
¡

H
S-0S
H
&KNOLQ;TxMAS{|&;AS~T"A.K6;KN&KO"K&%F{K
H
~STxS:OxZK

 
*C
;
>
K.M= 	S8QZK/S:Ox
H
0F|.TL

K9Q;K: ﬀS:T"{}UMRK&OVD

&FMR
H;H
K.O6O"|&MAK..~LA
H;H
|&K&ONS:QyZ|&;QZ~N;KVMŁS;TL8&|.;Q;TLK (MASZMAQ;O
;TL8;KX;Q$(:
H
~<M=2¦
H
OLK/~T"FQZ0:KK.O"~~FQ3"FQ;TLO
C1
¡
MAFT"OLQ;KV&K
H
2¦K&O"~6;MRQ;OMAKX-S:O. ,
H
O"K{K.~6OLQ;E08TLKXMŁS{}|.;ŁS~TLR&KZQyOLK.%F{K
H
~Y;
H
~NMRK&O
K
>
~T"|&{R~L|&ONO"
H
~/MAK.O6.K
H
~T"K&O/;K
C0
K.~;K9MAS}&:MA
H;H
KQ;¨K&O"~N;K.0:K
H
Q;KMŁS;TL8;KGUK&O
OLK
H
O;KS:TL.FQ;T"ON;K.ON{|&;AS~T"A&K.OOL
H
~N~LK&MRONQ;K9Mj2ﬂ
H
~:Q;T
H
KS:QZ~LFQ;TY;K
C0
~FQ^3":Q;TLO
S
H
OMRK/{ .{}K/O"K
H
O.
H
O&2¦K&O~
W>
|VMAK/O"K
H
O~T"A%F
H
F{|.~T"AQ;K
¡

H
&
H
~
H
Q;KNS
H
O"3"Q;OLQ32ﬂS:QT"K.~LFQ;TS:Q}ﬀF
H
~PZK6;|.S:T~-8GUK
H
F{;T"K6;K FROP}RMSX|.~|
H
|&.K&O"OS:RTLK;K6S
H
%:K&Tx;K6{}|.;ŁS~TLR&KK&O~xMRK
H
:{;TLK6;K6 qS&K&O;KMASV{}S:AMRMAK FK.~;
H
NMAK
H
F{ZTLKX;KX;*0
GUK/TL|.OLQ;ME~S~Y;KX.K.~6S:MA%:FTLE~;{K6O"Q;TQ
H
KVA{}S:%FK6K&O"~6{
H
~TL|/O"Q;TMŁS

%:Q;TLKV#Z  Z
ﬁ
ﬁ !& ﬁﬃ'&)( #%+ﬀﬃﬂ   ﬁ

H
ﬀK&QZ~&
H
O~T"Q;AT"K9Q
H
STS:{.~LTLK92ﬂFT";TLK9S:OL|9OLQ;TMRK
H
:{;TLK;K;*0y-S:TY~FQZ~LK&OMRK&O
.FMA
HZH
K&O'S;S:T~K
H
S
H
~Q
H
K ﬃ&
H
K¥MŁS:{
H
S:AT"K
XdFC'XDS@g[FI2P,XKPkLAﬂL^J#LMO!cdIﬂBX

H
~OL
>
ZMAQ;O
;T"WZK&Oh0:FAO"
H
ON
nppv = 6
ﬃ! WSMAFT"OQ;K.K&MRMAK&OOLKY~TL:QZ0S
H
~xS
H
OxQ
H
K6TL|&%:A
H
S::~LAQ;KNK
H

H
~Q
HH
:{;TLK}S@ZTLA:TLPQ;K&MR&
H
Q;K ;QZAOLQ32¦AM
H
2 S@SO9;K}O"~T"Q;.~LQ;TLK}OLS~ŁSMAKS
H
O
.K&O9ZF{S
H
K.O& 5
HH
:~S
H
~
f
MŁS¥ TS.~R
H
;K.FMA
HZH
K&OS-*S
H
~O"
>
;*0qQ32¦
H
S:Z(K.MAMAK.TS
D

ﬁ
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
|.%*S:MAK.{}K
H
~NSTNMŁSOLQ;E~KV TS:1~A
H
32¦;K
>
SFﬃ1 
H
;FE~S-0F:AT
〈1− f〉 = 0
S
H
ONM=2¦|.~S~6MŁS:{E7
H
SATLKOS
H
O6;|1 qS:QZ~LOﬃxK.~
〈1− f〉
ZK;MRQ;OK
H
;MAQZOY%:TS
H
$MA:TLOLQ;KXMRKVZ|&OL:TL;T"K9S:QZ%F{}K
H
~K:
¢FQ;TX0F|&T"

K.T.K&.= z
H
S<TLK.;TL|.OLK
H
~L|¤OLQZT9MAK.O

%FQ;T"K&O#WJ#<K.~9#ZED

MRK&OV;AO~T"A;QZ~LA
H
O/;K
f
T"K&OLﬀK&1~E0FK&{K
H
~6(:Q;T
ν 1
C
{}{

ﬃOYK1~
ν 1
I

{}{

ﬃO. ,';|&;E~&T"FAO"OS
H
~-
GUK&OV;RO"~T"A;QW~A
H
OX{}K.OLQ;T"|&K&O(:Q;T
ν 1
C
{{

ﬃOV;TL|.OLK
H
~LK
H
~'Q
H
K
>
&K&MRMAK
H
~9S:.&FT" QS7
MRR~S~R YS-0:K&y.K&MRMAK&O;Q
H
F{;T"K<;K@.FMA
H;H
K&Oy

%FQ;TLK@#Z
C
ﬃ1PNS
H
O.K@&S:O& MAK
H
:{;TLK<;K
.FMA
HZH
K&OXK&O~9Z
H
S:T qS:R~LK&{K
H
~XTLK.MAA|<MAK.Q;T/;ROLﬀFOLE~A
H 
MRK'TL|.OLK-SQ ;K
>
S%F
H
S:MPK.O"~MAK
{ FK
H
;K 8XZMŁS:.K&T
:
MRK
H
F{;T"K{S
>
R{Q;{ 2ﬂF3"K.~ONq.F{Z~K~K
H
QQ32¦AMK
>
RO"~KYQ
H
KY;RO7
~S
H
&KV{
H
R{S:MRK6K
H
~TLKVK&Q
>
 ﬀK
H
74;K.OLOL:Q;ON;KVMŁS8QZK&MAMRK/AMROx Q;OLR
H;H
K
H
~ﬃ1 6:Q;ONS-0:
H
O0F|&T"

|
.K.~L~LKSOLOLK.T"~LA
H
K
H
.F{};S:TS
H
~VMAK.O|10FFMRQZ~R
H
O/~K.{}ﬀFT"K&MAMRK&O/;Q
H
F{;T"K;K.FMA
HZH
K&OVK.~
;K/MAS TS.~R
H
32¦;K
>
S

MRK&Ox%:TS
H
ZK&O0S:MAK.Q;TLOxZK
N
OL
H
~~LFQ^3"FQ;T"OS:O"OL8&A|.K&OS:Q
>
%FTLS
H
;K.O
0S:MRK&Q;T"O;K
f

GB2ﬂS:&.FTLK
H
~T"KMAK.OX;AO~TLR;QZ~LA
H
OX;K
N
jR%;U#Z 2*ﬃK.~;K
f
j¨A%;z#ZED

ﬃK.O"~{F
H
O/(
H
ﬀFQ;T/Q
H
K}Q;RMAK';K08AOL.FOLE~|
ν 1
I

{{

ﬃO& UOLQZT"~:QZ~9ZTL&OV;Q OLK.Q;AMj5
H
S:T~R&Q;MRAK&T. 
H
;RO"~L
H
%FQZKx{}:
H
O
H
K.~"~K&{K
H
~PMAS;AO~S:;RMAE~|POLQ;TPMRK&Od;RO"~LTLAZQZ~R
H
OZKx TS:1~A
H
32ﬂZK
>
SjR%;
#Z 2<K.~9#ZRD

,ﬃ/K.~¤qK ﬃ"ﬃ1 UK1~S:Q;MAQZOVZTL&OV;QOLK&QZAMPMAK.OVZK&Q
>
;R&OV;K}MAS¥;AO~TLR;QZ~LA
H
;K
f H
K¥OL
H
~'SO'OL|&;S:TL|.O'&F{{}K}&K.Q
>
ZK¤MŁSyZAO"~LTLR;QZ~R
H
ZK
N
jR%;¢#Z 2K.~#ZED

  ﬃ"ﬃ1
+hK.OYZR?(|&TLK
H
&K.OY08RK
H;H
K
H
~N;KXMAS;TL|.OLK
H
&K9ZK&OFOL.AMRMŁS~LA
H
O;KXMAR%
H
K&O. ;'-SQ;OLKV;K&O"Q;K&MRMAK&O
~LFQZ~K.OMAK.O&:MA
H;H
K&O
H
2¦
H
~/SOOL
>
;*0yS
H
OMRK&O ﬃ.
H
K.O/MŁS:{
H
SATLK.O& 4M¨K&O"~;
H
';&AMRK
;KX;RO"~L
H
%FQZK&Tx%FT:&KV
f
MAKT"|&%FR{}K/QSOLE7 MŁS:{
H
S:AT"KYZKVMj2  5  /

H
S@TLK.;TL|.OLK
H
~L|O"Q;T9MAS

%FQ;TLK}#ZEDFDMAKS:TLS:{}1~T"K
〈1− f〉
K
H
 
H
.~LA
H
;Q;|&;E~V(FQZT
MRK&OZK&Q
>
08AOL.FOLE~|.O~48;AQ;K.O&S
H
O¤MAK@TL|.%FA{K@ZK;AO~S:ZAMAE~|¥MRK&OZK&Q
>
;TS
H
;K&O¥
H
~
|1~|VOL|&;S:TL|.K&OK
H
;FROLROLOS
H
~NMAKX{&{KV.TLE~&T"KQ;KOLQ;TYMŁS

%FQZTLK#W

ﬀ
H
;AO~
H
%FQ;KXS
H
O
MRK&O¥;K.Q
>
-S:O<Q
H
K;TLS
H
;KO"Q;(|.TLRK&Q;T"K: YS:OLO"W.A|.K MAS ~LTS
H
OLR~LA
H
SQ ;S:FO$S:T  5  / 
K1~/Q
H
K';TLS
H
;K
H
 |&T"AK&QZTLKSOLOL8&R|&KS:QlT"|&%FR{}KQS:OL74MAS:{}
H
S:RTLK:+hK.~L~LK FAONMŁS;TLS
H
;K
O"Q;(|.TLRK&Q;T"KOLK&{9;MAKOLQZR08TLKQ
H
KYMRFZZKYZQ;AO"OS
H
.K(FQZTBMAK&OBZK&Q
>
08ROL&:OLR~L|&O.GzK.OBK
>
ﬀFOS
H
~LO
;KY&K.OxMA:AOBOL
H
~
0, 10± 0, 05
ﬀFQ;T
ν 1
C
{{

ﬃOK.~
0, 37± 0, 05
ﬀFQ;T
ν 1
I

{{

ﬃO.8G¢S
 qS:R;MAK/0S:MRK&Q;T6;Q;T"K&{AK&T6;K9.K&O/K
>
ﬀFOLS
H
~OﬀK&QZ~&K&ﬀK
H
S
H
~XMŁS:ROLO"K&TYQ
H
;FQZ~LK9QS
H
~X
MAS
H
S~QZTLKX;KXMŁS9~LTS
H
O"R~LA
H
 WQ;U(:Q;TLTLS:R~1~T"KVZAOL.
H
~
H
QZK:
ﬁ
 ﬀ( & ﬁﬂﬃ  &ﬃ    
3
H
S:QZ~T"KTLK
H
OLK.A%
H
K&{K
H
~<
H
~|.TLK.OLOS
H
~<Z
H;H
|lST¤MŁS .
H
O~TLQZ.~R
H
;K P:TL
H
 K&O~<MŁS
;RO"~S
H
&KK
H
~T"K';*0ﬀU
H
O&2ﬂS~"~K
H
 K
H
K.?(K.~/&KQ;K9&K&O/ZAO"~S
H
.K&OO"FAK
H
~6~FQW~K&ON|&%*S:MRK&O
MRFTLO"8QZK9MAKVO"8O~&{KK.O"~;S
H
OMj2ﬂ|1~S~6MŁS:{
H
S:AT"KOS
H
ON;|1 qS:QZ~- ﬀ&K98QZ
H
K9;FR~6SZTLA:TLzS:O
1~TLK¥MRK¤-SO'O&2¦AMhK.O"~S
H
O'Q
H
|.~S~';|&O"FTLZ
H;H
|NS
H
O'&K.O&
H
ZR~R
H
O. ¨Mj2ﬂ|.-S:T~"7 ~48ﬀK¥;K&O
;RO"~S
H
&K.O}K
H
~TLK$;*0
σd
;K.08TLS:R~.~LTLK
H
Q;MS
H
OMAK<-SO} MAK<O"8O~&{K$K&O"~S
H
OM=2¦|.~S~
MAS:{}
H
S:RTLK: K1~NSQ;%F{K
H
~K.TS 0:K&VMAK/;|.OLFT";TLK
GUK&O

%FQ;T"K&O#WRD^IZjS*ﬃBK.~/q,ﬃPTLK&ZTL|&O"K
H
~K
H
~NS
H
O"ﬀMRK&O;AO~TLR;QZ~LA
H
OP;K.Ox;RO"~S
H
&K.OxK
H
~T"K;*0
ﬀFQ;T
ν 1
I

{}{

ﬃOzﬀFQ;T¢;K&Q
>
0S:MRK&Q;T"Oz;R?(|&T"K
H
~K.O;Q;|&;E~-+hF{{K
H
O&2 VS~"~K
H
S:R~& MŁS
;RO"~LTLAZQZ~R
H
MAF
H
;Q9OLK&QZAM(jR%;^#ZED^I;qS*ﬃLﬃUK&O~dﬀK-S:Q;.FQ;ZMAQ;O¢|.~S:MA|.KhQ;Kh.K&MRMAK;MAQ;O¢;T"W;K
D
*C
    x/
 ﬃ*] %'!

0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(a)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(b)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(c)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(d)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(e)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(f)
8:9,;=<
#Zﬂ#Z
?>	O#XPN&O dISPO]L^C'X DSB	JF+g&NvFSHPO]L^CjD Y QﬂBvZFxAﬂL^I2N	ISC?BVQSI2O,J#BoDSBxl`O#X`HL`XO,Pk@ S}\RaR
 
ﬂXdz
 BX DS@  dO,PXxX`L^CﬂPsJ#BX RKRKBX cdIﬂBxXISN JF

MISNB  Gz,Gz
D

2
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(a)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(b)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(c)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(d)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.05
0.10
0.15
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(e)
0.0 0.5 1.0
Fraction d’hexa
0.00
0.10
0.20
0.30
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(f)
8:9,;=<
#ZED


$>	O#XP!N&O dI2P!O]L^C'XTDSBJF:g&NvFSHPO]L^C D Y QﬂBvZFAﬂL^ISNI2C?B=QSISO,J#BTDSBl`O#X`HL`XO,Pk@'} RaR
 
ﬂXdz
 BXoDS@  dO,PXTX`L^CﬂP:J#BX	RKRKBX cdIeBxXISN	JF

MI2NB  Gzz
D

    x/
 ﬃ*] %'!

20.0 40.0 60.0 80.0 100.0
Debit (cm3/s)
0.0
0.1
0.2
0.3
0.4
0.5
<
1−
f>
(a)
50.0 60.0 70.0 80.0 90.0
Debit (cm3/s)
0.0
0.1
0.2
0.3
0.4
<
1−
f>
(b)
8:9,;=<
#ZEDFDF
$>	O!F`MNvFRaRKBXpDSBX AﬂQ'F^X`BXL
KL^CKFoHQﬂL^O#XO HL^RaRKB A'FNvFRKP!NB=D YwL^NvDNBŁJF cdI'FCﬂb
P!O,Pk@ 〈1− f〉 xqkFy ν |TS} RaR 4ﬂX0BPoq
  y ν |'} RaR 4ﬂXdzr> FC'X\J#B\N@]MO,RKB\DSB
 dO#XP]F dO,J O,Pk@+J#BXxDSBIZ  dNvFC?HQﬂBX	L^CﬂP:@Pk@X`@4A'FN@BXxBC ISP!O,J O#XdFCﬂPJ#B+RKRKB HN&O,P4NB
cdIﬂBxXI2N	JF

MISNB  Gz z
D

 
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
;Q OLK&QZAM/qA%Z¨#WRD^IZq,ﬃ"ﬃ1¨
H
TLK&{}S:T"8QZK&K.(K
H
S
H
~Q;K¤;S
H
O9~LFQ;OMRK&O9&S:OMAS@;RO"~S
H
&K
K
H
~LTLKV;*0<MŁS;MAQZOYZTLFS;MAK/K.O"~ZKVMj2ﬂ:TL;T"KVZK}DFD: 2'{{@ ;MASMR
H
%FQZK&Q;T32¦
H
ZK;Q@TL|.OLK-SQ
;K
>
S:%F
H
SM=¢+hK.~"~K&
H
O"~S~S~LA
H
OLR%
H
KMAK' qS:R~XQ;K}M=2¦
H
O~S:ZAMAE~|;KYS-8MAK&R%FW7  S-8MAFTNK&O"~
~LFQ^3"FQ;T"OOLFQZO7 3LS&K
H
~LK9'MŁS'Z
H
S{}R8QZK:
GB2¦|&MŁSTL%FROLOLK.{}K
H
~<;KMAS£ZAO"~LTLR;QZ~R
H
QS
H
 M=2¦|&&S:T"~@S:Q OLK.Q;AMVS:Q;%:{}K
H
~LK(K.TL{K.~$;
H

32¦QZ~LAMAROLK.T6O"
H
|&&S:T"~7 ~48(K
σd
.F{}{K9Q
H
~TL:AOLR&{K;S:TS:{.~LTLK32ﬂ:TL;T"K(~K
H
~LAK&Mj(
H
S
S:
H
OLzT"K&;T"|&OLK
H
~|'OLQZTMAK.O

%FQZTLK&ON#ZED^I;q-ﬃYK1~qﬃ
σd
K
H
 
H
.~LA
H
;Ql;|&ZR~6(FQZTNMAK.ON;K.Q
>
08AO"&FO"R~L|&ON|1~Q;ZA|&K.O&(GUK&ONZK&Q
>
;TS
H
;K&ON
H
~|.~L|9O"|&S:T"|&K.OK
H
QW~AMRAOLS
H
~MAKV{ .{}KV&T"R~.TLK
Q;KVOLQ;TYMŁS

%:Q;TLK#Z

,GzS;TLS
H
;KVOLQZ(|.TLAK.Q;TLK SOLOL8&R|&KVMŁS~TLS
H
OLE~R
H
S:Q@;S:FO& ﬀﬀK&QZ~
1~TLKS3"Q;O~|.K9S:TQ
H
K9MA:U;KZQ;AO"OS
H
.K9ﬀFQ;TMAK.O6ZK&Q
>
08AO"&FO"R~|.O&ﬀGUK&OYK
>
ﬀFOS
H
~LO;KV&K&O
MRFAOOL
H
~
0, 14 ± 0, 05
ﬀFQ;T
ν 1
C
{{

ﬃOK.~
0, 10 ± 0, 05
(:Q;T
ν 1
I

{{

ﬃO.xGUK&O
 qS:R;MAK.O0S:MRK&Q;T"OZK&K.OxK
>
ﬀFOS
H
~LO(K.QZ0FK
H
~O"A%
H
K&ThMRK6 qS:E~8QZKMŁSX~TS
H
OLE~A
H
ﬀFQ;TLTLS:R~ 1~TLK
;ROL.
H
~
H
Q;K

    %OKHﬃﬁ % +%H ﬁ)-E*"#$  = 4#$
 
				   ﬁ  ﬁ
 &ﬃ  ﬀ ﬂ #  ﬀ  
3
H
S:QZ~LTLKSTS:{.~LTLKY32ﬂ:TL;T"K
H
S~LQ;TLK.M(K.O"~T"K&MAR|NSQ
H
F{;T"KN;K6&T"|-S~LA
H
Oﬃ Q;O"A
H
O=+ﬃ:dﬃ1
5
H
K.?(K.~& 3S
H
O/Q
H
K ﬃ&
H
K'MŁS:{
H
SATLKX.K
H
F{;T"KK&O~
H
Q;M= ﬀ~S
H
ZAOQ32¦AMdK.O"~
H

HlH
QZMdS
H
O
Q
H
K}T"|&%FR
H
;|&O"FTL;
H;H
|&K YFQ;OS-0F
H
O;
H
{K&O"Q;TL|MAK
H
F{9;TLK;K+ﬃ:nK
H
~T"K}S8QZK
SATLKN32ﬂR{S%FK&O.
H
OL|.&QZ~LR0:K&O&

 & #%ﬀ  
	 #  
GUK}~TLS:R~LK&{K
H
~V32¦A{}S:%FK' FQ;T
H
R~MAK
H
F{9;TLK}K.~MAS$ﬀFO"R~R
H
;K&O9&FMR
H;H
K.OO"Q;T9S8QZK
R{S:%:K:W¨FQ;TZ|&;Q;RTLK/;K/.K&O;
HZH
|&K.OYMRK
H
F{9;TLK/;KV+ﬃ K
H
~TLKX;K.Q
>
R{S:%:K&O
i
K1~
i+ 1
 
O"|&S:T"|&K.O632¦Q
H

H
~K.T"0S:MRMAK;K/~LK&{;O
∆t 1
D ﬃ:I
C
O& 3.2ﬂS:3QZ~LAMAROL|6MŁS'{}|1~;8;K/O"Q;R0S
H
~K

H
.
H
OLR;&T"KNS8QZK/&FMR
H;H
KY;KMj2ﬂR{S:%:K
i+ 1
K1~x
H
;K&T";K/OL(K&MAMRKY08RK
H
~x32 .~LTLK.TL|.|&K: 
O"¢K.MAMRKVK.O"~NMAKVTL|&O"Q;MR~S~6;KMAS QZOLA
H
;K;K&Q
>
.FMA
HZH
K&OY;K9Mj2ﬂR{S%FK/;TL|.&|.;K
H
~K FQ@OL¢K&MRMAK
O.2ﬂK.O"~/O"A{;MAK.{}K
H
~Y;|.;MŁS&|&K¢FQ;T6&K&MAS}
H
-S:MR&Q;MRKVMRK&O6;AO~S
H
.K&O6K
H
~T"K&K1~L~K&FMR
H;H
KK.~
~LFQZ~K.O}.K&MRMAK&O;K$M=2¦A{}S:%FK
i
 PK.~}
H
MRK&O
H
:~K
d1 < d2 < d3 < . . .

7
T:.K$;K.O}~K.O"~LO
;T"|&MRA{
H
S:RTLK.O& d3.2JS3;|.~LK&T"{}
H
|/MAK.O0S:MRK&Q;T"O;KX;K&Q
>
S:TS{}1~TLK.O
vmax
K.~
dmin
~K.MAOQ;K

¡
OL
d1 > vmax∆t
 ﬀS:MRFTLO
H
&
H
O"A;.TLKVQ;K9MAS.FMA
HZH
KV08RK
H
~N2 1~TLK&T"|&|&K

K&MAMRK
H
2JSS:O
;Q$(FQZ%FK&TS:QZOLOLU08R~LK
¡
OL
d2 < dmin
 ﬀS:MRFTLO
H
OLQ;Z(FO"KQ32¦K&MRMAKXK&O~MRKVT"|&O"Q;MR~S~Y;KMAS Q;OLR
H
ZK;K.Q
>
S:QZ~LTLK&O

MŁS';K.Q
>
A&{K/&:MA
H;H
K/;KMj2ﬂR{S%FK6ZTL|&.|&;K
H
~K9MAS';MAQ;OZTL8;KVS FT"&|.{}K
H
~|1~|S~L~LAT"|&K
¡
OL¨S:Q;.Q
H
K9ZK.K&ONZK&Q
>
&
H
;R~LA
H
O
H
2ﬂK.O"~T"K&{;MARK: SMAFT"OY
H
&
H
OLR;&T"K9Q;K9MAS'&FMR
H;H
K
O&2¦K&O~NO"A{;MAK.{}K
H
~x;|&;MAS:&|.K
D

#
    x/
 ﬃ*] %'!

0 5 10 15 20 25 30
Distance entre ppv (mm)
0.0
0.1
0.2
0.3
0.4
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(a)
0 5 10 15 20 25 30
Distance entre ppv (mm)
0.0
0.1
0.2
0.3
0.4
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(b)
20.0 40.0 60.0 80.0 100.0
Debit (cm3/s)
0.5
1.0
1.5
2.0
2.5
3.0
Ec
ar
t−
ty
pe
 d
es
 d
ist
an
ce
s 
(m
m) (c)
50.0 60.0 70.0 80.0 90.0
Debit (cm3/s)
0.5
1.0
1.5
2.0
2.5
Ec
ar
t−
ty
pe
 d
es
 d
ist
an
ce
s 
(m
m) (d)
8:9,;=<
#ZED^IW

qkFyfBP_q
  y)>	O#XPN&O dISPO]L^C'X DSBX DO#XP]FC?HBX)BCﬂP!NBoAGAEl_AﬂL^I2N0ISC?B QSISO,J#B DSBl`O#X`HL`XO,P4@ ν |'}
RaR 4ﬂXjFIZ DS@  dO,PXjDSB qkFy n~ HR
3
ﬂX q J#L^O,C DI X`BI2O,J ymBP q
  y 2}`n HR
3
ﬂX q AENX DI
X`BISO,J yzs BX\J OMC?BXKBC)AﬂL^O,CﬂP!O,J,J#@XO,CEDO!cdIﬂBCﬂPJF l^FJ#BI2N_DSBJF)J#L^CSMIﬂBI2N_D YwL^CEDSBDIfN@X`BFI
QﬂBvZF`MSL^CEFJz
qvH4ymBP)qkDy >xO!F`MNFRaRKBXuDSBX AﬂQ'F^X`BXfL
 L^C F HQﬂL^O#XO_HL^RaRKBKA'FNvFRKP!NBfD YwL^NvDNB σd n
JYw@HFN&P!b4P  AﬂBoDSBX DO#XP]FC?HBXaBCﬂPNB=AGAEl =qvH4y ν |TS}\RaR
 
ﬂXaBPTqkDy ν |'}\RaR
 
ﬂXdz > FC'XxJ#B
N@]MO,RKBoDSB  dO#XP]F dO,J O,Pk@ J#BXoDSBIZ  dNvFC?HQﬂBX.L^CﬂP@Pk@	X`@4A'FN@BXaBCuISPO,J O#XdFCﬂPpJ#B RKRKBaHN&O,P4NB
cdIﬂBVXISN JF

MISNB  Gz z
DFD

 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
(*ﬁ  ﬁ
   ﬀ   ﬁ   
	 & ﬁ  &
BTL&O;QOLK.Q;AMj F
H
(K.QZ~&
H
OLAZ|&TLK.TQ;KMASXZK
H
O"R~|;K6+ﬃ:lS
H
OQ
H
KTL|&%:A
H
;|.OLFT";
H
7
H
|.KK&O"~X.
H
O~S
H
~K

UGUK&Q;T
H
F{9;TLK'|1~S
H
~
H
Q;MBS
H
O/MAK&O ﬃ.
H
K.OVMAS:{
H
S:RTLK.O& ﬀ
H
K
H
;|&ZQ;R~
;
H
@Q;K@MŁSl TS:1~R
H
ZQO"8O"~L&{KyO"K@~T"FQZ0S
H
~}S
H
O}M=2¦|.~S~}Z|&OL:TL;
HZH
|K&O~¤|.%*S:MAK$S:Q
H
:{;TLK~~S:M,;K+ﬃ:;E08AOL|YS:TMAK
H
F{9;TLK6;KN.FMA
HZH
K&O.Z+hK.Ox&
H
OLR;|&TLS~R
H
OOL
H
~xZAK
H
O ;T¨08TSAK&O¨K
H
{ FK
H;H
Kh~LK&{(FT"K&MRMAK:
H
SY;
H
hTLK&ZTL|&O"K
H
~|O"Q;TMAS

%:Q;TLKh#ZRD-)6MŁSY{} :K
H;H
K
;Q
H
F{;T"KN~~S:Mﬀ;KN.TL|&S~R
H
OxK1~x;KN QZOLA
H
OxS-*S
H
~K.Q¥MARK&QK
H
~TLKN;K&Q
>
A{}S:%FK.O.
H
OL|.&QW7
~LR0FK.O;R08AO"|XS:TMAK
H
:{;TLKX;KX.FMA
HZH
K&O;T"|&OLK
H
~K&O6OLQ;TYMŁS';T"K&{A.TLK: 
〈(Ci + Fi)/Ni〉
 K
H
 
H
.~R
H
ZQlS:TS{}1~TLK;K.
H
~T
:MAK
εh
 ﬀ(:Q;T
ν 1
C
{{

ﬃO.
Ci
K1~
Fi
OL
H
~/T"K&OLﬀK&1~E0FK17
{K
H
~6MAK
H
F{;T"K;K&T"|-S~LA
H
O6K.~N;K Q;O"A
H
OS-*S
H
~NK&QlMARK&Q$K
H
~T"KMAK.O6R{S%FK&O
i
K1~
i + 1
 
K1~
Ni
K&O~6MRK
H
F{ZTLKX;KX&FMR
H;H
K.OS
H
OM=2¦A{}S:%FK
i  〈(Ci + Fi)/Ni〉 =
NI−1∑
i=1
(Ci + Fi)/Ni

NI
K&O"~@MAK
H
F{;T"K32ﬂR{S%FK&O¤2ﬂQ
H
K O"|&Q;K
H
&K-ﬃ1GzS ;TLS
H
;KOLQZ(|.TLAK.Q;TLK -S:TLS:.~L|&TLRO7
~LAQ;KY;K6MASX~LTS
H
OLR~LA
H
S:Q}S:FOOLS~A7 ~K.{}ﬀFT"K&M= :OLQ;E~Q
H
KNMRF;KNZQ;AO"OS
H
.KN32¦K
>
ﬀFOS
H
~
0, 56± 0, 05

0.0 0.5 1.0 1.5 2.0
ε
0.00
0.01
0.02
0.03
<
 (C
i +
 F
i) /
 N
i >
8:9,;=<
#ZED )Z
$>	O!F`MNvFRaRKBX+DSBXsAﬂQ'F^X`BXxL
 L^C F_HQﬂL^O#XO HL^RaRKB A'FNvFRKP!NBTD YwL^NvDNB+JF:g&NvFSHb
P!O]L^C DSB$ﬂUn AﬂL^I2N ν |T} RaR
 
ﬂXdzr> FC'XJ#B\N@]MO,RKBKDSB dO#XP F dO,J O,P4@J#BXKDSBIZ
 dNvFC?HQﬂBXKL^CﬂPx@Pk@oX`@4A'FN@BX_BC ISPO,J O#XdFCﬂPJ#BRKRKBKHN&O,P4NB_cdIeBaXISNaJF

MISNB
 Gz z

ﬃ ﬃ! ! 	%" ﬃﬁ!"0     ﬃ " , ﬀ ﬀ ﬃ  1ﬀ) $   , ﬀﬁ
#
   '  
 ! ﬂ   !ﬀ
ﬃﬂ) ﬃ  	  ﬃﬀ0	
  (	,ﬃ  ﬃﬂﬀ ﬃ " !	 0-ﬃﬂ ! -
,ﬃﬂ "ﬀ ﬃ   (	,ﬃ  ﬃﬂﬀ  $ (ﬀ)ﬃ!ﬃﬂﬀ ) $
-ﬃ  
  ﬂﬀ ﬃ!'  	

/
DFDFD
    x/
 ﬃ*] %'!

 
				
 
ﬁ ﬁﬃ'&  ( ﬁ &)( #% ﬀ 	 ﬁ ﬀ( &ﬃ (   &)(*#"ﬀﬂ
N
	 # ( "ﬀ    ($	
GUK&Oh+ﬃ:%FFQZ0:K&T
H
K
H
~|.%*S:MAK.{}K
H
~PMŁSXZ
H
S:{AQ;K;Q
H
F{;T"K6;KY&:MA
H;H
K&O;QOWO~.{}K
N

5
H
;S:T"~LA&QZMAAK.T& FMASVZAO"~LTLR;QZ~R
H
;K
N
ﬀK&QZ~ .~LTLKY-S:TLS:.~L|&TLROL|.KNS:TMŁSX{K&OLQZTLKY;K&O~S:Q
>
ZK
+ﬃ:
Γ+(N)
K.~
Γ−(N)
;|
;H
AOS:TMRK&OT"K&MŁS~A
H
O   

  ZD


Γ+(N) =
〈
Ci∈α(N)
〉
Γ−(N) =
〈
Fi∈α(N)
〉

α(N)
K.O"~YM=2¦K
H
OLK&{9;MAK/;K.O6
H
;R&K&OZK&OA{}S:%FK.O(FQZTMAK&O"Q;K&MRMAK&ORM<S
N
&:MA
H;H
K&O&
Γ+(N)
K.~
Γ−(N)
O"
H
~hZ
H
YMAK&O
H
F{9;TLK.O{ FK
H
O;KY&T"|-S~LA
H
OK1~h;K Q;O"A
H
OPO"K6;T"WZQ;E7
OLS
H
~xﬀK
H
S
H
~
∆t 1
D ﬃ:I
C
OxMRFTLO"Q32ﬂRMS
N
&:MA
H;H
K&Oh;S
H
OhMRKNOWO~.{}K;GzS9{K&OLQZTLKNZK&K.O
QS
H
~LR~|.OxMA:
H
K1~;T"&Ox;Q<O"K&Q;RM(;
H;H
K/MAK.OhT"|&OLQZMR~S~Ox;T"|&O"K
H
~|.OYO"Q;TMAK.O

%:Q;TLK.O#ZRD&ﬁ,jS*ﬃPK.~
,ﬃ1GUK.O

%:Q;TLK.O6#WRD-ﬁq ﬃhK1~9q,ﬃh{
H
~T"K
H
~YMAK&OZAO"~LTLR;QZ~R
H
OxZK
N
.FTLT"K&O"(
H
S
H
~K.O&
GUF
H
;QO"K&Q;RMqA%Z#WRD-ﬁjS*ﬃ"ﬃ1 PMAK$~S:Q
>
;Ky&TL|&S~R
H
O};|&.TL <R~MR
H
|&S:AT"K&{K
H
~MAFT"OLQ;K
N
S:QZ%F{}K
H
~K

MŁS;K
H
OLR~L|32¦FS3"K1~OS
H
OMAKVO"8O~&{K'|.~S
H
~;K9;MAQ;O6K
H
;MRQ;ON%:TS
H
ZK: ﬀAMzyS
;KN{}F
H
OhK
H
{}F
H
OhZK/&TL|&S~R
H
OxZK/&FMR
H;H
K.O&;GUKN~S:Q
>
;K Q;OLR
H
O
Γ−
K.O"~Q
H
K 
H
.~LA
H
.TLFROLOS
H
~LK;K
N 
;MRQ;OhMAS;K
H
OLE~|XS:QZ%F{}K
H
~K: 8;MRQ;OxMŁSV;TL:S:;RMAR~L|8QZK/;K&Q
>
&:MA
H;H
K&OxO"K
T"K
H
.
H
~TLK
H
~K.~&FS:MAK.OL&K
H
~K&O"~xA{(FT~S
H
~LK: 4MK&O~OLQ;T";TLK
H
S
H
~YQ;K
Γ−
OLFE~xQ
H
K 
H
.~LA
H
QS:O"E7 MA
H
|-S:RTLK;K
N 

H
O.2JS~"~K
H
S:E~;MAQW~
:~xQ
H
K;|.(K
H
S
H
&KXQS:;TLS~R8QZKK
H N
 ;-S:T
MAS;TL:S:;RMAR~L|X;K'TLK
H
&
H
~LTLK';K';K.Q
>
.FMA
H;H
K&ONK&O"~VS¤ZTLA:TL¢{Q;MR~LA;MRKX;K
N × N
3¨:Q;T
MRK&Oh%:TS
H
ZK&Ox0S:MAK.Q;TLOh;K
N
 ZMAK6~S:Q
>
;KN QZOLA
H
OxK&O~;|&.TLFROLOLS
H
~

.K/&F{(:T"~K.{}K
H
~
H
2¦K&O~
SOOLQ;T";TLK
H
S
H
~-STMAK.O9%FTLS
H
;K.O0:SMAK&QZTLO9ZK
N
&:TLTLK.OLﬀ
H
;K
H
~;K&OO"R~LQS~R
H
O MAK
;|.OLFT";TLKVK&O~ qS:A;MRK:GUK.O~S:Q
> Γ+(N)
K.~
Γ−(N)
O&2¦
H
~K.TLO"K&.~LK
H
~Q
H
KV :AO&;GP2¦
H
~LK&TLO"K&1~A
H
K.O"~YQ
H
(F
H
~
Z>
KO~S:ZMAK: ;S:OLO"W.A|V'Q
H
{}S
>
A{9Q;{ ZKVZTLFS;AMRR~|6;K
N
jR%;;#WRD-ﬁq ﬃ"ﬃ1
BMAQZON;T"&ONZQOLK.Q;AMhjR%;,#ZED-ﬁ,,ﬃLﬃ! (MRKV~S:Q
>
;K9.TL|&S~R
H
ONZ|&&T" <A~NS:Q;O"OL¨MA
H
|-S:RTLK&{K
H
~K
H
N
S:T¨&
H
~T"K: MŁS;|&ﬀK
H
S
H
.KxK
H N
;QV~S:Q
>
;KP Q;O"A
H
O¢K&O~d;MRQ;O¢&F{;MARQ;|&K

MŁS&FQ;T"(K
Γ−(N)
&FQZ(K~TL:AOU FAO
Γ+(N)
NK&Q
>
ZKh&K.O
H
~LK&T"OLK&1~R
H
OO"
H
~d;K.OﬀF
H
~LO
Z>
K.OdO"~S:;MAK.O& 
.FTLT"K&OLﬀ
H
;S
H
~y;K.O'{S
>
R{S<;K¤;T"FS:ZAMAE~|;K
N
jR%;¢#ZED-ﬁ,qﬃLﬃ1¨GzS@~T"FAO"A.{}KK&O~
Q
H
ﬀF
H
~
Z>
K
H
O"~S:;MRK: ,S:O"OL8&A|.KV}Q
H
{}
H
A{9Q;{ ZK;T"FS:ZAMAE~|ZK
N
ﬀG¢S;|.(K
H
S
H
.K
.F{}ZMAK
>
K'K
H N
;K
Γ−
K.O"~V;
H
TLK.OLﬀ
H
OLS:;MAK;KMAS<ZA{WSMAR~L|ZKMAS¥;AO~TLR;QZ~LA
H
;Q
H
:{;TLK9;K&:MA
H;H
K&O& K.~/STMŁ{&{K;K'MAS;RO"~S;AMRR~|X;QlO8O"~.{}KS
H
O/Q
H
K'%*S{}{K
;K/0S:MRK&Q;T"O;Q@Z|&;E~-

H
S¤0WQQ;KMA:
H
;QOLK.Q;AMAM|1~S:E~X(:OLOLR;MAK932JS;;TL
>
A{K&TNMAK&O~S:Q
> Γ+(N)
K1~
Γ−(N)
STYZK&O 
H
.~LA
H
OYMR
H
|&S:AT"K&O.GzSO"A{;MAR&R~L|;KV&K.OY 
H
.~R
H
OﬀK&TL{K.~6;KV-S:MR&Q;MRK&TS
H
S:MR*7
~LAQ;K&{K
H
~MASZAO"~LTLR;QZ~R
H
;K
N
S:O"OL8&R|&K: O"K&MR
H
MŁS'{}|1~;8;K/K
>
ﬀFO"|&KVK
H
  


S
H
O6MRKX-S:O6%F|
H
|.TS:Mj 
H
(K.QZ~NK
H
K.?(K.~6|&.TLRTLKVM=2¦|&QS~LA
H
{}S=<A~LTLK&O"OLKXﬀFQ;TYMŁS';TL:S:;RMAR~L|
p(N, t)
32ﬂS 0:FAT
N
F3"K.~O6'M=2¦
H
O~S
H
~
t 
DFD I
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
110 120 130 140 150 160 170
Nombre de colonnes
0.00
0.50
1.00
1.50
2.00
2.50
3.00
3.50
Ta
ux
 d
e 
cr
ea
tio
ns
/fu
sio
ns
Taux de creations
Taux de fusions(a)
110 120 130 140 150 160 170
Nombre de colonnes
0.00
0.50
1.00
1.50
Ta
ux
 d
e 
cr
ea
tio
ns
/fu
sio
ns
Taux de creations
Taux de fusions(b)
110 120 130 140 150 160 170
Nombre de colonnes
0.00
0.05
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(c)
110 120 130 140 150 160 170
Nombre de colonnes
0.00
0.05
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(d)
8:9,;=<
#ZED-ﬁ;

qkFy BPaq
  y  eFIZhDSB HN@FPO]L^C'X4g&IGXO]L^C'X Γ+(N) BP Γ−(N) AﬂL^ISNKISC?BKQSISO,J#BDSBKl`O#X`HL`XO,P4@
ν |TS} RaR
 
ﬂX\FIZjDS@  dO,P,XKDSB qkFy Gn!hHR
3
ﬂX q J#L^O,C DIuX`BISO,J yuBPoq
  y  [n~ HR
3
ﬂX q AENX
DI0X`BI2O,J yz
qvH4y\BP=qkDy >	O#XPN&O dISPO]L^C'XxDI0C?L^R  dNBVDSB HL^J#L^CﬂC?BX N FIZ\RKRKBXTl^FJ#BI2NXxDSBVJFal`O#X`HL`XO,P4@
BP_DI DS@  dO,P KqvH4y Gn! HR
3
ﬂX BP qkDy  [n~ HR
3
ﬂXdz	 BXuR\F ZO,R\F q NBX4A?z RaO,CﬂO,R\Fy DSB
AENL F dO,J O,P4@ HL^N&NBX4AﬂL^CEDSBCﬂPTFIZ_AﬂL^O,CﬂPX

Z2BXaXP]F dJ#BX q NBX4A?zŁO,C'XP F dJ#BX4y DSB\JFjD ^CEFRaO!cdIeB
DSB Γ+(N) BP Γ−(N) z
DFD )
    x/
 ﬃ*] %'!

p(N, t+ dt) = p(N, t)− [Γ+(N) + Γ−(N)] p(N, t)dt
+Γ−(N + 1)p(N + 1, t)dt
+Γ+(N − 1)p(N − 1, t)dt
l
H
S¤OLK&QZMAK&{K
H
~XO"Q;;ﬀFOL|'Q;KMAK.ON~SQ
> Γ+(N)
K1~
Γ−(N)
|.~S:AK
H
~
H
;|.(K
H
S
H
~LOVZQ
~LK&{;O& 8K.~Q;K/ﬀK
H
S
H
~
dt
AM
H
KﬀFQZ0S:E~xSOh¤S-0:FAT;MAQ;O32¦Q
H
K/&T"|-S~LA
H
K.~;MRQ;Oh2ﬂQ
H
K
 Q;O"A
H

S
H
ONMRKVT"|&%FR{}KVS:O8{}Z~L:~RQ;K: ,:2¦K&O~"7474;RTLKXQS
H

p(N, t) = p(N, t + dt) ≡ pN
 ,&K1~L~K
|.8Q;S~R
H
;K.08AK
H
~

Γ+(N)pN = Γ−(N + 1)pN+1
j#ZED^ﬃ
S
H
O
H
:~T"KXO"8O"~L&{K: ,MAF
H
;Q$OLK.Q;AMj ;
H
STLS:AO"
H;H
S;MAK.{}K
H
~

{
Γ−(N) = aN
Γ+(N) = c− bN
j#ZJIFﬃ

a
 
b
K1~
c
OL
H
~Y;K.O6.
H
O"~S
H
~K.O&
5
H H
:~S
H
~
N0 = c/b
K1~
α = a/b
K.~VK
H

H
~LTL8;Q;ROS
H
~/MAS¥ 
H
.~LA
H
%F|
H
|&TLS~T"A&K
G(z) =∑
∞
N=0 z
NpN
 MAK.O|&QS~LA
H
Oq#ZRD ﬃhK.~9j#ZJIFﬃR{}ZMAAQ;K
H
~

N0G(z) = (z + α)G
′(z)
GzS'OLFMRQZ~R
H
;KX&K1~L~LKV|.QS~R
H
;R?(|&T"K
H
~RK&MAMRKNQ;30:|&TL

KVMŁS&
H
;R~LA
H
ZK
H
FTL{}S:MAROS~LA
H
G(1) = 1
K&O~

G(z) =
(
z + α
1 + α
)N0
T& ZQ
H
K/ 
H
1~A
H
%:|
H
|.TS~LTLA.K/;KXMŁS FT"{}K
G(z) = [zq + (1− q)]N0
K.O"~6S:OLO"W.A|.K'MAS
MRF;
H
F{ŁS:MRK
p(N) = N0!
N !(N0−N)!
qN(1− q)N0−N
  FI


5WQZTMŁS

%FQ;T"K#ZED
C
O"
H
~BOLQ;ﬀK&T"(:OL|&K.OPMŁS6ZAO"~LTLR;QZ~R
H
ZKxMŁS6A%;#ZED-ﬁ, ﬃ¢S 0:K&MAS6;
H
F{ŁS:MRK
~LK&MAMRK'Q;K
N0 = c/b
K.~
q = 1/(1 + a/b)
 ¢MRK&O/0S:MAK.Q;TLOX;K
a
 
b
K.~
c
|.~S
H
~9:Z~K
H
QZK&O9;S:T
S3"QZO"~K.{}K
H
~;K&O&:Q;TLﬀK&O
Γ+(N)
K.~
Γ−(N)
O"Q;TMŁS'R%;W#ZRD&ﬁ,jS*ﬃ!;GUK&O;K.Q
>
ZAO"~LTLR;QZ~R
H
O
O"
H
~K
H
(
H
S:&.FTL3;G¢SZAO"~LTLR;QZ~R
H
ZQ
H
F{;T"K/;K/&FMR
H;H
K.OxS
H
OMAKT"|&%FR{}K6;K/S:FO
O"S~R7 ~LK&{(:TLK&MﬀK&O~NZ
H
X;AK
H
Q
H
KX;
H
F{}AS:MAK
DFD&ﬁ
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
 0
 0.02
 0.04
 0.06
 0.08
 0.1
 100  110  120  130  140  150  160  170
Fr
ac
tio
n 
d’
ev
en
em
en
ts
Nombre de colonnes
Distribution binomiale
Distribution experimentale
8:9,;=<
#ZED
C

$ L^O  dO,C?L^RaO!FJ#BDSL^CﬂP J#BXA'FNvFRKPNBXpX`L^CﬂP DS@DISO,PX+DI

P DSB Γ+(N) BP Γ−(N)
XISNKJF UsOMGz  Gz

~ qkFy0XI`AﬂBN4AﬂL`X`@B ﬀJFjDO#XP!NO dISP!O]L^C DIfC?L^R  dNB0DSB0HL^J#L^CﬂC?BX
RKBXISN@BaBvZ[Aﬂ@N&O,RKBCﬂP]FJ#BRKBCﬂP=qUsOMGz  Gz

~ qvH4yyz

\ \ _
e
bdc
o
bb
ejik
YFQ;O¨S 0:
H
Od&S:TS.~|.TLROL|MAK&Oz~TLS
H
O"R~R
H
O¢S:QS:FO¨OLS~LA7=~K.{}ﬀFTLK.MFﬀFQ;T¢MAK&O¢Q;AMRK&O¢;KP0WRO7
.FOLE~|&OB~48;R8QZK&O
ν 1
C
{{

ﬃOPK.~
ν 1
I

{{

ﬃO& XM=2ﬂS:R;Kx;KQS~LTLK~TS&K&QZTLOP;R?(|&T"K
H
~O

MRK
H
F{;T"KP;K.FMA
H;H
K&O. MŁSx TS.~R
H
32¦K
H
~T"KK.MAMAK.OzS-*S
H
~¨OL
>
;MAQ;Oz;T"WZK&O¨0:FAO"
H
K.O& Mj2ﬂ|.-S:T~"7
~48ﬀK6;K.Oh;RO"~S
H
&K.OhK
H
~LTLK6;*0}K1~hMAS TS:1~A
H
;KY&T"|-S~LA
H
O ﬃ Q;O"A
H
O&8GUK&O;ŁS:%:TS:{{}K.OB;K&O
;;S:OLK.Od&
H
O"~T"Q;R~LOdN;S:T"~LAT¢;K&Od;S:TS:{.~LTLK.O32¦FTLZTLKx;|.TLE0F|&O;Kh.K&Od~TLS:&K.Q;TLO¨OL
H
~B.
H
.FT7
S
H
~LO32ﬂQ
H
ﬀF
H
~;K/08Q;KVQS:MAE~S~LR qS:Q${}F
H
OxﬀFQ;T
ν 1
C!
{{

ﬃOﬃ! 4MAO{
H
~TLK
H
~Y~LFQ;O
Q
H
K¤S:Q;%:{}K
H
~S~R
H
;TLF%:TLK&O"OLE0FK¤;Q ;|&O"FTL;T"K¥@;S:T"~LATV;QOLK.Q;AM;K}MŁS¥~TS
H
OLE~A
H
 zS:
H
OL
Q32¦Q
H
TL|&%:A{K/;KX;AO~S:;RMAE~|Y;TL.O6;KX.K&MAQZE74.=
¢FQ;T"~S
H
~- W32ﬂQ
H
(:
H
~x;KY08Q;K/QS
H
~E~S~LR ~LFQ;Ox.K&Ox;S:TS:{.~LTLK.Oh32¦FTLZTLK
H
K6;
H;H
K
H
~S:O
MRK&OP{ .{}K.OPTL|&O"Q;MR~S~O.8S
H
O&K.T"~S
H
O-S:OMŁS/;TLS
H
;K6;QZŁS:%FTLS:{{}K;K&O;S:O"K&OxSOLOL8&R|&K
lMŁSy~LTS
H
OLR~LA
H
SQ£;S:FOOLQ;E~Q
H
K<MAF;K<;Q;ROLOS
H
&KGUK.OK
>
(FOLS
H
~OQ;K
H
FQ;OS-0F
H
O
{K&O"Q;TL|.OYO"
H
~YMAK&OO"Q;R0S
H
~O

ν 1
C
{}{

ﬃO
ν 1
I

{}{

ﬃO
〈1−N/Nlam〉 
 JIFI
± 
 
*C ×
〈1− f〉 
 RD
 ± 
 
*C 
 ﬂ)
 ± 
 
FC
σd

 ED
 ± 
 
*C 
 RD-ﬁ
± 
 
*C
〈(Ci + Fi)/Ni〉 
 
C
2
± 
 
*C ×
DFD
C
   
 
`$*]ﬃ

GUK&S:O¥;KlM=2¦Q;AMRKy;K08ROL&:OLR~L|
ν 1
I

{{

ﬃO¥K&O~<; &RMAKy;AO"&QZ~LK&T& x &S:Q;O"Kl;KlMŁS
;T"|&O"K
H
.KZK&O/FO"&AMRMŁS~LA
H
OYZK'MAA%
H
K&O68QZE3"FQ;K
H
~MAKT 
FMAK;K'(K.T"~LQ;TLS~A
H
ON32ﬂS:{;MAE~Q;ZK&O
H
AK&OS:Q'0:FAO"
H
S:%:K;QO"K&Q;RM=*S
H
OPMAK-SO;KMj2ﬂQ;RMAKx;K08AO"&FO"R~|
ν 1
C
{{

ﬃO& F~LTLFROB;K&O
K
>
ﬀFOLS
H
~OX{}K.OLQ;T"|&O/
H
~X;K.O0S:MAK.Q;TLON~LTL.O qS:A;MRK&O. &K'Q;OLA%
H
KﬀK&QZ~7 .~LTLK'MRK9 qS:R~NQ;K'MŁS
~LTS
H
O"R~LA
H
K&O"~;AO"&
H
~
H
Q;K:65WK&MR
H
MAKS:TLS:{}1~T"K932¦FTLZTLKMRA|SQ
>
+ﬃh (.K.~"~K~TLS
H
O"R~R
H
K.O"~'.K&ﬀK
H
S
H
~.MŁS:RTLK.{}K
H
~&
H
~L
H
Q;K 4M
H
FQ;O9 qS:QW~;
H
¤;AO"&QZ~LK&TZK¤MŁS$(K.T"~
H
K
H
&K¤;K
S&Q
H
;K&OYS:TLS:{.~T"K&O32¦FT";TLKXQ;K
H
FQ;OYS-0F
H
O6QZ~LAMRAOL|.O&
GUK&OS:TLS:{.~T"K&O
〈1− f〉
K1~
σd H
K$OL
H
~}K
H
 qS:R~SO~LFQ^3"FQ;T"O
H
Q;MRO};S
H
OMAK<-S:O MAK
OWO~.{}KK.O"~NS
H
O6M=2¦|.~S~NMAS:{}
H
S:RTLK: 5
H
K.?(K.~& (MRFTLO"8QZK9MAK.ON.FMA
HZH
K&OYOL
H
~/:TL%*S
H
AOL|.K&OYOLQ;T
Q
H
TL|.OLK&S:Q9;K
>
S:%F
H
SMS 0:K&;|. qS:QW~Oz~FﬀFMA:%FAQ;K.O3FQVK
H
ZTL|&O"K
H
.Kh32¦FO"&AMRMŁS~LA
H
O;KMAR%
H
K&O. 
~LFQZ~K.O
H
2ﬂ
H
~P;S:OPOL
>
;MAQZOZTL8;K&OB0F:AOL
H
K&O. *K.~PMRK&Q;T"OZAO"~S
H
.K&OS-0FK&Y&K.OP;*0
H
KOL
H
~S:O
 FT"&|.{}K
H
~x|&%*S:MRK&OhMŁS9MR
H
%FQ;K.Q;Th2ﬂ
H
;K/;Q¥TL|.OLK&S:Q<;K
>
S:%F
H
S:M=W92ﬂS:QZ~LTLK/S:T~- WMŁS{K&O"Q;TLK
;K
f H
KﬀK&TL{K.~S:O;K}~LK
H
ATX&F{Z~LK;KMŁS$Z
H
S:{AQ;K;K&O&FMR
H;H
K.Oﬀ|&T"A;;|.TLR8QZK&O&
+hK1~L~KZ
H
S{}R8QZK73"FQ;KﬀFQ;T"~S
H
~PQ
H
T
FMRKxK&O"OLK
H
~LAK&MﬀS:Q'0:FAO"
H
S:%:K;QOLK&QZAM=FGzKSTS:{.~LTLK
〈1−N/Nlam〉
;T"|&OLK
H
~KQS
H
~XMRQ;¨Q
H

H
.
H
0F|
H
AK
H
~X{}S3"K&QZT

OLS¤;|
;H
R~LA
H@H
|&.K&OLO"R~LK
Mj2ﬂ
H
~LTL8;Q;1~A
H
32¦Q
H
;S:TS:{.~LTLK 
Nlam
^+hKP;K.T
H
RK&T
H
2¦K&O~;KP;MRQ;OUS:O3~LFQ^3"FQZTLOz;AK
H
;|
H
= 
K
H
ST"~R&Q;MRAK.ThOLUMj2ﬂ|1~S~MAS:{
H
S:RTLKY&
H
~LAK
H
~Y;K.OYZ|. qS:QZ~LO~FﬀFMA:%FAQ;K.O&
GUKB{K&AMRMAK.Q;T(ZK&OUS:TLS:{.~T"K&OU32¦FT";TLKBQ;K
H
FQZOzS 0:
H
OzQZ~LAMAROL|.OOLK.{;MRK .~T"K
〈(Ci + Fi)/Ni〉
 
MRK6~SQ
>
{ FK
H
;K/.TL|&S~R
H
O ﬃ^ Q;OLR
H
O& 5
H
K.?(K.~- Z&K/S:TLS:{.~T"KK&O~~FQ3"FQ;TLO
H
QZM3S
H
OMRK&O
ﬃ.
H
K&O}MŁS:{
H
S:AT"K&O& ¢Q;K&MRMAK$Q;K@O"FR~MRK&Q;T~FﬀFMRF%FAK K1~OLS;|
H
R~LA
H H
K
H
|&.K&O"OLR~LKyMj2ﬂ
H
7
~LTL8;Q;.~LA
H
32ﬂS:Q;.Q
H
;S:TS:{.~LTLKNKZMAQ;O. OL/&K~SQ
>
{} :K
H
K&O"~@&
H
O"~S
H
~yS
H
O@MRK&O
T"|&%FR
H
O;|.OLFT";
H;H
|&K&O. z&KQ;dK&O~X0WTLS:BS:Ql{F
H
O;T"&OX;QOLK.Q;AMdZK'MŁS~TLS
H
O"R~R
H
 (S:MA:TLO
〈(Ci + Fi)/Ni〉
{}K.OLQ;T"KMŁS$ TS:1~A
H
S:~AQ;K{} FK
H;H
K¤;S
H
OMRKO"8O~&{K:B
H
Sy;
H

S:.&.O9M=2¦Q
H
ZK&OxK
>
ﬀFOLS
H
~O;KMASﬀK&T"&FMAS~R
H
ZATLR%F|&K

M=2¦K
>
(:OS
H
~
β
 88QZ{K&OLQZTLKMASV0S7
T"ŁS~LA
H
K
H
MRF,;KNZQ;AO"OS
H
.K;KMASX TLS:.~LA
H
~Q;T";Q;MRK
H
~K
Ft
MA:TLOLQ32¦
H
O.2JS;;TL8;KZQ¥OLK&QZAM
ST0S:MAK.Q;TLOBO"Q;(|.TLRK&Q;T"K&O&8+hK1~K
>
(:OS
H
~PK&O~K
H
;TL
H
&R(Kh;|
H
S
H
OBMASMAA{R~LK~L;K&T"{}8Z*7
H
S{}R8QZK: :2¦K&O~"7^74;RTLKY(FQZTQ
H
O"8O"~L&{K;K6~S:AMRMAKx
HZH
RK: {}S:AOPMŁSV{}K.OLQ;T"KN;K6M=2¦K
>
ﬀFOS
H
~
.FTLT"K&OLﬀ
H
;S
H
~6;S
H
OMAK/&S:O32ﬂQ
H
OWO~.{}K
H
UK
H
;
H;H
KXQ
H
KV
H
ZA-S~A
H
TS:ROL
HZH
S:;MRK:
YFQ;OdS-0:
H
OB;
H
h{K&OLQZTL|xS
H
O
H
:~LTLKO"8O"~L&{KxQ
H
Kh0S:MRK&Q;T¨;K
β
;KhM=2¦FTL;T"KZK

 
C
2
± 
 
*C

5
H
ﬀK&TL.FMŁS~A
H
;RTLA%:|&K}lI D¥;A{K
H
OLA
H
O& z
H
S
β ≈ 
 
C
 
C
)

 6:~LTLK¤{K&O"Q;TLK;K
β
O"Q;;ﬀFT"~LK9;
H
MŁS&
H
3"K&.~LQ;TLK9;K'¨:{}K&S:Q 

D

U+N2¦K&O~/MŁS;TLK.{}R&T"K FRO6Q32¦Q
H
K
>
ﬀFOS
H
~
K
H
S:.&FT"yS-0:K&V&K&MRQ;3;KXMASN K&O~6{K&O"Q;TL|XS
H
OQ
H
O8O"~.{}KVTL|.K&MU;R;A{K
H
OLA
H;H
K&M 

D



\[\
ik
ct
o
b
eqik
YFQ;OYS-0F
H
OY-STS:1~|&T"AO"|V;S
H
O&KXS:ZR~T"KXMAK&O~LTS
H
O"R~LA
H
Oh;Q@O8O"~.{}KS:Q$S:FOO"S~R7
~LK&{(FT"K&M/ﬀFQ;T<MAK.O<8QZAMAK.O<;K 08ROL&:OLR~L|&O¥~48;AQ;K.O
ν 1
C!
{{

ﬃO@K1~
ν 1
I

{{

ﬃO& 
Mj2JS:R;K;K¥QS~T"K¥S:TLS:{}1~T"K&O;E?|.TLK
H
~LO&BGUK¥&S:O;K¥Mj2ﬂQ;RMAKZK08AOL.FOLE~|
ν 1
I

{}{

ﬃO
K.O"~Z &RMAK@|1~Q;ZAK&T. ¨&S:TVMŁS<;TL|.OLK
H
&K¥32¦FOL.AMRMŁS~LA
H
ON;KMRA%
H
K.OVS:Q 0F:AOL
H
S:%FK;Q OLK&QZAM
{}S:OLQ;KYMŁS
H
S~Q;T"K6;KYMŁS~LTS
H
O"R~LA
H
FS
H
OMAK-SO
ν 1
C
{}{

ﬃO. *~TL:AOP;K&OS:TLS:{.~T"K&O
DFD 2
 1e%[? !  V/
dﬃ* ]%'
V /v#-0E %2ﬃ
32¦FT";TLKVOLK.{;MAK
H
~N
H
;AQ;K.T8QZK9MŁS'~TLS
H
O"R~R
H
K&O~N;ROL.
H
~
H
Q;K$5WK&MR
H
MRKVQS~TLR&{K: Q;
O"K&{;MRK@MRK<;MAQ;OTSAOL
H;H
S:;MRK: BMAS~LTS
H
O"R~LA
H
K&O~¥S:Q &
H
~LTS:RTLK$&
H
~
H
Q;K:h+hKySTS:{.~LTLK
32¦FT";TLK
H
FQ;OS6ﬀK&T"{}RO¢2JS-0F:AT¨S:&.&OBYMŁS TS:1~A
H
~LQ;TL;QZMAK
H
~LK{ FK
HZH
K
Ft
 .FQ;TS{}{K
H
~
{K&O"Q;TL|.KxS
H
OBMRK&OdO8O"~.{}K.OB;TL|.OLK
H
~S
H
~Q
H
TL|&%:A{K32  5  /*GB2¦|.0:FMAQZ~LA
H
;K
Ft
K
H
 
H
.~LA
H
;QSTS:{.~LTLK;K'.
H
~T 
FMAK OLQZT/MŁS;TLS
H
;K.FTLT"K&OLﬀ
H
;S
H
~9¤Mj2  5  / 3K&O~X&
H
~
H
Q;K:5BMRMAK
O"Q;R~¥Q
H
KMA:6;KlZQ;AO"OS
H
.Kl;
H
~<M=2¦K
>
ﬀFOS
H
~¤K&O"~<Q
H
KS:;;T"
>
R{S~A
H
;K
β
 hMAS0S:MAK.Q;T
.FTLT"K&OLﬀ
H
;S
H
~KS
H
OBMŁSNMRA{R~KB~L;K&T"{}8Z
H
S:{AQ;K :M=2¦Q
H
ZK&OPK
>
ﬀFOS
H
~LO&S:TS.~|.TLRO"~RQ;K&O
;KhMŁS6.MŁS:O"OLK32¦Q
H
E0FK.TLOSMAR~L|h;KhMŁSNﬀK&T"&FMAS~R
H
ZATLR%F|&KF+hK1~BK
>
ﬀFOS
H
~PK.O"~P.F{};S~R;MAKS-0FK.
.K&MAQZ;K'MAS¥¨ 4MOLK&{9;MAK.K&ﬀK
H
;S
H
~R{}ﬀFO"OLAZMAKV;K'&
H
&MAQZTLK'OLQZT/MŁS
H
S~Q;T"K: 3.
H
~
H
Q;K
FQ@;AO"&
H
~L
H
Q;K: ,;KVMŁS'~TLS
H
O"R~R
H
S:Qy;S:FONO"S~LA7=~K&{ﬀFTLK.M3S
H
O6MAKXO"8O~&{K9Q;K
H
FQ;O
S-0F
H
Oz|.~QZ;A| x-S:QZOLKP;KPMŁS~LTLF/ qS:R;MAK¢~S:RMAMRK¨;KP.K&MAQZE74.=.¨FQZTU(FQW0FFRT3-S:TLS:.~L|&T"AOLK.TU&K1~L~K
~LTS
H
O"R~LA
H
 *RMK&O~
H
|.&K&O"OS:RTLK2ﬂ|1~Q;;RK&TQ
H
OWO~.{}KZMAQ;O%FTS
H
325W(K.MAMRKYO.2JS-0:&TLKN&
H
~
H
Q;K: 
MASX{K&O"Q;TLK;K
β
ﬀFQ;TP;E?|.TLK
H
~LK&OP~S:RMAMRK&Od;Q}O"8O"~L&{K6ﬀK&T"{}K1~L~LTS:E~B32¦K
>
~TLS:(:MAK&TPOLSV0S:MAK.Q;T
S
H
OXMŁS¤MAR{}E~KV;K&OX~SAMAMRK&O6
HZH
AK&O.US
H
O.KZQZ~- UQ
H
;ROLﬀFOLE~R PK
>
(|.TLA{K
H
~S:MB;K'~S:RMAMRK
QS~LTLK/ FROx;MAQZOY%:TS
H
ZKK
H
OLQZT" qS:.K ﬃK&O"~YK
H
.FQ;TLO;KX{
H
~S:%:K:
GUKVO"8O"~L&{KQ;K
H
:Q;OS-0F
H
ON|1~Q;;R|O"K9;RO"~L
H
%FQZKST6MRKV qS:E~Q;K: (OLK&MR
H
MAS0S:MRK&Q;T;KMŁS
08AO"&FO"R~L|: ,MŁS'~TLS
H
OLE~R
H
SQyS::ONOL;S~R7 ~LK&{(FT"K&M3ﬀK&QW~OLKV qS:AT"KXK
H
S:QZ%F{}K
H
~S
H
~6FQyK
H
;R{}
H
QS
H
~YMAKV;|&;E~N2JS:MRA{K
H
~S~A
H
 5
H
 qS:E~- ,M=2¦FT"A%F
H
K;QZ|&OL:TL;T"K
H
2¦K&O"~NS:O6MŁS}{&{K
S
H
OxMAK.Ox;K.Q
>
-SO& %:TS
H
ZKN08AOL.FOLE~| ZMA:TLOLQ32¦
H
S:QZ%F{}K
H
~KMRK;|&ZR~MRK

MR{ ;K/MRAQ;R;K
;K108AK
H
~Y;MRQ;O|&SAO& ZMAK&O
H
~LK&TLS:.~LA
H
OhK
H
~T"KV.FMA
H;H
K&OO"
H
~6ZKVZMAQ;OK
H
;MRQ;OA{ﬀFT"~S
H
~K&O.
¨S:T&
H
~LTLK: , qS:R;MAK60WROL.FOLE~|: ZMAFT"OLQ;KXMAKZ|&;E~K&O"~Y;R{}
H
Q;|MAK

MA{;K.08AK
H
~N;K/ZMAQ;OK
H
;MRQ;O{
H
.K: (AM¢;K.08AK
H
~X;K';MAQZO/K
H
;MRQ;O/; .AMAK(:Q;TMAK.O&:MA
H;H
K&O32¦8&&QZ(K.TX~LFQZ~LKMŁS
O"Q;T" qS:.K:+hK-SONK&O~;MRQ;ONZ &RMAKV}|1~Q;;RK&T. (&S:TS:Q@0FFROL
H
S:%FKX;QO"K&Q;RM¨;K.OFO"&AMRMŁS~LA
H
O
;KYMAR%
H
K.OS;S:TLS:AO"OLK
H
~hS
H
OMAKO"8O"~L&{K:;+hK&OhZK&T
H
A&T"K&O 3"FQ;K
H
~hMAKT
FMRK6ZK6ﬀK&T~Q;T"S~R
H
O
32ﬂS:{;MAE~Q;ZK&O
H
RK&O& ﬀK.~6OLK.{;MRK
H
~{}S:OLQ;K.TNMAS.
H
~
H
Q;E~|V;K9MAS~LTS
H
OLR~LA
H
 6FQ;ONS-0F
H
O
|1~Q;;R|yMAS~TLS
H
OLE~R
H
S:Q ;S:FO¤ﬀFQ;T¤MRK&O}8QZAMAK.O¤;K;S:QZ~KyK.~¥SOLOLK08ROL&:OLR~L|: {SAORM
O"K&TSR~/
H
~L|&T"K&OLOLS
H
~X;K qS:RTLKMAS{ .{}K|.~LQ;;KS:Q0F:AOL
H
S:%FK9;K'MŁS}08ROL&:OLR~L|ﬀFQ;T/MŁS8QZK&MAMRK
MRK/&F{(:T"~K.{}K
H
~S
H
%:K
 ν ≈
)
C
{{

ﬃO&
3
H
S:QZ~LTLK.F{}ﬀFT~K&{K
H
~N{S:T"QS
H
~;K9MŁS}~LTS
H
O"R~LA
H
S:QlS::OOLS~A7 ~K.{}ﬀFT"K&MzK&O~/MŁS
;T"|&O"K
H
.K6;K;RO"~S:;AMRR~L|xS:Q'0F:AOL
H
S:%FKZQ}O"K&Q;RM=*+hK1~L~LK6;K.T
H
R&T"KYO"K&{ZMAK;Q;KYXMŁS;T"|&O"K
H
.K
;K.OﬀFTL;O. 6:Q;O|.~LQ;;R
H
O;
H
S
H
OMAK;S:;R~LTLKO"Q;R0S
H
~NM=2¦
H
ﬀQZK
H
.K;KMAS}~S:RMAMRK
;H
AK
O"Q;TMAS~LTS
H
O"R~LA
H
S:QSFOST  5   S
H
OMRK@&S:O%F|
H
|&TLS:M= S
;H
;Ky.F{;TLK
H
;TLK@OLYMŁS
;T"|&O"K
H
.K;KX;RO"~S:;AMRR~L|S:Q¥0F:AOL
H
S:%FK/ZQ@O"K&Q;RMUK&O"~YQ
H
;;|
H
F{
H
KX%F|
H
|&T"AQ;KXFQ$S:O.
DFD

   
 
`$*]ﬃ

DFD  
  
 




  
N
FQ;O¥S-0:
H
O¥;|.&TLE~¤S
H
O¤MAK@S:;E~T"K;TL|.&|.;K
H
~<MŁS ~TS
H
OLE~A
H
S:Q;S:FO¤O"S~R7
~K.{}ﬀFTLK.M(:QZ0S
H
~¤S:ZS:TSﬂ<A~T"K¥S
H
OQ
H
O"8O"~L&{K@*8;TL8Z
H
S:{AQ;K$TL|.K&Mj 6FQ;O
S-0F
H
O/:;OLK.T"0F|K1~/;|&.TLE~/Q
H
&:{}ﬀFT"~LK&{K
H
~T"K&{}S:TLQS;MAK

M=2¦K
>
RO"~K
H
&K'2ﬂQ
H
T"|17
%FR{}K¥ZKy;RO"~S;AMRR~| d;T"&OZQ OLK.Q;AMj PK
H
~T"KyM=2  5   K1~¤Q
H
TL|.%FA{K<8Q;S:OL74MŁS{}
H
S:AT"K MAK
;|.OLFT";TLK
H
2ﬂK.O"~/ZTL|&O"K
H
~/Q;KO"Q;TNMRK&O6(FT";O&3+hK9.F{}ﬀFT~K&{K
H
~6S:T~A.Q;MARK&TOLK.{;MRK9l
MAS;TL|.OLK
H
&K9ZKV.K&O;K.T
H
RK&TLO. K.~Y;
H
'MAS'~S:AMRMAK
H
AK/ZQ@OWO~.{}K
¢FQ;TP&F{;T"K
H
;T"K&K;;|
H
F{
H
K 8
H
SVS:SZ~|MAK{8;&MRKx{}
H
A{}S:M32  5  
H
~LTL8;Q;E~BS:T
V+hS~L|K.~¨*5yS
H;H
K108AMAMRK D

 
C
2

/MŁS6%F|&F{|.~LTLRKxS:T~A.Q;MAR&T"Kh;QO"8O~&{KK
>
ﬀ|&TLR{}K
H
7
~S:M= 
H
:~T"K'&
H;H
S:AO"OS
H
.K}.K{}8;&MRK'S¤~FQ3"FQ;TLOX|1~||.~LQ;;A|S-0FK.}ZK&OX&
H
;R~LA
H
OXSQ
>
MRA{R~K.OB(|.TLRW;RQ;K&O. WﬀFQ;TO&2ﬂS?TLS
H
;RTx;K.OxK.?(K.~LOx;KﬀFTL6:Q;OxS-0F
H
O;FROL2ﬂ|1~Q;;RK&T
MRK&OK.?(K.~LO6ZKX~S:AMRMAK
H
RK:
+hK${}8;.MAK: BQ32¦
H
S:;ﬀK&MAMRK&TLS;S:TMŁSOLQ;E~K@5  5  / K.~}OLK.O;T"
H
.AS:Q
>
&F{ﬀFT"~LK&{K
H
~O
MRFTLO"8Q2ﬂ
H
Mj2JS;;MARQ;K9¤ZK&O/O"8O~&{K&OVS:Q
>
MAR{}E~K.OYﬀ|&T"A8;AQ;K.O& (OL
H
~X;T"|&OLK
H
~|&OXS
H
O/MŁS
O"K&.~LA
H
D

EDFZNS
H
OxMASOLK..~LA
H
D

 IVOL
H
~{
H
~T"|&OhMRK&OxT"|&O"Q;MR~S~O8QZK
H
FQ;OxS 0:
H
OFW~K
H
Q;O
S
H
ONMRK&S:ON;KO"8O"~L&{K&OZK~SAMAMRK&O
H
AK&O6K.~60:STLŁS;MAK.O&,GUK&O6&
H
.MAQ;O"A
H
ON;K&K9;S:;R~LTLK
O"
H
~6TLS:OLO"K&{ZMA|&K.OK
H
D

ﬂ)Z
] \ ]¤\ ` u
iys 
tj`  	

 	! ! @ %E  ﬁ=&#' K  (,%
GUK/{W;.MAK5  5   D

 
C
2Z 
C
K&O~Y;K~48(KXTL|.OLK&S:Q@2ﬂE~|&TLS~R
H
O&FQ;ZMA|&K.O

M=2¦K&O"S:&K/K1~YMAK
~LK&{;OBOL
H
~;AO"&TLK1~O. ~S
H
;ROP8QZKNMAKSTS:{.~LTLK32¦FTLZTLKYK&O"~&
H
~L
H
Q3W+hF{{}K
H
M=2ﬂS08Q
S
H
OxMAKNS:;E~TLK Z Z.K~4WﬀK/;K{8;&MRKN&
H
O"~LR~QZKQ
H

H
~K.TL{|&;AS:AT"K6K
H
~TLK/MRK&Ox|.QS~R
H
O
S:Q
>
;|.TLE0F|&K.OS:T"~LAK.MAMAK.O& ;
H
~MRK&Ox.F{}ﬀFT~K&{K
H
~LOxOL
H
~T"A;K.O{S:ROQ;OL
H
~;}.AMRK&Ox
|1~Q;;RK&Tx&S:TxK.MAMAK.OhO"
H
~~TL.O& W~K&QZOLK&OK
H
~K&{;O;KN-S:MR&Q;Mj WK1~MAK&OxS:QZ~:{S~LK&O&K&MRMAQ;MAS:AT"K&O. 
S:ROL|.{}K
H
~}{}S
H
AZQ;MŁS:ZMAK&O
H
Q;{|&T"AQ;K.{}K
H
~}{}S:AO;}.AMRK&{K
H
~K
>
;MA:R~S;MAK.O} -S:QZOLK;Q
&S:TS:1~.TLK;ROL.TLK.~N;KMAS0S:TLAS:;MRKMRW&S:MAK,GzK9{}8;&MRK5  5   S|.~L||.~LQ;;A|9Q
H
K9K.~/;K.Q
>
;R{}K
H
OLR
H
O2ﬂK.OLS:.K:h
H
Mj2ﬂ
H
~TL8;Q;E~'A.xS
H
OMRK¥-S:O32¦Q
H
O"8O"~L&{K@Q
H
A;R{}K
H
OLR
H;H
K.M
{}S:AO&K1~L~LKl;K&O"&TLRZ~R
H
K.O"~¤ qS:.AMRK&{K
H
~¤%F|
H
|&TLS:MAROS:ZMAK@ ;K&O¥O8O"~.{}K.O<;K;R{}K
H
OLR
H
O
;MRQ;O|&MRK.0:|&K&O.
GB2¦
H
;R&K2ﬂK.OLS:.K}K.O"~
H
:~L|
i
 U&K.MAQ;;K'~K&{;O
n
 MŁS0S:MAK.Q;T/;KMŁS0S:T"ŁS:ZMAKO"Q;TXMAK'OLE~K
i
S:Q¤~LK&{;O
n
K.O"~
H
:~L|&K
Xni
,+h;S:Q;K/OLE~K
H
2¦K&O~&FQZ;MA|/Q32ﬂS-0FK&XO"K&O;MRQ;O;TL8;K.Ox0FFROL
H
O& 
DFD #
 G  +-02(*!  
.K~48(K¥;K¥.FQ;;MAS:%FKS:;{K.~L~S
H
~'Q
H
K¥MRA{R~LKZR?(Q;OLE0FK¤MRFTLO"8QZK¤MAK.OS:O2ﬂK.OLS:.K<K.~';K
~LK&{;O/~K
H
;K
H
~V0FK&T"O ﬃ.|&TL qMRK&FQ;ZMŁS:%FK'K.O"~9S:;;MRAQ;|'O"A{Q;ME~S
H
|&{K
H
~V¤~FQ;OVMAK.OXOLR~LK&Oﬃ1
GzS0S:TLAS:;MAKNOLQ;TMAK/O"R~LK
i
SQ<~LK&{;O
n+ 1
O&2¦K
>
;T"A{K/;
H


Xn+1i = f(X
n
i ) +
ε
2
[
f(Xni−1) + f(X
n
i+1)− 2f(Xni )
]

ε
{}K.OLQ;T"KVMj2ﬂ
H
~K
H
OLR~L|/;Q$&FQ;ZMŁS:%FK
ﬁ
ﬂ ﬁ   	( ﬃﬁ &)(*#% 	 #%ﬃﬁ
	 
f
GzS¤ 
H
1~A
H f
;FE~/0F|.TL

K&TX;K.O.
H
;E~A
H
O/{}
H
A{}S:MRK&OY(FQZTV{8;|&MRAOLK.TM=2  5  /
§

H
O"BAM
;:R~K
>
AO"~LK&T/ﬀFQ;TQ
H
OLR~LKAO"FMA|Q
H
|.~S~XS:OW{Z~L:~R8QZKMŁS:{
H
S:AT"K: TL|.%FQ;MRAK&T. ({}S:ROS:Q;O"OL
MAS(FO"OLR;AMRR~|}32¦Q
H
.F{}ﬀFT~K&{K
H
~S:~R8QZK<~LTS
H
OLR~LFAT"K:GP2¦|.~S~MŁS:{
H
S:AT"K};:R~ 1~TLK
MR
H
|&S:AT"K&{K
H
~zO"~S:;MAK ^:2¦K&O"~77 ;AT"KO~S:ZMAKP0WROd0WRO¨ZKhﬀK&T"~LQ;TL;S~R
H
O¢
HZH
R~|.OLR{S:MRK&O. -{SAO

H
O"~S:;MAKOLFQZO/M=2¦K.?(K.~/;K.OX(K.T"~QZTLS~LA
H
OMA8-S:MRAO"|&K&O632ﬂS:{}ZMAR~LQ;;K.O
H
RK&O/
H
~LTL8;Q;E~K&O6S:T
MRK.FQ;;MAS:%FK:(GzS 
H
1~A
H f
ZTLFﬀFOL|.KS:T 3+hS~|9K.~X¢35yS
H;H
K.08RMAMAKK&O~/MA
H
|-S:RTLKXS:T
{FTL.K-S:Q
>
0:FAT

%FQ;TLKD

RD^ﬃ

f(X) =


rX
OL
X ∈ [0; 1/2]
r(1−X)
O"
X ∈ [1/2; 1]
k(X −X∗) +X∗
OL
X > 1

|k| ≤ 1
 
r > 2
K.~YK
H
%F|
H
|&TLS:M
X∗ ≡ (r + 2)/4

0
0
1
1 r/2
r/2
f(X)
X
X*
8:9,;=<
D

RD:
  ŁAGAEJ O]HFP!O]L^CﬀJ#L`HFJ#B g[z

H
;E~hQ;KNMAKYOLR~LK
i
K.O"~hS
H
OxMj2ﬂ|1~S~MŁS{}
H
S:AT"KVqT"K&OLZS:~AQ;K-ﬃS:Q}~K&{;O
n
OL
Xni > 1
TLK&O"3
Xni ≤ 1
ﬃ1
GB2ﬂS:;;MRA-S~A
H f
&
H
~LT
FMRKxK
H
~R&T"K&{K
H
~MŁSNW
H
S:{}RQ;KMA8-S:MRK

S
H
OBMAKx&S:OP32¦Q
H
.FQ;;MAS:%FK
H
Q;M
ε 1

ﬃ1 ﬀS:Q;KOLE~K|10FFMRQ;K
H
;|&ﬀK
H
;S:{}{K
H
~/O"FQ;O/Mj2ﬂK1?K1~/;K
f
U+hK.~"~KS:;ZMAA&S~R
H
O"KV.F{(FO"K/;KX;K&Q
>
S:T"~LAK.O

D^I

 1e%[? !  Gj2('/*# 
%'!!
¡
5WQ;TUMj2ﬂ
H
~LK&T0:SMAMAK
[0; 1]
q|.~S~(8xS::~LAQ;K
:
ﬃ! MŁS 
H
.~LA
H
8&RTL&
H
ﬀK
>
K
:
K&O~z-S:TLS:.~L|&TLROL|.K
S:TMAK/;S:TS:{.~LTLK
r

5W
r > 1
 FS:MRFTLOdMj2JS;;MAR-S~LA
H
K&O~P;R0:K&T"%FK
H
~K

MAK&OA{}S:%FK&O¨;K;K.Q
>
ﬀF
H
~O
X1
K.~
X2
S:ZTL&O
N
E~|&TLS~R
H
O3O"
H
~¢K
H
0:SMAK&QZTzS:;OL:MAQ;KBO"|&S:T"|&K.O¨;K
eN ln(r) |X1 −X2|
 ~S
H
~zQ;K&K&OzR{S:%:K&O
T"K&O"~LK
H
~d;S
H
OMj2ﬂ
H
~K&T0S:MAMRK
[0; 1]
ﬃ1 £-S:Q;O"Kh;KMŁS;R0:K&T"%FK
H
.KhMRW&S:MAKB;K.O¨~LTS3"K..~:ATLK.O& ~:QZ~K.O
MRK&OB&
H
;R~LA
H
Od
H
E~AS:MAK.O¨.F{}ZTLAO"K&OBS
H
O
[0; 1]
.
H
0FK&T"%FK
H
~0FK.TLOQ
H
S~L~LTS:1~K&QZT;S::~RQ;K:
5W
r < 2
SMAFT"OhAMﬀK
>
RO"~K/Q
H

H
~K.T"0S:MAMRKN
H
&MRQ;OhS
H
O
[0; 1]

H
0S:TLAS
H
~xST
f
 3
H
K.
H
;E~R
H

H
R~LŁS:MRKNS:ZS:T"~LK
H
S
H
~6
[0; 1]
MAK/TLK.O"~LK&TS
H
;|
H
A{K
H
~-
5W
r > 2
 zS:MAFT"OXAM
H
2¦K
>
AO~K};MAQ;OV;KOLFQZO74
H
~K&T0S:MAMRK
H
&MRQ;OXS
H
O
[0; 1]

H
0S:T"ŁS
H
~XSTMAS
Z
H
S{}R8QZK
f
"3
H
K¥&
H
;R~LA
H

H
E~ŁSMAKS:;ST"~K
H
S
H
~
[0; 1]
S:TLT"R0:K&TS;S
H
O
]1; r/2]
K
H
Q
H
~LK&{;O
H
j ZMŁSZQ;TL|.K/{} FK
H;H
KX;KX&K~LTS
H
OLR~LFAT"KN;E0FK.TL%FK/MRFTLO"8QZK
r
~K
H
¥0FK&T"OI
C
ﬁ



H
.F{}ZTLK
H
lS:
H
OLz(:Q;TLQ;F
r
;FR~ .~LTLKOLQ;ﬀ|&T"AK&QZT¥I(FQZTN{W;|.MAROLK&TMj2  5  

M=2¦|.~S~
S:~R8QZKVZFR~1~T"KX~LTS
H
OLR~LFAT"K:
¡
5WQ;TM=2¦
H
~K.T"0S:MAMRK
]1; r/2]
q|1~S~ 8@MŁS{}
H
S:AT"K
:
ﬃ1 ¢M=2ﬂS:;ZMAA&S~R
H
K&O~-STS:1~|&T"AO"|&K¤ST9MAK
S:TLS:{}1~T"K
k

5W
k = 1
S:MRFTLOV~FQW~K.
H
;E~R
H

H
R~LŁS:MRKS:;S:T~K
H
S
H
~
]1; r/2]
K.O"~'ZMA88QZ|&K¤S
H
OQ
H
|1~S~{}S:TL%:
H
S:MRK&{K
H
~xO~S:ZMAK:
5W
k ∈ [−1; 1[
~FQZ~LK/&
H
;R~LA
H

H
R~LŁS:MRKNS
H
O
]1; r/2]
.
H
0FK&T"%FKX0FK&T"O6MAS0:SMAK&QZT
X∗

5W
|k| > 1
MŁS0S:T"ŁS:;MRKMA8-SMAK;E0FK.TL%FKK
>
ﬀ
H
K
H
~LAK.MAMAK.{}K
H
~/0WE~K

&K&S:OK.O"~VK
>
.MAQ (FQZT
{WZ|&MAROLK.ThM=2  5  /
ﬁ
  	* ﬀ +ﬃ#  	*ﬁ  
S
H
OdMAKh-S:Od2ﬂQ
H
.FQ;;MAS:%FK
ε H
Q;Mj ~:Q;OdMAK.OdOLE~K.Od|.0:FMAQ;K
H
~P;Kh qS.
H

H
Z|&ﬀK
H
S
H
~LKxMAK.OdQ
H
O
;K.OxS:QW~TLK.O&Z+hF{{}KYMŁSXZ
H
S:{AQ;KYMA8-S:MRK
H
KNﬀK&QZ~ .~LTLK68QZKN~TLS
H
OLE~FRTLK.{}K
H
~S:~R8QZK: 
MRKVO8O"~.{}KOLKV~TL:QZ0FK9S:;TL.O6Q
HyH
F{9;TLK
H
¢32¦R~|.TS~LA
H
OS
H
O6Q
H
|1~S~6O"~S~R
H;H
S:RTLK/
~LFQ;OMAK.OOLR~LK&OOL
H
~YMAS:{}
H
S:RTLK&O.
¨S:T¨.
H
~T"K: :ﬀFQ;T¢;K.O¨0S:MAK.Q;TLO
H

H9H
QZMAMAK.O¨ZK
ε
MAK&:Q;;MŁS%FKS:%FR~¢.F{}{KQ
H
KhﬀK&T~Q;T"S~LA
H
32ﬂS:{;MAE~Q;ZK
H
AK

OL
ε
K&O~OLQ }OLS:{{}K
H
~N%FTS
H
3 ,M=2¦|.~S~YS::~LAQ;K9ﬀK&QW~NO"K9;T"FS:%FK.TN
~LTS-0FK.TLOYMAK/&:Q;;MŁS%FK/S:Q
>
;MAQ;O;T"WZK&O0FFROL
H
O&
+hK.&WS:TLT"R0FKMA:TLOLQ;K
ε
K&O~O"Q;ﬀ|&TLRK&Q;TYQ
H
K0S:MRK&Q;Tz&T"R~LAQ;K
εc
NS
H
O.Kh&S:O¨
H
ﬀK&QZ~F;OLK.T7
0:K&T& 8K
H
S:T"~S
H
~hZKN&
H
;R~LA
H
O
H
R~LŁS:MRK&OB}Q
HH
F{;T"KNOLQ }OLS
H
~;KYOLE~K&OK&O~xS
H
OhM=2¦|.~S~
;|.OLFT";
H;H
|: *;K.OBTL|&%:A{K&Od32¦
H
~LK&TL{R~"~K
H
&KxO"S~LA7=~K&{ﬀFTLK.MAMAK^GUKS:TS{}1~TLKh32ﬂ:TL;T"KK&O"~
MASN TS:1~A
H
{ FK
H;H
KY;K6O"R~LK&OPS::~LAQ;K.O
Ft
 *&FQZTS:{{}K
H
~hS;(K.MA|.K TLS:.~LA
H
~LQ;TLZQ;MAK
H
~LK: 
FQ TLS:.~LA
H
S::~LAQ;K: ;AK
H
;|
;H
AK&S:TdMAK.OdTL|.%FA{K&O¨OL
H
~PO~S~LAO"~LAQ;K.{}K
H
~dO"~S~A
H;H
S:RTLK&O.
GUKXS:TLS:{}1~T"KVZKV.
H
~T 
FMAKXK&O~NMRKX&FQ;ZMŁS:%FK
ε
 ;;
H
~6MŁS0S:MRK&Q;T&T"R~LAQ;K
εc
K.O"~6|&%*S:MRK&{K
H
~
;RK
H
;|
H
AKXS
H
OMŁSMAR{}E~KY~;K.TL{WZ
H
S{}R8QZKqMRA{R~KY;K 8~S:RMAMAK6
HZ;H
AK
:
ﬃ!
D^IWD
 G  +-02(*!  

 	!  - 6 +,.*".F*  E% F*
  , KHD.%E &
-(ﬁﬂLG %E
GUK/{W;.MAKV5  5   ;|.(K
H
y;K.O~TL:AOS:TLS:{.~T"K&O

¡ r
 Z8QZ¢{K&O"Q;TLKXMAS;Q;TL|.KZKX08RK/32ﬂQ
H
O"R~KXS:~R8QZK/K
H
M=2ﬂS:;OLK
H
&KV;KX&:Q;;MŁS%FK
¡ k
 ,Q;z-S:TLS:.~L|&T"AOLKVMAK
H
:{;TLKV;KV(:
H
~O
Z>
K&O6O"~S;MAK.O6S
H
O6Mj2ﬂ|1~S~YMAS:{}
H
S:RTLK'Q
H
O"K&Q;M
FQ$Q
H
KX
HZ;H
R~L| ﬃK1~6MAS908R~K.OLO"K;KX.
H
0FK&T"%FK
H
&K0:K&T"O6.K&MAQZE74.3O&2¦AMK&O"~YQ
H
AQ;K
¡ ε
 ;MAK/.FQ;;MAS:%FK/K
H
~LTLKVOLR~LK&O0F:AOL
H
O& Z;FAO"U&F{{KS:TLS:{}1~T"K/;KX&
H
~T 
FMAK
Q;K.MAO8QZKOLFRK
H
~
r
K.~
k
~LK&MAOQ;K
r >
IVK.~
|k| ≤
DF 8
H
F;O"K&T0FK/;RK
H
MAS;T"FS:%FS~R
H
;S:T
.
H
~S:{
H
S~A
H
;K}T"|&%FR
H
OVS::~LAQ;K.OS
H
OQ
H
S:
H
MAS:{}
H
S:RTLK<S:T~RTV2ﬂQ
H
K}0S:MAK.Q;T
O"K&Q;RMx;K
ε
 MŁSy TLS:.~LA
H
ZK$O"R~LK&O'S
H
OMj2ﬂ|1~S~;|&O"FTL;
H;H
|@S:Q;%F{K
H
~S
H
~S-0:K&<M=2¦|&&S:T"~S:Q
O"K&Q;RM=NR?(|&T"K
H
~O}&F{ﬀFT"~LK&{K
H
~O}(K.QZ0FK
H
~¤(FQZT"~S
H
~¤S:;STS=<R~TLK<O"K&MA
H
MAK.O}0S:MRK&Q;T"O};K
r
K.~
k
3GB2¦
H
ﬀQZK
H
.K;K.K&O/S:TLS:{.~T"K&OO"Q;TMAS~TLS
H
O"R~R
H
S¤|1~||1~Q;ZA|&K 3¤Q
H
KK.~/ZK&Q
>
;R{}K
H
OLR
H
O¨32ﬂK.OLS&KS
H
OPMRKx-S:OBZKO"8O"~L&{K&OS-0FK&.
H
;E~A
H
OBS:Q
>
MAR{}E~K&Ozﬀ|&T"A8;AQ;K.O& 
S
H
O ED

 
C
2Z 
C


	ﬂ			  	* ﬀﬂ
r
GUK&OBO~T"Q;.~LQ;TLK.OS;S:TLS:AO"OS
H
~BS
H
OBQ
H
;ŁS%FTS:{{KO"S~R7 ~LK&{(:TLK&MO"
H
~P;MAQ;O
;H
K&OBﬀFQ;T
MRK&O¢;MAQ;OzﬀK.~LR~K.O¢0S:MRK&Q;T"O¨ZK
r
 5
H
K.?(K.~- ^QS
H

r → 2
MASYZTLFS;AMRR~|BQ32¦Q
H
O"R~LKS:~R8QZK
;K108AK
HZH
KMAS:{}
H
S:RTLK9~LK
H
 0:K&T"O ﬃ&|.TL

MAK~K.{}ZO&S:TS:1~|.TLAO~R8QZK;K.O~TLS
H
O"R~:ATLK.OXS:7
~LAQ;K&O6;R0:K&T"%FK:GzK.ONT"|&%FR
H
ONMAS:{
H
S:RTLK.Ox0WE0FK
H
~;
H
;MAQ;O6MA
H
%:~K.{};OYﬀFQ;TYMAK&O6%FTS
H
;K&O
0S:MRK&Q;T"OVZK
r
 UMAK.O;T"W.K&O"OLQ;OOL
H
~;MAQ;O 8¥&K&T~S:
H
O
:
 UK1~9MRK&OV{}~R ON;MAQ;OVTL|.%FQ;MRAK&T"O/S
H
O
.KV&S:O ED

ﬀ+hKXTLS:AO"
H;H
K.{}K
H
~ﬀK&T"{}K1~Y|&%*S:MRK&{K
H
~;KX&:{};T"K
H
ZTLKX(:Q;TLQ;F
εc
K&O~6ZMAQ;O
%FTLS
H
<ﬀFQ;T;K.OY0S:MRK&Q;T"O&TL:AOLOLS
H
~K.O6;K
r


	ﬂ			  	* ﬀﬂ
k
GzS0S:MAK.Q;T;K
k

H
ﬀ;Q;K
H
.KZMAQ;Ox FT~K.{}K
H
~MAS
H
S~QZTLKX;KXMŁS9~LTS
H
O"R~LA
H

k 

S
H
O&K¥&S:O& MAK&O9O"8O"~L&{K&OQ
H
K¥K1~;K&Q
>
;A{K
H
OLA
H
O
H
~'Q
H
.F{}ﬀFT~K&{K
H
~
O"A{AMŁSATLK

MAS~LTS
H
O"R~LA
H
K&O"~6~FQ3"FQ;TLO6&
H
~L
H
Q;KD

 
C
2

 ﬀAMzK&O~ﬀFOLO"A;MRK;K9{}K.OLQ;T"K&TNMRK&O
K
>
ﬀFOLS
H
~O/
H
~LTL8;Q;R~LOS:QyS:;E~TLK  Z3GUK&QZTLO0S:MAK.Q;TLO
H
K'OL
H
~K
H
%F|
H
|&TSMS:ONK
H
S:&.FTL
S-0FK..K&MRMAK&OZK&OK
>
ﬀFOS
H
~LO6;KXMASN¨ K.~0S:T"AK
H
~YS-0FK.
r

k 
  &   &  	   "ﬀ(   ( #%+ﬀﬃﬂ   ﬁﬃ
¨FQZT
k ?

 

MAST"|&%FR
H
;K~LTS
H
O"R~LA
H
K.O"~{}S:O"8QZ|&KSTNMŁS;TL|.OLK
H
&K';K9O"~T"Q;.~LQ;TLK.O/;TL:S:%*S~LR0:K&ONZK~48(K9OLFMRR~
H
FQ2ﬂF3"K.~O
;QZMAOS
H
~LO
H

H
;T"FS:%*S~R O

M=2¦|.~S~'SO"8{}W~:~LAQ;K¥ﬀK&QZ~ 1~TLK¥Q
H£H
F{;T"K<S:TL;E~TLS:AT"K};K
~LK&MAO/Z|. qS:QZ~LO/FQQ
H
|.~S~XMŁS:{
H
SATLKX;QZT& 5
H
S:T"~S
H
~X;K%FTS
H
;K&O/0S:MRK&Q;T"O;K
ε
K1~XK
H
MAK
;R{}
H
QS
H
~- ;
H
(K.QZ~Y~F{ﬀK&TYOLQZTN;KV~K&MRMAK.OYO~T"Q;.~LQ;TLK.O& {}S:ROYO"¨.K9S
H
%FK&{K
H
~
H
2JSTLTLE0FK
D^I:I
 1e%[? !  Gj2('/*# 
%'!!
SO~T"F908R~LKhK.~d8Q2ﬂ
H
ﬀK&QZ~d&Q;{QZMAK&T¨OLQOLS:{}{K
H
~BZKxO"~S~RO"~RQ;K&OdMASY~LTS
H
O"R~LA
H
OLK&{9;MAK
.
H
~
H
Q;K 
C 

¢FQ;T

 

? k ?
D.K&O/;|1 qS:QZ~LO
H
KOL
H
~XZMAQ;OMR
H
|&S:AT"K&{K
H
~YO"~S:;MAK.O/;TL.O/;QlOLK.Q;AMjGzS TLS:17
~LA
H
;K/OLE~K&OhS::~LAQ;K&Oh;TL|.OLK
H
~LKSMAFT"OhQ
H
K6 qS:A;MRKN;ROL.
H
~
H
Q;E~|NS:Q¤OLK.Q;AMj W{}S:ROh&K.MAMRK174.
;R{}
H
Q;KX8Q;S
H

k
SQ;%F{K
H
~K (O.2JS
HZH
QZMŁS
H
~/ﬀFQ;T
k 1
DF(¨FQ;T~S
H
~& ;RK
H
Q;KMAS~LTS
H
O"R~LA
H
O"K&{;MRKZAOL.
H
~
H
QZK(:Q;T

 

? k ?
D: ﬀMAS};RO"~LTLAZQZ~R
H
ZK&O6~S:AMRMAK.OYZK&OT"|&%FR
H
OYMŁS:{
H
SATLK.O
S:Q$OLK.Q;AMU{
H
~T"KXQ
H
KVTL|&%:A
H
;KVOL&S:MA
H
%; ;&S:TS:1~|.TLAO~R8QZKVZK&O~TS
H
OLE~A
H
O&
H
~L
H
Q;K&O.(
H
K.O"~Y;
H
XS
H
O&KX-S:OS
H
OQ
H
KVOLR~LQS~LA
H
*8;TLR;K 
C
D


k 
  &   &   ﬀﬂ ﬀ(   ( #% ﬀﬃﬂ   ﬁﬃ
S
H
O}&K@-S:OMŁSl~TLS
H
OLE~R
H
ZTL|17
O"K
H
~KV~FQZ~LK&O6MAK&O&S:TS:1~|.TLAO~R8QZK&ON2ﬂQ
H
KV~LTS
H
O"R~LA
H
;AO"&
H
~L
H
Q;K: ,Q;KMAK&O;|1 qS:QZ~LONOL:AK
H
~
MR
H
|&S:AT"K&{K
H
~xO~S:;MRK&OS
H
OYMASTL|.%FA
H
;K/~LTS
H
O"R~LA
H
FQ<SO 
C
2Z 
C

εc
 (MŁS0S:MRK&Q;T6;Ql&:Q;;MŁS%FK'S:QO"K&Q;RM= ﬀ(K.QZ~ 1~TLK'Z|
H
RK&:{}{KMAS}0S:MAK.Q;TNK
H
74ZK&OLO"FQ;O/;K
MAS:Q;K&MRMAK<MAK@O"8O"~L&{K~F{ﬀKyR{}{|&ZŁS~LK&{K
H
~S
H
O¤Mj2ﬂ|1~S~S:OW{Z~L:~R8QZK qK
H
~LA.TLK&{K
H
~
MAS:{}
H
S:RTLK'FQ |10FK
H
~LQ;K&MRMAK&{K
H
~S-0:K&<;|. qSQZ~OO"h.K&O';K.T
H
RK&TLO'O"
H
~'MA
H
|-SATLK.{}K
H
~9O~S:;MRK&O
S
H
OXMŁS¤TL|.%FA
H
;K'~TS
H
OLE~A
H
ﬃ6Q;K&MRMAKQ;KOL:R~/MAS<.
H
;E~R
H

H
R~AS:MAKVQ32¦
H
MRQ;dR{}ﬀFOLK
+hK.(K
H
S
H
~- ¢AMK
>
AO~K(FQZTX~LFQZ~
k ?
D}Q
H
K0:SMAK&QZT/;Q .FQ;;MAS:%FK
εs > εc
~LK&MAMRK'Q;K}O"
ε ∈
]εc; εs[
 ﬀMAK.O ﬀQZ.~Q;S~R
H
ON
H
~TL
H
OL.Q;K&O6;QO"8O~&{KﬀK&QZ0:K
H
~ .~LTLKOLQOS{}{K
H
~
H
~K
H
OLK&O
ﬀFQ;TMRK&
H
;Q;AT"KVQ
H
K/ TS:1~A
H
~Q;T";Q;MAK
H
~KX
H
O~S
H
~S
H
|&KVS:O"OLK ﬃX qSA;MRK: ;S;TL.OYMAS:Q;K&MRMAKRM
~LF{ﬀK/S
H
OQ
H
|.~S~YS:Q$TLK&ﬀFO.ﬀ+hK.~L~LKXTLK&{}S:T"8QZKSQ;TS'OL
H
R{}ﬀFT"~S
H
.KS:TMASO"Q;R~LK:
] \\

f<f
t
e
cXr
gheqik
r
o
b 9b
g
u ` `
f
v
e
u `
kVg
r¥t

  ! -  +% %BKH&
,# I -E%
¢FQ;T¨S:S:Z~LK&T¢MAKP{W;.MAK5  5   SQ9O"8O~&{KhK
>
(|.TLA{K
H
~S:M|.~QZ;A|S:Q9;S:;R~LTLK;TL|.&|.;K
H
~- 
H
:Q;O9S-0:
H
O9.
H
O"A;|.TL|Q
H
TL|.OLK&S:Q ;R;A{K
H
OLA
H;H
K&MPS-0:K&ﬀFT";O.AT"&Q;MAS:AT"K&O& 6FQ;O9S-0F
H
O
;:AOLQ
H
T"|&OLK&S:Q~TLAS
H
%FQZMŁS:RTLK: S:TS
H
S:MAF%:AKxS-0:K&NMAS;AO"(:OLR~LA
H
ZK&OP&FMR
H;H
K.OP;K6MRAQ;R;K
S
H
O/M=2¦|.~S~MAS:{}
H
S:RTLK: {}S:RONOLQZT"~:QZ~XS:T"&K'&K1~L~LK'%F|&F{|.~LTLRK(K.TL{K.~/ZK'TLK&O~S:QZTLK&T/ZMAQ;O
 qS:.AMRK&{K
H
~MŁS.AT"&Q;MAS:TLE~|;K.O(FT";O& 4MUT"K&O~KV';|
H
ATMŁS.
H
;E~A
H
;KX(FT"3

H
S'08QlS:Q$S:;E~T"K9#8QZK9S
H
O6MRKOWO~.{}KK
>
(|.TLR{}K
H
~S:MzMAK.OY.FMA
H;H
K&OYK
H
(|.TLAZ;|&T"AK
;T"|&O"K
H
~S:RK
H
~<Q
H
KyZ
H
S:{AQ;Ky FT~KK1~¥;|.&FQ;ZMA|&KlZK&K.MAMAK@;Q TLK.O"~LKl;Q O"8O"~L&{K S:QW7
;K.OLO"Q;O@ZQ O"K&Q;RMK.~$;T"&O<;K&K.MAQ;74&'0F:AT¥R%;x#WJ) ﬃ"ﬃ1  -S:QZOLK;Q &
H
ﬀ;R~<K
H
~LTLKMŁS
O~TLQZ.~QZTLKNZK
>
S:%F
H
S:MAK;Q¤T"|&O"K-S:Q}K.~xMAS/&AT"&Q;MAS:TLE~|;K.OhﬀFTLZO& 6FQZOxS-0F
H
Oh;
H
6S
H
OhQ
H
;T"K&{AK.T6~K.{}ZO;FROLZK;MA
H
%FK&T6MAKO8O"~.{}K';S
H
OQ
H
K
H
08RTL
H;H
K&{K
H
~/O"~S~R
H;H
SATLKK.~
;:{}F%:
H
K/¥~LFQ;OMAK.OOLE~K&OO"
H
~6;S
H
OM=2¦|.~S~S:~AQ;K,GUK&OTL|.OLQ;ME~S~LO;Q@{8;&MRKS-0FK.
.K.~L~LK&
H
;R~LA
H
ZK(FT"'OL
H
~;T"|&OLK
H
~|&OK
H
D

 IWJIWEDF:
H
0:K&TLTLS/8QZKYMRKx&:{}ﬀFT"~LK&{K
H
~B;Q
OWO~.{}K
H
Q;{}|.TLR8QZKS
H
O"UFZ~K
H
Q@ﬀFOLKV;K.O6;T"F;MR&{K&O32¦
H
~K.TL;T"|.~S~R
H
K.~6;TL|.OLK
H
~LK;K
~LTLF
H
F{9;TLK.Q;OLK.O¢ZR?(|&TLK
H
&K.O¢S 0:K&&K.MAQ;FZQVO8O"~.{}KK
>
ﬀ|&T"A{K
H
~S:Mj YFQ;OzS-0F
H
O¨;
H
BS:T
D^I:)
 G  '

?*#%'!!0%'ﬃ\
 '
  - /v#-0E %*
MAS6OLQZR~K O"Q;TdQ
H
KA;|.Kh32 6Q;%:Q;K&O+hS~|: A{(:OL|Q
H
KxZ
H
S{}R8QZKx32  5  £NQ
H
KxZA{K
H
O"A
H
O"Q;T6MAS'(|.TLAZ;|&T"AK/;Q@O"8O"~L&{K: ﬀ;MAQ;O;T"WZK;KV&KVQ;zK&O~NFZOLK&T0F|K
>
(|.TLA{K
H
~S:MAK.{}K
H
~&
GUK&O/T"|&O"Q;MR~S~O/;Q{WZ&MAKS 0:K&&K1~L~LK.
H
;E~R
H
S:Q
>
MAA{R~LK&OYOL
H
~X{
H
~T"|&O/K
H
D

JIWJIWJIW

H
;AO"&QZ~LKX&K&OYTL|.OLQ;ME~S~LOK
H
D

JIWJ)W

   - 6 +,.*".
GUK¥O"8O~&{K<&
H
OLAZ|&TL|¥K.O"~S
H
O~FQZO'MAK&O'&S:O'Q
H
&K.TL.MAK¥;K¥TLS :
H R
BGUK&O'STS:{.~LTLK&O
;Q{}8;.MAKOL
H
~9S:MA:TLO
R
 ¨K1~
r
K1~
k
Q;Z|
H
ROLO"K
H
~MRK}{}S:;;
H
%;
ε
 zMRK}.FQ;;MAS:%FKK
H
~T"K
O"R~K.O/0FFROL
H
O& zK&O~9MRK;S:TS:{.~LTLK;K&
H
~LT
FMRK:¢
H
.
H
OLR;&T"K&TLS<~LFQ^3"FQ;T"OMRK-S:O
r 1
)ZzGUK
.F{}ﬀFT~K&{K
H
~;Q}O"8O"~L&{K
H
Q;{|&TLRQ;K6K.O"~h|.~QZ;A|Y(:Q;TB~TL:AOP0:SMAK&QZTLOP;K
R
 
R 1

 D
C
K.~
I
C
 ;K.~Y;K.Q
>
0S:MAK.Q;TLO;K
k
 
k 1
DK1~

 
C

¢FQ;TS:Q;KN0S:MRK&Q;TP;K
(R, r, k, ε)
 *
H
S:T~h32¦Q
H
K6&
H
;R~LA
H

H
R~AS:MAK~K&MRMAKQ;KNMASX0S:MRK&Q;T
;KMŁS0:STLŁS;MAKXK
H
;S:Q;K'OLE~KV
H
~|.TLAK.Q;TSQO"8O"~L&{KK&O~~RTL|.KS:MR|-S~LFAT"K&{K
H
~- ,S-0FK.Q
H
K
;T"FS:ZAMAE~|@D ﬃFI32 .~T"K@|.%*S:MRK<
X∗ = (r + 2)/4
qQ
H
RQ;K<(F
H
~
Z>
K@O~S:;MRK¥;K$M=2¦|.~S~
MAS:{}
H
S:RTLKOL
k ?
DF |1~S~'MAS:{
H
S:RTLK{}S:TL%F
H
S:MRK&{K
H
~9O~S:ZMAK¤O"
k 1
D^ﬃK1~Q
H
K¥;T"FS:;RMAE~|
D ﬃ:I/2JS-0F:ATQ
H
K0:SMAK&QZTSMA|-S~FRTLKxK
H
~LTLK

K1~6D9q|1~S~S:~AQ;K-ﬃ1W
H
MAS:AO"OLKYXS:Q;K6 :AO
MRKO8O"~.{}K|.0F:MAQ;K.TO"Q;T9O"QOS:{{}K
H
~;KS:O;K}~LK&{;OﬀFQ;TVQ;KMAS${|&{FRTLK';K}&K&O
.
H
;E~A
H
O
H
E~ŁSMAK&OO"FR~6ﬀK&TLZQ;K: (;Q;AO6MAK.O6O~S~LAO"~LAQ;K.ONOL
H
~-S:MR&Q;MR|&K&OYOLQZT
C
ED
 
;S:ON;K
~LK&{;OV
H
:Q;OYS 0:
H
O0F|.TL

|VQ;KV&K
H
:{;TLK/|1~S:E~OLQOLS
H
~!ﬃ1

	
			
 
#%ﬀ( &)(*# ﬁ
   #  ﬀ  ﬃ  ﬁ # &)(  
YFQ;OS-0F
H
O32JS(FT"<A{(FO"|NMAS9&
H
;R~LA
H
SQ
>
MRA{R~K.O~LK&MRMAKNQ;K/~LFQ;OMAK.OxOLE~K.OK
>
~K.T
H
K.O
S:Q¥O8O"~.{}K/O"
H
~S
H
OMj2ﬂ|1~S~hS::~LAQ;K ;MŁS0S:T"ŁS:ZMAKYK
H
&K.OOLR~LK&O|1~S
H
~
Z>
|.KMAS0S:MAK.Q;T


H
S:T"MAK.TSS:TMAS'OLQ;E~K/;KX&
H
;R~LA
H
OS:Q
>
ﬀFTLZOY;S::~RQ;K&O.
¢FQ;TB~FQW~K&OMAK.OB0:SMAK&QZTLOP;K
R
K.~
k
&
H
OLAZ|&TL|.K&O. WMj2ﬂ|1~S~S:~AQ;KST"08AK
H
~S
H
O.K6&S:O
ﬀ|
H
|1~T"K&TS
H
OMRK/O"8O"~L&{KO"Q;TQ
H
KX&FQZ;K9SOLOLK ﬃMAS:TL%:K: ;;
H
~YMj2ﬂ|.S:AO"OLK.Q;TK&O~6K
H
%F|
H
|&TLS:M
;KM=2¦FTL;T"K;K¤)yFQ ﬁlOLE~K.OQ;K&M8QZK¥OLFE~MAK}TS-F
H R
 {&{KﬀFQ;TZK qS:AZMAK&OX0S:MAK.Q;TLO
;K
ε
 0FFRTVA%;¨D

JIFﬃ1¢+hK&:{}ﬀFT"~LK&{K
H
~
H
2¦K&O~9SOK
H
S:.&FT"S-0FK.}.K&MRQ;B;Q O8O"~.{}K
K
>
ﬀ|&T"A{K
H
~SM= UO"K&Q;MRKMAS$TLS
H
%F|.Kﬀ|&TLR;;|.TLAQ;K;K}&FMR
H;H
K.O9;K}MAAQ;R;K;TL|.OLK
H
~LK¤Q
H
K
Z
H
S{}R8QZK< :T"~K<K1~;|.&FT"TL|.MA|&Kh¨S:T&
H
~LTLK: Q
H
OLFQ;O74OWO~.{}K@;K@TLS-F
H R
7)OLK.{;MAK
;T"|&O"K
H
~K.TVMRK&Oﬀ
H;H
K&O&S:TS:1~|.TLAO~R8QZK&O/ﬀFQ;T{WZ|&MAROLK.T6MASZ
H
S:{AQ;KZKM=2¦K
>
ﬀ|&TLRK
H
.K:
¨S:T6MAS'OLQ;E~K: ,MRFTLO"8Q2ﬂ
H
S:T"MAK&TLS';KO8O"~.{}K;KX~S:RMAMAK
R
S
H
O6MRKV&S:ONZK.
H
;E~A
H
OYS:Q
>
ﬀFTLZO;S::~RQ;K&O. B
H
~LTS-0S:AMRMAK.TS@K
H
 qS:E~S-0FK.@Q
H
O"8O~&{K$;K<TS-F
H R
/)Z BK1~}
H£H
K
{K&O"Q;TLK.TSMAK.OxO"~S~RO"~LAQ;K&Oh8QZK/OLQ;TxMRK&OxO"R~LK&OS:ZS:T"~LK
H
S
H
~YQ
H
;AO"8QZK;K/TS-:
H R
K.~ZK
{&{K&K
H
~TLK
GUK&OT"|&OLQZMR~S~OFZ~LK
H
Q;OYS-0FK&V&K1~L~LK.
H
;E~A
H
OL
H
~YMAK.OOLQ;E0:S
H
~LO

D^Iﬁ
 1e%[? !  Gj2('/*# 
%'!!
8:9,;=<
D

JIW

 
P FP7P  AEO!cdIﬂBTDI\X `XPkRKBAﬂL^ISNI2C?B g[FO dJ#B=l^FJ#BI2N+DSB ε q O]HO R |

[yze BX=XO,P4BX
JFRaO,CEFO,NBX	X`L^CﬂPŁC?L^O,NXBPpJ#BX	XO,PkBX\HQ'FSL^PO!cdIﬂBX  dJFC?HXdz
 
L^I2N I2C?Bol`O#XIFJ O#XdFb
P!O]L^C)AEJ IX0HJFO,NB0L^C F NB4AEN@X`BCﬂPk@\J#BXaXO,P4BX0BvZP4@NO]BISNXKFIjX `XP4RKB0BCjMN&O#Xn
RKRKB0XﬂY O,J6g[FISPxMGFNvDSBN hJYwBX4AENO,PocdI Y O,JX0X`L^CﬂP P4L^IXﬀDGFC'X JYw@P]FP\HQ'FSL^P!O!cdIeBdz

O]BCfcdIﬂBoJ#BHL^I`AEJF`MSBxX`L^O,P?g[FO dJ#BnrJ#B.DS@X`L^NvDNB=Aﬂ@C?P!NB.DGFC'XoJ#B	X `XPkRKB	XISN
ISC?Ba@4A'FO#XX`BI2N D YwBCﬂl`O,NL^Cu L^I\~)XO,P4BXdz
k 

S
H
OV&K-SO& z
HH
2¦F;OLK.T"0:K	3LS:{}S:AO6;K;AO~S:;RMAE~|: ,Q;K.MAMAKQ;KOL:R~XMŁS0S:MRK&Q;T/ZK
R
G¢S~TS
H
OLE~A
H
K&O~/;AK
H
&
H
~L
H
Q;K: ({SAONZTL|&O"K
H
~KZK&O/K.?(K.~LO/;K9~S:AMRMAK
H
RK;
H
~/Q
H
K
.
H
OL|.Q;K
H
.K9K.O"~Y;KXTLK
H
;TLKV&
H
~L
H
Q;KXMŁSZ|&TLE0F|.K;Q$S:TLS:{.~T"K/32¦FTL;T"KX;TL.OYZQ@O"K&Q;RM=
k 
 
GUK&OZŁS:%FTLS:{{}K.OVZK&O';SOLK&O':Z~K
H
QZOy;R?(|&T"K
H
~K.O~S:RMAMRK&OX(:Q;T
k 1

 
C
O"
H
~
T"K&;T"|&OLK
H
~|&OhOLQ;TMŁS

%FQ;T"KD

J)Z8¢FQ;T
R 1

 8RMK
>
AO~K6Q
H

H
~K&T0S:MAMRKYZKY0S:MRK&Q;T"O;K
ε
 d3"Q;O"~LK
S:Q874;K.OLOLQZOZQO"K&Q;RM= (FQZTBMAK&O"Q;K&MRMAK&OBMRKxO"8O~&{KK&O~P;AO~S:;MRK

.F{}{KxS
H
OBM=2¦K
>
ﬀ|&TLRK
H
.K: 
.KZK&T
H
AK&TXK.O"~V~S
H
~
~;S
H
OXQ
H
|.~S~2  5  / U~S
H
~
:~VS
H
OQ
H
|.~S~V MAK';|.OLFT";TLK
H
2¦K&O"~
;T"|&O"K
H
~dQ;KOLQ;T¢MAK.Oz(FT";Oq|1~S~¨QS:OL74MAS:{}
H
S:RTLK ﬃ! !K.~¨OS:QZ~LKP;K~LK&{;O¢K
H
~LK&{;Oz32¦Q
H
|1~S~
Mj2JS:QW~TLKZGzS

%:Q;TLK'D

ﬂﬁ{
H
~T"K;K.O;AO~TLR;QZ~LA
H
O;K TS.~R
H
~LQ;TL;QZMAK
H
~LK/
H
O~S
H
~S
H
|&K
ft
q
H
K<SO.
H
 
H
;TLK@S-0FK&
Ft
 BMASy TS:1~R
H
{} FK
H;H
K-ﬃﬀFQ;T;MRQ;OLRK&Q;T"O0:SMAK&QZTLO;K
ε
S
H
OxMAK6TL|.%FA{KN;KN;AO~S:;RMAE~|

.K&O;RO"~T"A;QW~A
H
OO"
H
~&MAS:AT"K&{K
H
~xZA{WSMAK
Xdz
¨FQZTx;K&O
0S:MRK&Q;T"O.TLFROLOS
H
~LK&OxZK
ε
MAKY;AY&:TLTLK.OLﬀ
H
S
H
~S:Q
>
 qS:AZMAK&OP0S:MAK.Q;TLO;K
ft
qT"|&%FR{}KQS:O"E7
MAS:{}
H
S:RTLK ﬃYOLK¤;|.(K.Q;;MRK¤S:QZTL

~9;K.K&MRQ;hSOLOL8&R|¤S:Q
>
%:TS
H
ZK&O90S:MRK&Q;T"O;K
ft
  5  Yﬃ1 
3"Q;O"Q32J;ROLS:TLS=<A~LTLK.F{;MA1~K&{K
H
~


H
K
H
~LTLKS:MA:TLOxS
H
OMAK/TL|.%FA{K/32  5   ZQ;TLK
GUFT"OLQ;KXMŁS9~S:AMRMAKY;Q<O"8O"~L&{KSQ;%F{K
H
~K M=2¦
H
~K.T"0S:MAMRK6ZK0:SMAK&QZTLO;K
ε
(FQZTMAK&O"Q;K&MRMAK&ORM
S;AO~S:ZAMAE~|YK&O~;K;MRQ;OxK
H
;MRQ;Ox|1~TL:R~X 0FFRTR%;(D

J)Fﬃ1WG¢SMAS:TL%:K&Q;T;K/&K1~
H
~K.T"0S:MAMRK
K.O"~6|&%*S:MRK9@qﬁ
 ± C
ﬃ1ED
 
(:Q;T
R 1

K.~NyD
 ± C
ﬃ1ED
 
(:Q;T
R 1
D
C
ﬀ¨FQ;T
R 1
I
C
K&MRMAKXK&O~

H
 |&T"AK&QZTLK/ ZED
 

S
H
O}MRK<TL|&%:A{K¥8Q;S:OL74MŁS{}
H
S:AT"K: ¢MŁSl TS:1~R
H
S::~LAQ;K${} FK
H;H
K
Ft
SQ;%F{K
H
~K$S-0FK.
ε
qZTS
H
ZK¤;Q S:O9;Q ;ŁS%FTS:{{K';K&O';;S:OLK.Oﬃ1 &
H
~TLS:AT"K&{K
H
~'@&K¤Q;K&O"~F;OLK.T"0:|
D^I
C
 G  '

?*#%'!!0%'ﬃ\
 '
  - /v#-0E %*
K
>
ﬀ|&T"A{K
H
~SMAK&{K
H
~& ¢ &K1~L~LK TS:1~R
H
0S:T"AK~T"&O9ﬀK&QS 0:K&¤MRK};S:TS:{.~LTLK;K.
H
~T 
FMAK
qA%;,#W

qS*ﬃLﬃ!,GzS};TLS
H
;KO"Q;ﬀ|&TLRK&Q;T"K9;Q@;ŁS%FTS:{{K'D

ﬂ)Z ﬀS:OLO"W.A|&KS:QT"|&%FR{}KX32  5  / 
{
H
~T"KQ;KXMŁS9~TLS
H
O"R~R
H
K&O~Y;AO"&
H
~
H
Q;K: ;.KX8QZU|.~SR~;T"|.08AO"A;MRK;Q;ROLQ;K
k 1

 
C
0:FAT
D

RDFJIFﬃ!
0.560 0.565 0.570 0.575 0.580 0.585
ε
0.0
0.2
0.4
0.6
0.8
F t
R=7
R=15
R=25
8:9,;=<
D

ﬂ)Z
$>	O!F`MNvFRaRKB=DSBX7AﬂQ'F^X`BX=DIoX XP4RKBFlBHHL^CEDO,P!O]L^C'XFIZ J O,RaO,P4BXTHQ'FSL^P!O!cdIeBX
q r |+n k |x}`n]yz
()ﬃ) (*#% 
 	  ﬃ#%ﬀ%(*&)(*#% ﬁ
 	($ (*& ﬃ  ﬁ #&)(  
6FQ;OS-0F
H
O9{AOXK
H
|108E7
;K
H
&K<MASy;TL|.OLK
H
&K$;K¥;RO"~S;AMRR~|S:Q 0:FAO"
H
S:%:K¤;Q OLK.Q;AMh;K¥MŁS@~LTS
H
OLR~LA
H
S
H
O'MRK¤-S:O

k 1

 
C
5yS:RO}MRK&O;AS:%FTS{}{K&O';K.O;;S:OLK.O{
H
~TL|.O}O"Q;TMŁS

%FQ;T"KD

J) ;TL|.OLK
H
~LK
H
~
Q
H
K6;E?|.TLK
H
&KY{S`3"K&Q;T"K6S-0:K&N.K&Q
>
:Z~K
H
QZOhK
>
ﬀ|&T"A{K
H
~S:MRK&{K
H
~60:FATPSTK
>
K&{;MAKYR%;
#Z

qS*ﬃLﬃ

MAK}S:TLS:{}1~T"K32¦FTLZTLK
Ft
K.O"~R&
H

H H
Q;MhﬀFQ;T9;K&O0S:MRK&Q;T"O9;K
ε

H
 |&TLRK&Q;T"K&O
.K&MRMAK&O6(:Q;TNMRK&OLQ;K.MAMRK&ONRM¢yS;RO"~S:;AMRR~L|:ﬀ+hK;T"F;MR&{KV08AK
H
~/;Q qS:E~NQ;KMRK9;|.OLFT";TLK
ﬀK&T"{S
H
K
H
~X;K&OXO"R~K.O/K
>
~|.TLRK&Q;T"OVﬀK&QW~X(|
H
|.~LTLK&TX;T": 
H
Z|&{K
H
~XS
H
OXMRKO"8O"~L&{K}{&{K
ﬀFQ;T;K.OY0S:MRK&Q;T"O~TL.O qS:A;MRK&O;K
ε
,¨:Q;T|.08R~LK&T&K1~N
H
&
H
0:|
H
RK
H
~Y
H
ﬀFQ;T"TS:E~{}K.OLQ;T"K&T
MRK&OVO"~S~AO~R8QZK&O9O"Q;T9Q
H
OLFQZO74O8O"~.{}KK
H
.FTLK¤ZMAQ;OV(K1~E~9Q;K¤MRK}ZAOLQ;K};KTLS-F
H R
74)Z 
{}S:AOM=2¦|&;S:AO"OLK&QZT;K@MŁS .FQ;;KO"Q;T¤MAS:Q;K&MRMAK$
HH
K.F{Z~K@S:OMRK&O¤O~S~LAO~AQ;K.O;:R~
1~TLK;FROLAKVK&{;RTLAQ;K.{}K
H
~-(
H
0S0F:ATN;S:T6MAS}O"Q;R~LK9Q32¦AMzK&O~/(:OLOLR;MAKV;K;FAO"ATY;K&O
.
H
;E~A
H
OS:Q
>
MAA{R~LK&O;MAQ;O73"QZ;A.AK&QZOLK&O.
  ﬁ    ﬀﬂﬁ  	 -ﬃﬁ"ﬀﬂ-ﬃ#%ﬀ%(*&)(*#%"( (*&)(*ﬁ
	   #  #    
§
0S
H
~';K}S:OLO"K&T'
Mj2ﬂ|1~Q;;K32ﬂS:QZ~T"K&Od.
H
;E~R
H
O¢;KhﬀFTLZO& 
H
ﬀK&QZ~BO"A%
H
S:MAK.T¢Q
H
&F{ﬀFT"~LK&{K
H
~dT"K&{}S:TLQS:ZMAK
D^I=2
 1e%[? !  Gj2('/*# 
%'!!
0.0 0.2 0.4 0.6 0.8 1.0
ft
0.00
0.02
0.04
0.06
0.08
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(a)
0.0 0.2 0.4 0.6 0.8 1.0
ft
0.00
0.02
0.04
0.06
0.08
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(b)
0.0 0.2 0.4 0.6 0.8 1.0
ft
0.00
0.02
0.04
0.06
0.08
0.10
Fr
ac
tio
n 
d’
ev
en
em
en
ts
(c)
8:9,;=<
D

¦ﬁ;
$>	O#XP!N&O dI2P!O]L^CjDSB	JFg&NvFSHP!O]L^C)P!I2N  dISJ#BCﬂPkB O,C'XP]FCﬂP]FC?@B ft FlBHoHL^CEDO,P!O]L^C'X FIZ
J O,RaO,P4BX_HQ'FSL^P!O!cdIeBXAﬂL^ISN R | [n r |+n k |x}`n])BPVqkFy ε |x}`n] ^n+q
  y ε |x}`n] `n
qvH4y ε |x}`n]  z
 
L^ISN DSBX	l^FJ#BI2NX.HNL^O#XXdFCﬂP4BX DSB ε J#B=AEO]HoHL^NNBX4AﬂL^CEDGFCﬂPrFIZ
g[FO dJ#BX l^FJ#BISNX)DSB ft q N@]MO,RKB cdIF^XO,b4JFRaO,CEFO,NB4yﬀX`B)DS@4AﬂBI`AEJ#B)FI AENL

PoDSB
HBJ ISOrF^XX`L`HO]@ FIZ.MNFCEDSBXxl^FJ#BI2NXoDSB ft q{  yz
D^I

 G  '

?*#%'!!0%'ﬃ\
 '
  - /v#-0E %*
;Q O8O"~.{}KS-0:K&l&
H
;R~LA
H
S:Q
>
(FT";O¤S:~R8QZK: h;S
H
O¤MRK-S:O M=2¦
H
R{}ﬀFOLK$Q
H
K
.
H
;E~A
H

H
R~LŁS:MRKMAS$0S:TLAS:;MRK'K
H
~:Q;O9MRK&OVOLR~LK&O
H
~|.TLAK.Q;TLO9S:QOWO~.{}K¤K.O"~9|&%*S:MRK
X∗
q|.~S~6MŁS:{
H
SATLKN;F{F%F
H
K ﬃ1 YS:;ﬀK&MA
H
O6Q32ﬂMj2ﬂ
H
O"~S
H
~N
H
R~LŁS:M3MRK&O0S:TLAS:;MAK.O6O"Q;TNMRK&O
O"R~K.O9K
>
~L|&T"AK&QZTLO9
H
~9MŁS<0:SMAK&QZT

¢S
H
O&K}-S:OS:T~A.Q;MARK&TXMAKO"8O~&{K0:|&TL

KZ
H
MRK&O
OW{|.~LTLRK&ONZQlTL|&O"K-S:Q~LTLAS
H
%FQ;MAS:AT"K: Y¨MRK9{}S:;;
H
%
f H
¨MRK9.FQ;;MAS:%FK
H
K(K.QZ0FK
H
~X;TLROLK&T
.K&O;K&T
H
A.TLK.O&ﬀGUKVO8O"~.{}KV&
H
OLK.T"0FK.TS;
H
V
H
Z|
H
R{}K
H
~MAK&OO8{}|1~TLRK&O;Q$TL|.OLK-SQ3(
H
FW~AK
H
~$S:Q;K¤SO9;K~K.{};O;K&O

%FQ;T"K&O;Q ~48(K};K.K&MRMAK&OV{
H
~TL|.K&OOLQ;TMAK&OR%;
D


C
qS74ﬃ1

H
ﬀK&QZ~ZK/MŁS9{&{KN{}S
H
R&TLKN;TLROLK&Th&K&T~S:
H
K&OhO"8{}|1~T"AK&OMj2ﬂ
H
O"~S
H
~x
H
R~LŁS:Mj FMAK.OS:QZ~LTLK&O
O"K&TL
H
~~FQ^3":Q;TLO0F|&T"

|.K&O¥
H
;|
;H
A{K
H
~q MŁS ;TL|.&ROLA
H
;KMAS{}S:;
H
Ky;T"&O Jﬃ}S:TMAK
OWO~.{}K¨¨S:TXK
>
K&{;MRK}K
H
;:AOLROLOLS
H
~.F{{}K'|1~S~V
H
R~AS:MMRK'{ .{}K'Q;K;|.&TLE~V;TL|.&|17
;K.{}{K
H
~{SAO/ZK&Q
>
OLE~K.O
H
~L|&T"AK&QZTLOS:MAR%
H
|&OXO"Q;T9Q
H
S
>
K};Q TL|&O"K-S:Q 
H
~MŁS¥0S:MAK.Q;T

 zMAS@OLK.Q;MAKO"8{}|1~T"AKTLK&O~S
H
~LK¥K&O"~9MŁS$S:TLE~|S:TTS:;ﬀFT~y.K.~S
>
Kd
H
{
H
~T"K;K.Q
>
K
>
K.{}ZMAK&O;KX.
HZ
%FQZTS~LA
H
OZQ@OWO~.{}KXS
H
O6.KV&S:OOLQ;TMRK&O

%FQZTLK&OVD


C
K ﬃhK.~9  ﬃ!

	
			  &  1 ( & &   ﬃ  ( ﬀ%($   (*#%  	 	*   	*  #  ﬀ 
GzS

%FQZTLKl#Zﬂ) ﬃ1 Q;AMRMAQ;O~T"KyMAK@TL|.%FA{KyQS:O"E7 MŁS:{
H
SATLK<FZOLK&T0F|S
H
O¤M=2¦K
>
ﬀ|&TLRK
H
.K: 
O"Q;%F%F.TLKK
H
 qS:R~8QZK}MAS¤Z
H
S:{AQ;K;K&OXﬀFTLZOVK.O"~;K'~48(K  5  a¥Q
H
KZA{K
H
O"A
H 

H
;RO"~L
H
%FQZK
H
K.~L~LK&{K
H
~¤MAS;T"|&O"K
H
.K;KyZF{S
H
K.O}MAS:{}
H
S:RTLK&O9K.~¤2JS:QW~TLK.O;|.OLFT";
H;H
|&O&
YFQ;O6S 0:
H
OY;
H
VS
H
O6Q
H
OLK.&
H
@~K&{;OYA{(:OL|XS:Q@O"8O"~L&{K
H
Q;{|&T"AQ;KVMŁS'&
H
;R~LA
H
S:Q
>
MAR{}E~K&O¨OLQ;E0S
H
~K

MŁS/Z
H
S{}R8QZK;K&OOLE~K&OP;KMASTS
H
%:|&K(|.TLR;;|&T"AQ;KK&O~{}8;|&MRAO"|&K
ST'MAK<{}8;.MAK<5  5  /h+hK.OO"R~K.O
H
K<OL
H
~}&FQ;ZMA|&OQ32¦K
H
~T"KyK.Q
>
 BAMAO'O"Q;R08T"
H
~}Z
H
$MAK
.F{}ﬀFT~K&{K
H
~;Q¤{8;&MRKN5  5  nQ
H
KN;R{}K
H
OLR
H
2ﬂK.OLS:.KD-/ﬃS-0:K&.
H
;E~A
H
OhSQ
>
MRA{R~K.O'(|.TLRW;RQ;K&O.xGzS Z
H
S:{AQ;K@;K&O<SQZ~T"K&O¤O"R~K.OK.O"~¥~:Q^3"FQ;T"O{W;|.MAROL|&K$S:TMAK
{WZ&MAK/5  5  / ﬀ';K&Q
>
ZA{K
H
O"A
H
Oh32ﬂK.OLS&K=I:/ﬃ!
GUK{}8;.MAK';|.(K
H
 S:MRFTLO/;K~T"FAO/;S:TS:{.~LTLK.OO"Q;;;MR|&{K
H
~S:RTLK.O&¢
H
ZFR~V{}S:
H
~K
H
S
H
~
Z>
K.TMAK&OhS:TS{}1~TLK.O;Q@5  5   ¥D 9 
rb
 
kb
K.~
εb
 Z.K&Q
>
;Q@5  5  	I9 
rc
 
kc
K1~
εc
 ;K.~
MRKTS-F
H
ZQ$O8O"~.{}K
R
,
H
R{}ﬀFOLK.TS9~LFQ^3"FQ;T"O
rb 1 rc 1
)Z;+hF{{}KﬀFQ;ThMAK&O.
H
;E~R
H
O
S:Q
>
MRA{R~LK&OS:~AQ;K.O& 
R
;TLK
H
;TLSMAK.OY0S:MRK&Q;T"O

 zD
C
K.~/I
C

H
|.~LQ;;AK.TSMRK&OY-S:O
kb 1 1
K1~

 
C
 *K1~
kc 1 1
K.~

 
C
8
H
;FROLATLSV.F{{}KSTS:{.~LTLK32¦FTL;T"K
εc
 MAK&:Q;;MŁS%FK;K&OOLR~LK&O

H
~LK&T
H
K&O.E5
HZH
 ¨ﬀFQ;T8QZKMAK&:{}ﬀFT"~LK&{K
H
~;Q OWO~.{}K¤O"FR~&:{}STS:;MRK@&K.MAQ;P;K
Mj2ﬂK
>
ﬀ|&T"AK
H
&K 
H
;FR~ qSATLK60:STLAK.T
εb
ZKX qS &
H
'&KXQ;K

¡
MAFT"OLQ;K
εc
K.O"~6'OS'0S:MAK.Q;T&T"R~RQ;K

 
εb
MAK/O"FR~YSQ;OLO"
¡
MAFT"OLQ;K
εc
SQ;%F{K
H
~K 
εb
S:QZ%F{}K
H
~KVS:Q;O"OL
GzS¥ qS&
H
MŁS¥;MRQ;OXOLR{};MRK;K~K
H
ATX&:{}Z~LK;K&K&O;K&Q
>
&
H
ZR~R
H
O/K.O"~32ﬂR{}ﬀFO"K&T/Q
H
K
T"K&MŁS~A
H
MA
H
|-S:RTLKK
H
~TLKXMRK&O;K&Q
>
QS
H
~E~|&O. ;KVMŁS9 FT"{}K

εb = α(εc − εcc) + εcb
 *&" ﬂ + )1 - !ﬀ)ﬃﬂﬀ
#
	ﬀﬀ ,   ﬃ (
   $   " ﬂﬀ)ﬃ
#
) 	  ﬃﬀ0	 ﬃ ﬃ!ﬀ) ﬀ)
/
D^I! 
 1e%[? !  Gj2('/*# 
%'!!
qS*ﬃ qﬃ
q ﬃ q,ﬃ
qK-ﬃ  ﬃ
8:9,;=<
D


C

 pIﬂBJcdIeBX HL^C

MISNvFPO]L^C'X O,C'XP FCﬂP]FC?@BX DIiX `XPkRKB FlBH HL^CEDO,P!O]L^C'X FIZ
 L^NvD^XaHQ'FSL^PO!cdIﬂBXdz
qkFb Dy  TlBH ISC?BHL^CEDO,PO]L^CuO,CﬂO,P!O!FJ#B ISCﬂO g L^NRKBq PkL^IGX J#BXxXO,PkBXL^CﬂPrJF0l^FJ#BISN X∗ y`n:J#BxX `Xb
P4RKB	l@N&O

B	O,CEDS@

CﬂO,RKBCﬂPsPkL^ISP4BX J#BXVX RK@P!N&O]BXoDI N@X`BFI'z
qvB4y0BPTqg y  TlBHHL^CEDO,P!O]L^CuO,CﬂO,PO!FJ#B ISCﬂO g L^N&RKBn XdFIgoDSBIZKXO,PkBX	X`B PNL^ISl^FCﬂPŁJ#B J#L^CSM0D Y ISC
DSBXF Z2BX+DSBŁX ^RK@PN&O]B+DI\N@X`BFIq PNvFO,P?MN&O#X4y`n FIZcdIeBJXVL^CKO,RTAﬂL`X`B=JF l^FJ#BISN+}  JY O,C'XP]FCﬂP
O,CﬂO,P!O!FJn=P4L^I2P4BX\J#BX_FISPNBX.X ^RK@P!NO]BXoX`L^CﬂP  dN&O#X`@BX.R\FO#XJ#B.X `XPkRKBNBXP4BO,Cﬂl^FN&O!FCﬂP A'FN
NvFAGAﬂL^N&P aJY F Z2BxBCﬀcdIﬂBXP!O]L^CEz? BX	HL^CﬂlBCﬂP!O]L^C'XTDSB HL^ISJ#BI2NTDSBXXO,PkBXX`L^CﬂP J#BXTRKRKBXTcdIﬂB
XISN	JF

MI2NB

}z#Sz
D^I:#
 G  '

?*#%'!!0%'ﬃ\
 '
  - /v#-0E %*

εcc
K.~
εcb
O"
H
~¢TLK&O"(K..~LR0FK.{}K
H
~¨MRK&O30S:MRK&Q;T"OzS:Q
>
O"K&Q;RMAOU;K
εc
K.~
εb
 -K.~
α
K.O"~¢Q
H
S:TLS:{}1~T"K:
¨S:T'MŁSyO"Q;R~LK¥
H
&
H
OLR;&T"K&TS~LFQ^3"FQ;T"OMAK-S:O
α 1
D

 ¨{}S:AO
H
FQ;OS-0F
H
O0F|.TL

|$Q;K¥MRK&O
O"FMAQZ~LA
H
O
H
KX;|&ﬀK
H
S:AK
H
~6;S:O8Q;S:MAE~S~LR0FK.{}K
H
~;KXMŁS0S:MAK.Q;T;K
α

YFQ;OYS-0F
H
OFW~K
H
Q@MAK&OT"|&O"Q;MR~S~OOLQZR0S
H
~O

kc 

Q;K&MRMAK.OQ;K¥OLFRK
H
~MAK.O0S:MAK.Q;TLOZK
R
K1~
kb
 
H
FQ;O
H
2JS-0F
H
OT3LS:{SAO9:;OLK.T"0F|<;K
;RO"~S:;AMRR~L|:
kc 
  &
kb 
 
S
H
O.K&S:OX
H
F;OLK.T"0:K};RK
H
Q
H
TL|&%:A{K;K;AO~S:ZAMAE~|;TL.O;Q
O"K&Q;RMZKMŁS¥~TLS
H
O"R~R
H£
MRK}OWO~.{}K}K&O"~9S:T FAOVS
H
OQ
H
T"|&%FR{}KQS:O"E74MAS:{
H
S:RTLK ﬀ~LTL&O
;T"WZKB;KP&KPQ;*K&O~zF;OLK.T"0:|K
>
ﬀ|&T"A{K
H
~SMAK&{K
H
~qA%Z:D

 2qS*ﬃLﬃ! &S:T FAOS
H
OzQ
H
TL|.%FA{K
32  5   j¨A%;*D

2,ﬃLﬃ!F+h:{}{K;S
H
OdMRK&S:Od;K.Od&
H
;R~LA
H
O¨S:Q
>
ﬀFTLZOS:~AQ;K.OdK.~S
H
O
MRK/O"8O"~L&{KK
>
ﬀ|&T"A{K
H
~SM= ;MRK/O"8O"~L&{KSOLOLKV;KX;MRQ;OK
H
;MAQ;OZKX~LK&{;OS
H
OY&KX;K.T
H
RK&T
|1~S~VQS
H

εc
S:Q;%F{K
H
~LK: '3"Q;OLQ32ﬂy.K}Q;K}MŁS<;AO~S:;RMAE~|;ROLSTS:ROLOLKK1~9Q;K}M=2  5   OL:R~
ﬀK&T"{S
H
K
H
~KGzS

%FQ;T"K'D



{}
H
~LTLK/MAK.Ox;AS:%FTS{}{K&O;K&O;;S:OLK.OYZQ$O8O"~.{}KVS-0FK.  5  
O"Q;TxMAK.OhﬀFTLZOx(:Q;T
kc 1 kb 1

 
C
Z¢FQ;TxS8QZK0:SMAK&QZTh;K
R
 8MŁS9MAS:TL%:K&Q;T;K/M=2¦
H
~LK&T0:SMAMAKZK
0S:MRK&Q;T"O;K
εc
(:Q;ThMRK&OLQ;K.MAMRK&OAM}S;RO"~S;AMRR~|K.O"~hMŁS{&{KY8Q2JS-0FK.MAK.Oh.
H
;E~A
H
OhSQ
>
MRA{R~K.O;S::~RQ;K&O.

H
(K.QZ~9.K&ﬀK
H
;S
H
~
H
:~LK&TX;K.Q
>
;R?(|&T"K
H
.K&O9T"K&{}S:TLQS;MAK.OVK
H
~TLKMAK.OZŁS:%FTLS:{{}K.O;K&O
;;S:OLK.OD

J)¤K1~D



3GzS¥;MRQ;O{}S:TLQS
H
~LK'K&O"~VMRK9 qS:R~NQ;K: zS-0FK.M=2  5   O"Q;T/MAK.O/(:TL;O. 3MŁS
 TLS:.~LA
H
~Q;T";Q;MAK
H
~K¥{^:K
H;H
K¥K&O"~
H
Q;MRMAK}(FQZT9MAK.O90S:MAK.Q;TLO
εc

H
 |&T"AK.Q;TLK.O'&K.MAMAK.O9ﬀFQ;T
MRK&OLQ;K.MAMRK&OhRM¤S9ZAO"~S:;RMAR~L|V
H
:Q;OS-0F
H
Ox&
H
O"~T"Q;R~hMAK6{}8;&MRK6ﬀFQ;T&K.MŁS*ﬃ! WOLS:QZ U~T"&OxZTL&O
;QO"K&Q;RMzq.KYQ;Z|.~SR~PS:QZOLOL;0:|&T"

|K
>
ﬀ|&T"A{K
H
~S:MRK&{K
H
~- 0FFRTPA%Z:#Z

qS*ﬃLﬃ!F92ﬂS:QZ~LTLKS:T~- 
S
H
OP&KY-S:O
Ft
0S:TLRK(K&S:Q;&:Q;{F
H
OBS-0FK&
ε
S
H
OMRKTL|.%FA{KQS:OL74MAS:{}
H
S:RTLKN0F:ATPR%;
D



 
R 1

ﬃ

.K$.F{(FT~K.{}K
H
~K.O"~};MAQ;O;T"WZK@;K$.K&MAQZ;Q OWO~.{}K$K
>
ﬀ|&TLR{}K
H
~S:M
qA%;Z#Z

jS*ﬃ"ﬃ1
S
H
OMAK&S:O;K&OY&
H
;R~LA
H
OxS:Q
>
MRA{R~LK&OxS-0:K&  5  aK.~
kb 1

 
C
ﬃ1 ;
H
T"K&{}S:TLQ;KVS:QZOLOLUQ;K
MASXZR?(|&TLK
H
&KYK
H
~LTLK
Ft
S
H
OhMRKYT"|&%FR{}KQSOLE7 MŁS:{
H
S:AT"KhK.~
Ft
S
H
OMAKT"|&%FR{}K32  5  ﬀFQ;T
Q
H
KX0S:MRK&Q;T
W>
|.KZK
εc
K&O~6ZKVZMAQ;OK
H
;MRQ;O qS:AZMAKNQS
H

R
S:Q;%F{K
H
~LK:

H
S'|&%*S:MRK&{K
H
~T"K&;T"|&OLK
H
~|VOLQ;TMŁS

%FQ;TLK'D

  ';K.O;AO~TLR;QZ~LA
H
O;K/ TS:1~R
H
S::~LAQ;K
ft

H
O"~S
H
~S
H
|&KXK
H
;T"|&OLK
H
&KV;KX;RO"~S;AMRR~|YMA:TLOLQ;K/MRK/O"8O"~L&{KXS:OLO"KXK
H
08ATL
H
SQZ~S
H
~;K
~LK&{;O'S
H
O'MRK&OZK&Q
>
T"|&%FR{}K.O& ¨(FQZT';K&Q
>
0:SMAK&QZTLO;K
R
d¨FQZTMASy;MRQ;O'%FTS
H
;K¤~SAMAMRK
MRK&OV;K&Q
>
;R&OVOL
H
~9(K&S:Q;&:Q;;MRQ;O|1~T"FR~LO

S
H
O9S:.Q
H
;K.O9;K.Q
>
|.~S~O. ¨MAS< TLS:.~LA
H
S:~R8QZKV
H
O"~S
H
~S
H
|&K/0S:TLRK;
H
XﬀK-S:QZ&FQ;${F
H
O.
kc 
" &
kb 

GUFTLO"Q;K
kb 1
DMAKYO"8O~&{K/;T"|&OLK
H
~K%FMRFS:MRK&{K
H
~Q
H
&:{}ﬀFT"~LK&{K
H
~
~LTL&OOLR{}RMŁS:RTLK&K$Q;YK&O"~}F;O"K&T0F|QS
H

kb 1

 
C
PGzK.O;AS:%FTLS:{}{K&O9;K&O};S:O"K&OT"|17
O"Q;MR~S
H
~OXOL
H
~V{
H
~TL|.OXOLQ;TXMŁS

%:Q;TLK<D

ﬂ#ZU¢FQ;T/~:QZ~K.OVMRK&O/0S:MAK.Q;TLO/ZK
R
|.~LQ;;R|&K&O. zMAK&O
;AS:%FTLS:{}{K&OV;K.OZS:OLK.OS
H
OMAK.O;K.Q
>
-SOO"
H
~QS:MAE~S~LR0:K&{K
H
~O"A{AMŁSATLK.O& zMAK.O'MŁS:T7
%FK.Q;TLO6;K&ON
H
~K.T"0S:MAMRK&OY;K0S:MRK&Q;T"ON;K
εc
(FQZT6MRK&OLQ;K.MAMRK&ONRMUS;AO~S:;RMAE~|/OL
H
~N~FQ^3":Q;TLO
D )

 1e%[? !  Gj2('/*# 
%'!!
qS*ﬃ ,ﬃ
8:9,;=<
D

 2Z
 :L^C

MISNFP!O]L^C'XfO,C'XP FCﬂP]FC?@BX DI X XP4RKB DGFC'X J#BhN@]MO,RKB DSB  dO#XP]F dO,J O,Pk@dz
 BX XP4RKBXdFI2P4BXdFC'XKFNNP	BCﬂPNB)qkFyﬀDSBX0@P FP,X cdIF^XO,b4JFRaO,CEFO,NBXnVL
fJ#B
DS@X`L^NvDNBVC?YwBXP$AEN@X`BCﬂPscdI YwBCaAﬂ@NOAﬂQﬂ@N&O]B	BPq
  yaDSBXVN@]MO,RKBXxD Y {  7zpCﬀDO#Xb
P!O,CSMIeB	BCjqkFy I2C?BO,C?HISNXO]L^C DI0DS@X`L^NvDNBlBNXJ#BxH ŁI2NTDI\X `XPkRKBn HL^RaRKB
DGFC'X+JYwBvZ[Aﬂ@N&O]BC?HB q lL^O,N=U OMGz  Gz ﬂqvH4yyzE BX	HL^CﬂlBCﬂP!O]L^C'XTDSB HL^ISJ#BISNXX`L^CﬂP7J#BX
RKRKBX cdIﬂBxXI2N	JF

MISNB

}z#Sz
0.560 0.565 0.570 0.575 0.580 0.585
εc
0.0
0.2
0.4
0.6
0.8
F t
R=7
R=15
R=25
8:9,;=<
D




$>	O!F`MNvFRaRKB.DSBXTAﬂQ'F^X`BXaDI)X XP4RKB\FlBHx{   

> XISN.J#BX  L^NvD^X  rc |+n
kc |x}`n]^n rb |+n kb |x}`n]BP α |

}z
D )ZD
 G  '

?*#%'!!0%'ﬃ\
 '
  - /v#-0E %*
0.0 0.2 0.4 0.6 0.8 1.0
ft
0.00
0.02
0.04
0.06
0.08
Fr
ac
tio
n 
d’
ev
en
em
en
ts (a)
0.0 0.2 0.4 0.6 0.8 1.0
ft
0.00
0.04
0.08
0.12
0.16
Fr
ac
tio
n 
d’
ev
en
em
en
ts (b)
8:9,;=<
D

  Z
$>	O#XP!N&O dI2P!O]L^C DSBoJF	g&NvFSHP!O]L^CfP!I2N  dISJ#BCﬂPkB.O,C'XP FCﬂP]FC?@B ft FlBHx{   

> XISN
J#BX  L^NvD^X AﬂL^I2N rc |+n kc |x}`n]^n rb |+n kb |x}`n]^nrqkFy R | [n εc |x}`n]  n εb |x}`n~ 
BP+q
  y R |

^n εc |x}`n] Gn εb |}`n~G~EGz
MRK&OU{&{K&OjSQ
>
S:T"TLK.O¢2ﬂK.TLTLK.Q;TLO¢;T"&Oﬃ!^GzSO"K&Q;MRKP;R?(|&T"K
H
.K
H
:~S:ZMAKB&
H
&K.T
H
KPMŁS;TLS
H
;K
.FTLT"K&OLﬀ
H
;S
H
~hSQ
>
 qS:R;MAK.O0S:MAK.Q;TLOB;K
Ft
 *S:OLO"W.A|.K6SQT"|&%FR{}Kh8Q;S:OL74MŁS{}
H
S:AT"K

S
H
OP&K
T"|&%FR{}K
Ft
0S:TLRK;MRQ;Oh FT~K&{K
H
~S-0:K&
εc
 Z.F{}{KN;S
H
OMAK6-S:OZK&O&
H
;R~LA
H
OxS:Q
>
(:TL;O
S:~R8QZK&O&

     - 6 
K - 0@M "  4#
YFQ;O/S-0F
H
O|.~LQ;;R|MAKV&F{ﬀFT"~LK&{K
H
~;QlO8O"~.{}KS 0:K&~LTLFRO6~48(K.O;K.
H
;E~R
H
OSQ
>
MRA{R~K.O& ﬀ~TL:AO/~S:RMAMRK&O/;E?|.TLK
H
~LK&O& ¢K.~;K.Q
>
0:SMAK&QZTLOV;Q STS:{.~LTLK
k
T"|&%FROLOS
H
~MŁS<Z
H
S7
{AQ;KX;K.O6O"R~K.O6
H
~K&T
H
K&OjS:Z(K.MA|
kc
S
H
O6.K&T"~S:
H
O6&S:Oﬃ!(GUK.O6;T"
H
.ASQ
>
TL|.OLQ;ME~S~LO6Q;K
H
:Q;OYS 0:
H
OYFZ~LK
H
Q;OOL
H
~YMAK.OOLQ;E0:S
H
~LO

D:6GzS/;RO"~S;AMRR~| 3LS{S:ROdF;O"K&T0F|&K6MAFT"OLQ;K
k 1
DF FﬀK&QW~O"K6ZTL8;Q;AT"KMAFT"OLQ;K
k 1

 
C
SQ
0:FAO"
H
S%FK;Q$OLK.Q;AMj
I86GzS/MŁSTL%FK.Q;TB;KM=2¦
H
~K.T"0S:MRMAKhZK0S:MRK&Q;T"OP;Q};S:TS:{.~LTLK;K.
H
~T
:MAK(:Q;TBMAK.OLQ;K&MRMAK.ORM
¥S;RO"~S:;AMRR~L|N;R{}
H
QZK FT"~LK&{K
H
~Y8Q;S
H
yMAS~S:RMAMAK6;Q$O"8O"~L&{KS:Q;%:{}K
H
~LK:ﬀ+hK1~L~K
MAS:TL%:K&Q;T
H
KVZ|&ﬀK
H
@&K&ﬀK
H
S
H
~N;S:O;Q¥~4WﬀKV;KX&
H
ZR~R
H
OSQ
>
ﬀFTL;O;:AOLRK&O.
)W6¢FQ;T~FQZ~LK&O¤MRK&O¤.
H
;E~R
H
O}S:Q
>
MAA{R~LK&O'|1~Q;;R|&K.O& xMRK&OZŁS:%FTLS:{{}K.OZK&O¥;SOLK&O
O"
H
~$8Q;S:MAE~S~LR0FK.{}K
H
~<MAK&O<{&{K&O. {}RO<£ST"~$MŁS ;TLS
H
;K S:OLO"W.A|&K S:Q TL|.%FA{K
QSOLE7 MŁS:{
H
S:AT"K:45
H
K.?(K.~& ¢MAS< TLS:.~LA
H
~LQ;TL;QZMAK
H
~LK{^:K
H;H
K}S
H
O9.K.~|.~S~0S:T"AK
ﬀK-SQ;&FQZy{F
H
OS-0:K&9MRKXS:TS{}1~TLKX;K&
H
~LT
FMRKV;S
H
OYMAKX-S:OY;K.ON&
H
;R~LA
H
O6SQ
>
ﬀFT";OS-0FK&  5  	K1~
kb 1

 
C
Q;KVS
H
OMRK&O;K.Q
>
S:QZ~LTLK&O&S:O&

H

H
~K.TL;T".~LKV{}S:
H
~LK
H
S
H
~.K&OYTL|.OLQ;ME~S~LO& ;ﬀF
H
~ST(F
H
~

D )FI
 1e%[? !  Gj2('/*# 
%'!!
0.560 0.565 0.570 0.575 0.580 0.585
εc
0.0
0.2
0.4
0.6
0.8
F t
R=7
R=15
R=25
8:9,;=<
D

ﬂ#Z
$>	O!F`MNvFRaRKB.DSBXTAﬂQ'F^X`BXaDI)X XP4RKB\FlBHx{   

> XISN.J#BX  L^NvD^X  rc |+n
kc |x}`n]^n rb |+n kb |

BP α |

}z
D:N
H
S608QK
H
D

RD: I8QZK: :;S
H
OdMRK&S:O32¦Q
H
O8O"~.{}KZA;R{}K
H
OLR
H;H
K.MS 0:K&x.
H
;E~R
H
O
SQ
>
MAA{R~LK&Ozﬀ|&TLRWZAQ;K&O. RMK
>
AO~S:E~dﬀFQ;T¨~LFQZ~
k ?
DxQ
H
K0:SMAK&QZT;Q'.FQ;;MAS:%FK
εs > εc
~LK&MRMAKQ;K¤OL
ε ∈]εc; εs[
S:MRFTLOVMAK.O ﬀQZ.~Q;S~R
H
O9
H
~TL
H
OL.Q;K&OZQ O"8O"~L&{K¤(K.QZ0FK
H
~
1~T"K9OLQ }OLS:{{}K
H
~
H
~K
H
OLK.O(:Q;TNMRK9&
H
;Q;RTLK}Q
H
K9 TLS:.~LA
H
~Q;T";Q;MAK
H
~K
H
O"~S
H
7
~S
H
|.K¥S:OLO"Kﬃ¥ qS:R;MAK ¨S;TL.O'MŁS:Q;K.MAMAK}AMP~F{9(K¤;S
H
OQ
H
|1~S~SQ TLK&ﬀFO. dK.~ TLK.O"~K

H
;|
H
A{K
H
~& 4&ﬀ:2¦K&O"~xMAKY{ .{}K;;|
H
F{
H
KN8QZ(O"KN;T"W;QZR~{SAO& *Q
H
KN FROQ;KNMAK
O8O"~.{}KYK&O~xSQ}T"K&ﬀFO& MAK;|.OLFT";TLK6K
H
~T"K.~LK
H
Q¤OLQZTMRK&OP(:TL;OPﬀK&QZ~OLKY;TL:S:%FK.TP0:K&T"O
Mj2ﬂ
H
~|&T"AK.Q;TK.~N(K.TL{K.~L~LTLKS:
H
OL¢S:QyO8O"~.{}K;K9T"K.~LTLFQZ0:K&T6Q
H
K TLS:.~LA
H
~QZTL;Q;MRK
H
~K

H
O"~S
H
~S
H
|&KxO"QOS:{{}K
H
~B%FTS
H
;KhﬀFQ;T8Q2ﬂRMWO"KTLK.~LTLFQW0FKxS
H
OBMAKTL|&%:A{K32  5  £K.~
Q;K6&K.MAQ;74&ﬀK&T"OLRO"~K6(K
H
S
H
~hQ
H
&K.T"~S:
H
~K&{;O.ZBQ;RORM(STLTLE0FKYQ
H
{F{K
H
~
ft
T"K&;K108AK
H
~~TL: qS:R;MAK *MAKO"8O~&{KNT"K.~LF{ﬀK6S
H
OhQ
H
|.~S~h&S:MA{K: *K1~xS
H
O";KNO"Q;R~LK:

H
.F{}ZTLK
H
yS:
H
OL((:Q;TLQ;FMŁS;RO"~S;AMRR~|6S:T"TLR0:K/(:Q;T
k 1

 
C
K.~SOYﬀFQ;T
k 1
D
S
H
OP.K6&S:OPM=2  5   K.O"~~FQ^3":Q;TLOPﬀK&TLO"AO~S
H
~K6S:QW7 ;K&O"OLQ;O;QOLK.Q;AMŁﬃ1 *K.~ﬀFQ;T"8QZFK&MRMAK
H
2JS:ZS:TSﬂ<A~YQ;K3"Q;O~KSQW74;K.OLO"Q;O/;QO"K&Q;RM¨;KMŁS~TS
H
OLE~A
H
,¨FQZTN&
HZ
TL{K&T6&K1~L~K

H
~K&T";TL|1~S~LA
H

H
ﬀK&QZ~O"A%
H
SMAK&TQ;K: ;{&{KS-0:K&X;K&O.
H
;E~R
H
OxSQ
>
ﬀFT";OS-0FK.
 5  / AMUS:T"TLE0FKXQ;KMRK/XQ;T;Q$O"8O"~L&{K
H
KO"FT"~LKp3LS{S:ROx;KXM=2¦|.~S~;KXTLK.(:O& ,OLU
H
K.O"~P~T"&OB;T"&O;QOLK.Q;AMj5yS:ROB&K.~"~KOLE~QS~A
H
K&O~K
>
&K&W~A
H;H
K&MRMAK*S
H
OPMASXO"R~LQS~R
H
S-0:K&'&
H
;R~LA
H
OS:Q
>
ﬀFTL;ONS::~LAQ;K&O. 3
HlH
K9M=2ﬂS	3LS:{}S:AOYF;O"K&T"0:|&K

MRK9;|.OLFT";TLK
O"Q;TMAK.O'(FT";OK&O~O"QOS
H
~}(FQZT~FQ^3":Q;TLOﬀK&TL{K.~"~T"K<S:Q O8O"~.{}K$;K<TLK.{}
H
~LK&T
;S
H
OM=2¦|.~S~32  5  /
D )F)
 G  S
 
`$*]ﬃ

I86¢FQ;TdQ32¦AMWS:E~B;RO"~S;AMRR~| MAKxZ|&OL:TL;T"KOLQ;TBMRK&OBﬀFTL;O;FR~d;
H
xﬀFQZ0:FAT(|
H
|.~LTLK&T
SOLOLK ﬃ/;TL 
H
;|.{}|
H
~xS
H
OxMRKNOWO~.{}K/ﬀFQ;TxQ;K/.K;K.T
H
RK&TxT"K.~T"FQZ0:K/Q
H
KN TLS:.~LA
H
~LQ;TLZQ;MAK
H
~LK
H
O"~S
H
~S
H
|.KOLQOLS:{}{K
H
~|&MAK10F|.K:GzS 0S:MAK.Q;T;K
ft
{
H
R{SMAK¤ﬀFQ;T
Q;KVMAK/O8O"~.{}KTLK.{}
H
~LKV;S
H
OYM=2¦|.~S~32  5  	;A{
H
Q;K/QS
H

ε
SQ;%F{K
H
~K 
C
2

,G¢S
ZAO"~S:;RMAR~L|'Sy;
H
MRAK&Q OLQZT9Q
H

H
~K&T0S:MAMRKZK}0S:MAK.Q;TLOV;Q;S:TS:{.~LTLK;K.
H
~T 
FMAK
]εb; εs[

εb > εc
ﬃ1¢T. U;MAQ;OXMRKO8O"~.{}KK&O~9ﬀK.~LR~& 3;MAQZOMRK&OX
H
.Q;TLO"A
H
O/;Q ;|.OLFT";TLK
ﬀ|&T"A;Z|&TLRQ;KOL
H
~OLQ;O"&K&W~AZMAK&OV32ﬂS:Q;%F{K
H
~LK&TVMŁS¤ TS:1~R
H
S::~LAQ;K
H
O~S
H
~S
H
|&K
ft

H
.F{}ZTLK
H
¥;
H
ﬀFQ;T"Q;FMAS9;RO"~S;AMRR~|YS:ZS:TSﬂ<A~(FQZThﬀK-S:Q;.FQ;<;MRQ;Oh;K
0S:MRK&Q;T"O;Q$S:TS{}1~TLK/ZKV.
H
~T 
FMAK/MRFTLO"8QZK
R
;R{}
H
QZK:
)W6NS
H
OVMAK'TL|.%FA{K'QS:O"E74MAS:{
H
S:RTLK ﬀMAS¤ TS:1~A
H
;S::~RQ;K}Z|&ﬀK
H
K&OLO"K
H
~RK&MRMAK&{K
H
~
ZKMŁS9W
H
S:{}RQ;K;K.O(FT";O&;
H
&F{;TLK
H
¥;
H
/(FQZTLQ;F(MŁS9;|.(K
H
S
H
&KX;K
Ft
K
H
 
H
.~LA
H
;K
ε
S
H
OV.K}T"|&%FR{}K'K.O"~V;E?|.TLK
H
~LK}MRFTLO"8QZK
kb 1
DK.~
kb 1

 
C

ﬀFQ;T
kb 1
DXMŁS9~LTS
H
OLR~LA
H
O"Q;TMAK.O(FT";OK&O~6.
H
~
H
QZK: ,K&MRMAKK.O"~Y;AO"&
H
~L
H
Q;KXOL
kb 1

 
C

] \  \
ilk
c't
o
b
ejik
YFQ;O$S-0F
H
O$|.~LQ;;R|lMAKl&:{}ﬀFT"~LK&{K
H
~<;Q {}8;.MAK5  5  S
H
O<MRKl-S:O<32¦Q
H
O8O"~.{}K
;K¥~S:AMRMAK
H
AK$S-0FK.$~LTLFRO9~48(K.O}ZK$.
H
;E~R
H
OS:Q
>
MAA{R~LK&O&
H
 |.TS
H
~}S:Q
>
(FT";O'Q
H
K
Z
H
S{}R8QZKN FT"~LK/K.~;|.&FQZ;MA|.K/;K/&K.MAMAKN;K/M=2¦
H
~|.TLRK&Q;T. W~T"FAO~S:RMAMAK.OZR?(|&TLK
H
~K&O. K.~;K.Q
>
0S:MRK&Q;T"O¥;Q ;S:TS:{.~LTLK
k
T"|&%FROLOS
H
~$MASZ
H
S:{AQ;Kl;K.O@O"R~K.O<
H
~K.T
H
K.O&¨:Q;T
k 1
DF xMŁS
~LTS
H
O"R~LA
H
K&O~;AK
H
&
H
~L
H
Q;K ZAM
H
2 ¤S=3LS:{SAOP;AO~S:ZAMAE~|¨FQ;T
k 1

 
C
 WMASV~LTS
H
O"R~LA
H
K&O~
;ROL.
H
~
H
Q;K ¨RMdS@;RO"~S;AMRR~|+3"QZO"~KS:QW7 ;K&O"OLQ;OZQOLK.Q;AMj /Q;S
H
MAS<~S:AMRMAK';QO8O"~.{}K
S:QZ%F{}K
H
~K: ¢&K.MAMRK174.SyMARK&Q O"Q;TQ
H

H
~K.T"0S:MAMRK;K0S:MAK.Q;TLO;QSTS:{.~LTLKZK¤&
H
~LT
FMRK};K
;MRQ;OK
H
;MAQZO|.~T"FR~& ;-STYMRK/;|&O"FTLZTLKVK
H
~T"K.~K
H
QyOLQZT6MRK&OﬀFTL;OYS;KX;MAQZOYK
H
ZMAQ;O;KX{}S:M
'ﬀ|
H
|1~TLK.TS
H
OMAK/O8O"~.{}K
4M6OLK&TLS:R~¤
H
~|.TLK&O"OS
H
~<;KlﬀFQ;T"OLQ;E08TLKMj2ﬂ|1~Q;;KS-0:K&l;K.O<0S:MRK&Q;T"O¤;Q TLS :
H
K
H
.FTLKlZMAQ;O
%FTLS
H
;K.O&
H
(K.QZ~lO&2ﬂS~"~K
H
;TLK  .KQ32ﬂS:T"~LAT$32¦Q
H
K.K&T"~S:
H
K ~S:RMAMRK MAS ;RO"~S:;AMRR~L|
H
2¦K
>
RO"~K@;MAQZO&+h
H
.K&T
H
S
H
~¤MAK<OWO~.{}KK
>
(|.TLA{K
H
~S:M;K$~S:AMRMAK¥;MRQ;O%FTS
H
;K@K
H
.FQ;TLO
32¦|&MAS:ﬀFTS~LA
H
 ¢
H
;K.08TSR~|&%FS:MAK.{}K
H
~9F;O"K&T"0:K&TMŁSyZAO"~S:;RMAR~L|OLQ;T'Q
H
K$ZMŁS:%FK};K¥;|.;R~
;MRQ;O|.~LTLFE~K Z0FFRTLK/OLS;ROLSTLR~LA
H
&F{;MA1~K
D )ﬁ
    

   


 
N
FQ;OYS-0F
H
O6S
H
OQ
H
ZTLK&{AK.Th~K.{}ZOY|1~Q;ZA|/MŁS~LTS
H
O"R~LA
H
SQ@SFOS:T
H
~LK&TL{R~7
~K
H
&KOL;S~R7 ~LK&{(FT"K&MRMAKVS
H
OXQ
H
O"8O~&{K;A;R{}K
H
OLR
H;H
K.M¨T"|&K.M= 3Q
H
MR{ ;K
MAR8QZA;K/;:TL ﬃ.
H
~S:M&
H
~
H
Q;K&{K
H
~NS:MAR{}K
H
~L|OLKV;|.O"~S;AMRAOLK/O"FQ;OYM=2¦K.?(K.~Y;KXMŁS'%FTLS7
08R~L|:+hK1~L~LKY~LTS
H
O"R~LA
H
S/MARK&QS
H
OPMRKYT"|&%FR{}Kh;K6.FMA
H;H
K&OP;KMRAQ;AZK:FGUK.O ﬀQZA;K.OQW~AMRAO"|&O
O"
H
~;K.OQ;AMRK&OVOLAMRA.
H
K: UZ
H
~AMPK.O"~ﬀFO"OLAZMAK;KS
H
%FK&T9MŁS¥0WROL.FOLE~|K
H
{}S:
H
~K
H
S
H
~
.
H
O"~S
H
~K.OMŁS{}S:OLO"K0:FMAQ;{AQ;KPK1~MAS~LK
H
O"A
H
;KO"Q;T" qS&K::
H
SY;FAO"&F{{}KPSTS:{.~LTLK
;K.
H
~T
:MAKMAK;|.;R~32ﬂS:MAR{}K
H
~S~LA
H
¨:Q;TMRK&OPQ;AMRK&OP;KYS:QZ~LK&OP08AOL.FOLE~|.O& MŁS~TLS
H
O"R~R
H
O"K qSR~/K
H
S:QZ%F{}K
H
~S
H
~XMAK'Z|&;E~- 3K.MAMAK9K&O"~V*8O"~L|&TL|1~R8QZK¥-SQ;OLK;KMŁS¤O~S:;RMAE~|9MR
H
|&S:AT"K
;KM=2¦|.~S~VMŁS:{
H
S:AT"K:(¨FQ;TVMAK.OX8QZAMAK.OZK}SOLOLK.O08AO"&FO"R~L|&O& zMAS<~LTS
H
O"R~LA
H
O"K} qS:E~XK
H
ZE7
{
H
QS
H
~MRK;|.;R~&GzSZTL|&O"K
H
.K2ﬂFO"&RMAMŁS~A
H
OZKVMRA%
H
K&Ox;K/.FMA
H;H
K&O. ;Q;23"FQ;K
H
~MAK/T
:MAK
;K9(K.T"~QZTLS~LA
H
O32ﬂS:{}ZMAR~LQ;;K
H
RK: ;S
H
OMASTL|.%FA
H
;K~TLS
H
OLE~R
H
O"K&{;MRK{}S:OLQ;K.TMŁS
H
S~Q;T"K: ;.
H
~
H
Q;KXFQ¥ZAOL.
H
~
H
QZK: ;K/.K.~L~LK/~TS
H
OLE~A
H
+hK.OY:OL&RMAMAS~R
H
OP 
H
~|&%*S:MRK&{K
H
~
;ROLSTS=<R~TLKYM=2¦*8O"~|.TL|.OLAO.S
H
Oh~FQZOxMAK.Oh-SO& ;MRKNO"8O~&{KK.O"~;RO"~S;MAK3"Q;O"~LKXS:QW7 ;K&O"OLQ;O;Q
O"K&Q;RM;KMŁS¥~TS
H
OLE~A
H 
AMPK&O~~S
H
~
:~S
H
OQ
H
T"|&%FR{}K32  5  / ¨~S
H
~
:~9S
H
O9Q
H
TL|.%FA{K
QS:O"E7 MŁS:{
H
SATLK *$MAK/;|.OLFT";TLKXK&O~NK.OLO"K
H
~RK&MAMRK&{K
H
~;T"|&OLK
H
~NO"Q;TMAK&OﬀFTLZO&
 -S:QZOLK9ZK9MŁS
H
S~LQ;TLK;AO"&T".~K;K&O6FS3"K1~ONK1~;KMŁS;TL|.OLK
H
&KﬀFO"OLAZMAKV32ﬂ:OL&RMAMAS~R
H
Ox;K
MRA%
H
K.OXK.~';K};|. qSQZ~O9~LFﬀFMAF%:AQ;K&OXS
H
O9MRK&O9T"|&%FR
H
OMŁS:{
H
SATLK.O& 3RMPK&O"~9; .AMAK;K};|17
~LK&.~LK&TS:QZ~LF{}S~R8QZK&{K
H
~B&K.OZF{S
H
K.O& YFQ;OS-0F
H
O&K.(K
H
S
H
~QZ~RMAROL|xQS~LTLK~TLS:&K.Q;TLO
;E?|.TLK
H
~LO}Q;ﬀK&T"{}K1~L~K
H
~;K$QS
H
~

K&TMAK<;|.OLFT";TLK@S
H
OMAK<OWO~.{}K  ¢TLFRO32ﬂK
H
~TLK
K.Q
>
O"K&{;MRK
H
~'
H
;AQ;K.TQ;K: (FQZTMAK.OQ;AMRK&O;K%FTS
H
;K&O08AO"&FO"R~L|&O& MŁS@~LTS
H
O"R~LA
H
K&O"~
;ROL.
H
~
H
Q;K ~S
H
;AO'Q;K<O"K&MA
H
MRK¤QS~LTLA.{}K¥.K.~"~K¥~TLS
H
OLE~R
H
K&O~&
H
~
H
Q;K:+hK<S:TLS7
{.~LTLK: WTLK.MAA|S:Q¥~S:Q
>
;K/&T"|-S~LA
H
O ﬃ Q;O"A
H
Ox;KX&FMR
H;H
K.O& 
H
FQ;OS'(K.TL{AO32JS-0:FATS:.&.O6
MASV TS.~R
H
~LQ;TLZQ;MAK
H
~LKN{ FK
HZH
K: ;K1~x;
H
/9MAS{K&OLQZTLK;K6M=2¦K
>
ﬀFOS
H
~
β
Z+hK.~K
>
(FOLS
H
~- 
{K&O"Q;TL|Y(:Q;TQ
H
KNQ;RMAK;KN;S:QZ~KY08AOL.FOLE~| 8K.O"~hK
H
S:.&FT"¤S-0FK.&K.MAQ;,;K6MŁSV

:2¦K&O"~hMŁS
;T"K&{A.TLKX FAOYQ32ﬂQ
H
K
>
(:OS
H
~/O"Q;;ﬀFT"~S
H
~MŁS&
H
3"K&.~LQ;TLK;K'¢F{}K&S:QK.O"~{K&O"Q;TL|S
H
O
Q
H
O"8O~&{KXTL|.K&Mz;AZA{K
H
O"A
H;H
K&M=
+hK.(K
H
S
H
~RM(O"K&TSR~A{(FT~S
H
~& 8ﬀFQ;T(:QZ0FFRT.
H
.MAQ;T"KQS
H
~9MAS
H
S~LQ;TLK6&
H
~L
H
Q;KFQ
;ROL.
H
~
H
Q;K;K}MŁS¥~TS
H
OLE~A
H
 UK.~9MAK-S:O|&;|&S
H
~'&
H
 FT"~LK&TVMŁS¥0:SMAK&QZT;K
β
 ¢ZK} qS:RTLKMŁS
{&{KX{}K.OLQ;T"KS-0FK.Q
H
OWO~.{}KZK9;MRQ;O6%:TS
H
ZK~SAMAMRK:3
H
;ROLﬀFOLE~R ¨K
>
ﬀ|&T"A{K
H
~S:Mz;K
O"Q;T" qS:.K¤QS~LTLK FRO9;MRQ;O9R{}ﬀFT~S
H
~KK&O~K
H
.FQ;TLO9;K¤{
H
~S:%FK 4MOLK.{;MAK|&%*S:MRK&{K
H
~

H
~L|&T"K&OLOLS
H
~¤32¦|.~LQ;;RK&TMAK$&F{ﬀFT"~LK&{K
H
~;Q O8O"~.{}K@(:Q;T}ZK&O0WROL.FOLE~|&O};TL8;K.O};K
.K&MAMRKﬀFQ;TMŁS:Q;K.MAMRKMŁS
H
S~Q;T"KVZKVMAS9~TLS
H
OLE~R
H
S
H
%:K
ν ≈
)
C
{}{

ﬃOﬃ1
YFQ;OPS-0F
H
O|1~|
H
~LTLA%:Q;|&OBSTBMAKxT"|&%FR{}KxZKYZAO"~S:;RMAR~L|~LFQ^3"FQZTLOB;T"|&OLK
H
~ 3"Q;O~KS:Q874;K.OLOLQZO
;Q¥O"K&Q;RM(K1~S:;;S:TLK.{}{K
H
~x<9MŁSV;TL|.OLK
H
&KX;K&OﬀFT";O& 8;
H
~MAS9Z
H
S:{AQ;K6K&O"~h FT"~LKK.~
D )
C
;|.&FT"TL|.MA|&K9;K9.K&MAMRK9;QyTLK&O~K';QyO"8O"~L&{K:
§
H
;K9.F{;TLK
H
;TLK9OL.K;;|
H
F{
H
K9|.~SR~
%F|
H
|&T"AQ;KFQS:OXS
H
O/MAK'&S:OX;KO"8O"~L&{K&OV;A;R{}K
H
OLR
H;H
K.MAO6;K'~S:RMAMAK
H
RK'~TS
H
OLE~S
H
~
S:QSFO;S:T  5  / 
H
FQ;OVS-0F
H
OS
H
OQ
H
O"K&&
H
~LK&{;OVS:;;MRAQ;|'Q
H
{}8;&MRK{
H
R{S:M
32¦
H
~LK&TL{R~"~K
H
&KOL;S~R7 ~LK&{(FT"K&MRMAK: S:;E~Q;K.MAMAK.{}K
H
~X|.~QZ;A|}S
H
OVMAK-S:O;K.
H
;E~R
H
O
S:Q
>
MAR{}E~K&Oh(|.TLA8;R8QZK&O& ,Q
H
O"8O"~L&{K9;K/~S:AMRMAK
H
AK: YFQ;O6S-0F
H
OYQZ~LAMAROL|~LTLFRO&
H
ZE7
~LA
H
ONS:Q
>
MAR{}E~K&OY;E?|.TLK
H
~LK&O& (~FQZ~LK&ON~LK&MRMAK&O6Q;K'MŁSW
H
S:{}RQ;K;K.O/(FT";OO"FR~6 FT"~LKK.~
;|.&FT"TL|.MA|&K;K¤&K.MAMRK};KM=2¦
H
~|.TLAK.Q;TV;Q O"8O"~L&{K:GzK{}8;&MRK¤5  5   S;;MARQ;|@Q
H
O"8O7
~L&{Kx;AZA{K
H
O"A
H;H
K&M(K.QZ~B;T"|&O"K
H
~K.TQ
H
Kx~TLS
H
OLE~R
H
S:Q';S:FOB&
H
~L
H
Q;KFQ'ZAOL.
H
~
H
QZK: 
O"K&MA
H
MAS¤0:SMAK&QZTVZKMj2ﬂQ
H
;K.OXS:TS{}1~TLK.OX;
H
~9RMd;|.(K
H
3¨
H
S<F;O"K&T"0:|}Q
H
TL|.%FA{K;K
;RO"~S:;AMRR~L|+3"Q;O"~LK<S:QW74ZK&OLO"Q;O';Q O"K&Q;RMhﬀFQ;T~LFQZ~LK&OMRK&O.
H
;E~A
H
OZK¤(:TL &
H
OLR;|&T"|&K&O
S
H
OMAK}-S:O' &K.~"~K~LTS
H
OLR~LA
H
K&O"~;AO"&
H
~
H
Q;K: d{}S:RO=3LS:{}S:ROS
H
O'MAK}-S:O.
H
~TLS:AT"K:
5WK.MA
H
&K{}8;&MRKX{}
H
A{}S:M= WMŁS'~TLS
H
OLE~R
H
ZQO"8O"~L&{K9K
>
ﬀ|&T"A{K
H
~SM¨O"K&TSR~6;
H
;MAQZ~
:~
;ROL.
H
~
H
Q;Kz5yS:ROOLK.Q;MBQ
H
;ROLﬀFOLE~R PK
>
(|.TLA{K
H
~S:Md;K';MRQ;O/%FTLS
H
;K~S:AMRMAKV(K.TL{K.~L~LTS:E~
;KX.
H
&MRQ;TLK/Z|
H
E~E0FK&{K
H
~6'&KXOLQ3"K.~-
¢FQ;T¢Q
H
K~S:AMRMAKB.TLFROLOS
H
~LKh;QO"8O"~L&{K
H
Q;{|&TLRQ;K: M=2¦
H
~K.T"0S:MRMAKd;K0S:MAK.Q;TLO¢;QSTS:{.~LTLK
;KX.
H
~T
:MAKX(:Q;TMAK&O"Q;K&MRMAK&ORM$SZAO"~S:;RMAR~L|N;K108AK
H
~6;KV;MAQ;OK
H
;MRQ;O|.~LTLFE~- 5
H
K1?K1~- 
ﬀFQ;T8QZK¤&K1~L~K;AO~S:;RMAE~|OLFE~;T"|&O"K
H
~K¥RM qS:QW~Q;K¤MRK;|.OLFT";TLK¤|.{S
H
S
H
~;K.O'(:TL;O
;QZAOLO"K(|
H
|.~LTLK&TVOLQ }OLS:{{}K
H
~;T": 
H
;|.{}K
H
~;S
H
OXMAKO"8O~&{K: z.K}Q;BK.O"~;K}ZMAQ;O/K
H
;MRQ;OxR{};T"FS:ZMAKNMRFTLO"Q;K/MŁS9~S:AMRMAKY;Q<O"8O"~L&{KSQ;%F{K
H
~K,
H
ﬀK&QW~;
H
/O"Q;;ﬀFOLK.TYQ;K
MASXZAO"~S:;RMAR~L|hO"K&TSX;MRQ;OP; &RMAKXF;O"K&T0FK&TS
H
OMAKO8O"~.{}KYK
>
ﬀ|&T"A{K
H
~S:MZKY~S:AMRMAKhZMAQ;O
%FTLS
H
;Ke5WQ;TMRK/;MŁS
H¥H
Q;{|&T"AQ;K AMO"K&TLS:R~
H
~L|&T"K&OLOLS
H
~NZKX qSATLKNMŁS{&{K/|.~QZ;KVS 0:K&V;K&O
OWO~.{}K.OYZK/TS-F
H
O;MAQ;OhA{(FT~S
H
~LO& 4M3K&O~;TLF;S:;MAK6Q32J'ST"~RTh32¦Q
H
K/.K&T~S:
H
K~S:RMAMRK
MAS;AO~S:;RMAE~|
H
2ﬂK
>
RO"~LK&TS;MRQ;O&
D ) 2
  Y 

   

x


    

D )

   


 *  
 Q
 
R
  F


     
 
 

  



 63  

\ ]¤\ `/b
ek	
r 
e
r
kVg
b
Q
`
g
R
GUK&OV0S:MAK.Q;TLOV;TL:;TLK.O9;Q ~LK
H
O"K&Q;T;K%:TS:;RK
H
~;K}08R~LK&O"OLK
A
-STS:1~|&T"AO"K
H
~MAS$~LF(:MAF%FRK
MRW&S:MAK6;KXM=2¦|&&:Q;MAK.{}K
H
~   F)

e5WUK.MAMRK&OOL
H
~~LFQZ~K.OTL|&K.MAMRK&O& ;S:MAFT"OxM=2¦|&.FQ;MRK&{K
H
~K&O~6MRW&S:MAK!7
{K
H
~X*8(K.TLﬀFMAR8QZK: K1~VMAK&ONMAA%
H
K&OZK.FQ;TLS
H
~}qK.~XMRK&O~LTS3"K..~:ATLK.O/MŁS:%:TS
H
%:AK
HZH
K&OﬃYOL
H
~
;:{}
H
|&K.OS:T¨;K&O|.~RTLK.{}K
H
~LOdK.~;K&OB.
H
~TLS:.~LA
H
O.58Z;K.Q
>
2ﬂK
H
~LTLKK.MAMAK.OO"
H
~B&F{;MRK
>
K&O
.
H
3"Q;%FQZ|&K&O. ZSMAFT"OBM=2¦|&&:Q;MAK.{}K
H
~K.O"~K&MAMRAZ~LAQ;K :MAK.OMRA%
H
K&OB;KY&FQZTS
H
~qK.~MAK.OB~TS`3"K&.~LFAT"K&O
MAS:%FTS
H
%FAK
H;H
K.OﬃO"
H
~6MRW&S:MAK.{}K
H
~x~FQZTL;RMAMA
H;H
S
H
~K.O&
+hK.O0S:MAK.Q;TLOX;T"F;T"K&O
λ1
 
λ2
 
λ3
Z|&ﬀK
H
;K
H
~S$ZTLA:TLB;K~TL:AO/0S:TLAS:;MAK.O& 3&S:TVK&MAMRK&OXOL
H
~
O"FMAQZ~LA
H
Ox;KXM=2¦|&QS~LA
H
&S:TS:1~|.TLAO~R8QZK

λ3 + Pλ2 +Qλ +R = 0

§
ED^ﬃ
S-0FK.

P = −(λ1 + λ2 + λ3)
Q = λ1λ2 + λ2λ3 + λ1λ3
R = −λ1λ2λ3
S
H
OMAK/-SOY@Mj2ﬂ|.&FQ;MRK&{K
H
~K.O"~6
H
.F{}ZTLK&O"OLR;MAK ZMŁS.
H
;E~R
H Tr(A) = 0
R{}ZMAAQ;K

P = 0

§
 IFﬃ
Q = −1
2
(λ21 + λ
2
2 + λ
2
3) = −
1
2
Tr(A2)

§
ﬂ)*ﬃ
R = −1
3
(λ31 + λ
3
2 + λ
3
3) = −
1
3
Tr(A3)

§
¦ﬁﬃ
S
H
Od&K&S:O& MAK.O~T"FAO¢0:SMAK&QZTLOd;T"F;T"K&Od;K
A H
K;|.(K
H
;K
H
~P;
H
Q;K;K&O;K&Q
>
QS
H
~E~|.O
Q
K1~
R
;|
H
AK.OPS:TPMAK.OT"K&MAS~R
H
O
§
ﬂ)*ﬃdK.~N
§
ﬂﬁﬃ!
Q
K.~
R
OL
H
~
H
0S:TLAS
H
~K&OB;S:TPTL:~S~R
H
 

H
MRK&OYS:;ﬀK&MRMAK&TLS9;
H
V;S:TMŁSOLQZR~KX
H
0S:T"ŁS
H
~LO&
D )F#
  '  %K('e%-\'ﬃSx(   ﬃ*! x
 & $4
GzS
H
S~LQ;TLK;K&OX0S:MAK.Q;TLOX;T"F;T"K&OV;K
A H
K;|.(K
H
 Q;K;QOLA%
H
K;QZAOL.TLR{}
H
S
H
~
D =
27R2 + 4Q3
  F)

5W
D < 0
qT"K&OL
D > 0
ﬃ1 S:MRFTLO<MRK&O<~TL:AO¤0S:MAK.Q;TLO$;T"F;TLK.O@O"
H
~
T"|&K&MRMAK.OqT"K&OLYZK&Q
>
O"
H
~$&F{;MAK
>
K&O¥&
H
3"Q;%FQ;|.K&Oﬃ1Y¨FQZT
D = 0
MAK&O¤0S:MRK&Q;T"O¥;TL:;TLK.O
O"
H
~T"|&K&MRMAK.OK1~ZK&Q
>
32¦K
H
~T"KyK.MAMAK.OOL
H
~¤|.%*S:MRK&O&P2JS:QW~TLK@S:T~- BOL
R < 0
qT"K&O"3
R >
0
ﬃ1 B;K.Q
>
0:SMAK&QZTLO;TLFZTLK&O;K
A

H
~}Q
H
K$S:T~AK<T"|&K&MRMAK
H
|.%*S~E0FK qT"K&OLﬀFOLE~E0FK ﬃ!
H
TLS:;ﬀK&MAMRKQ;K9MŁS}.
H
;E~R
H
32¦
H
&F{;TLK.OLO"A;RMAR~L|XA{;MAR8QZKVQ;K'MAS}O"F{}{K9ZK&K.ON0S:MAK.Q;TLO
;T"F;T"K&O;FE0FK 1~TLK
H
Q;MRMAK  ¢FQZ~K.O&K&O
H
 FTL{}S~LA
H
OﬀK&QZ0:K
H
~YOLKXTLK.;TL|.OLK
H
~LK&TY;K/{S
H
A.TLK
O
H
~L;|.~LAQ;K/S
H
OxMAK6;MŁS
H (R,Q)
0:FAT

%FQ;T"K
§
ED^ﬃ1 8¥Mj2ﬂ
H
(K.QZ~;RO"~L
H
%FQZK&TMAK&OTL|.%FA
H
O
;KM=2¦|&.FQ;MAK.{}K
H
~N;:{}
H
|&K.ONS:T6MAK.O
H
S:Z(K.ON;K90:FT"~LR08R~L|: ,MAK.O

MAS:{K
H
~OY;K90:FT"~LA&E~| ﬀMRK&O
H
S;(K.O;KX;|. FT"{S~A
H
O& WFQ@MRK&O

MAS:{K
H
~O;KX;|1 FTL{}S~LA
H
O.
8:9,;=<
§
EDF
  $LAﬂL^J#LMO]B J#L`HFJ#B DSB JYw@HL^ISJ#BRKBCﬂP BCig L^C?HPO]L^C DSBX O,Cﬂl^FN&O!FCﬂP,X R BP Q
qkD Y FAENX sFCﬂPŁBJ,J yz
+hK1~L~K6S
H
SMR8OLKﬀK&QZ~|&%FS:MAK.{}K
H
~O.2JS:Z;MAR8QZK&TPS:Q~K
H
OLK&QZT;KY%FTLS:;AK
H
~P;KY08E~K&O"OLKY{} :K
H;H
|
Q
H
KV|.;K&MRMAK
r
 
M
,NS
H
O&KX-SO&K
H
2¦K&O"~Y;MRQ;OMŁS9~LFﬀFMAF%:AKNMRW&S:MAK6Q;UK&O~-S:TLS:.~L|&TLROL|.K
STMAK&O
H
0:STLŁS
H
~LO
Q
K.~
R
 ;{}S:ROxMŁS~:(FMRF%FRKN;KXM=2¦|&.FQ;MRK&{K
H
~M=2¦|&;K.MAMAK
r


\\ }r
s

k
r<u
e o
`
s o
tj`  `/b
g
F`
ekVg
`
3
H
{8;&MRKx(:Q;TPMŁSZ
H
S:{AQ;KZQ~LK
H
O"K&Q;T;K%FTS;AK
H
~d;K0WE~K.OLOLK6S:QOLK
H
O;K&O;|&T"R0:|&K&O
Aij = ∂iuj
S|1~|;T"FﬀFOL|;S:T NAK&RMAMRK. FO"OLK   :ﬁW  
C 
 (;Q;RONTLK.;TLROS:T+xS
H
~hK.MAM   F)

C5
H
K1?K1~- 
H
(K.QZ~YFZ~LK
H
RTQ
H
KX|&QS~LA
H
K
>
S:1~KV(:Q;TMŁS'Z
H
S:{AQ;K/ZK
A
K
H
;E?|.TLK
H
~LŁS
H
~
Mj2ﬂ|.8Q;S~R
H
;K NS-08AK.T7 5~K&O
D-ﬁ

 1e%[? !

  
  [%^,%^$!

Q
`
R
* %K(!ﬂ%-_'ﬃSx(   ﬃ*! V
d#Ek
∂tuj + uk∂kuj = −∂jp+ ν∂kkuj
STTS:;ﬀFT~Y
xi
,
H
FW~AK
H
~

∂tAij + uk∂kAij + A
2
ij = −∂ijp+ ν∂kkAij

§

C
ﬃ
NAK&RMAMRK. FO"OLKO&2¦
H
~|.TLK.OLOLKVS:Q-S:Ox2ﬂQ
H
ﬀ;Q;A;KNS:T" qSR~N
ν = 0
ﬃ1WG¢S9 K.TL{K.~LQ;TLK6;KM=2¦|&QS~A
H

§

C
ﬃ;S:OLO"K'S:MA:TLOYS:TNMAS}{WZ|&MAROS~LA
H
ZQ 6K.OLOLRK
H
;K9;TLK.OLOLR
H ∂ijp
(GzS FT"{}KV;FROLAK
S
H
O   ﬁ;  
C
  F)

K.O"~YAO":~T"F(K
 ∂ijp = −13Tr(A2)δij
MAKN qS.~K.Q;T
−1
3
Tr(A2)
(K.TL{K.~;K
{}S:
H
~LK
H
RT/MŁS<&
H
ZR~R
H
32ﬂ
H
&:{};T"K&O"OLAZAMAE~|
Tr(A) = 0
$~LFQZ~~K&{;Oﬃ1¢S
H
O&K}-S:O. 

§

C
ﬃh;K.08RK
H
~

dAij
dt
+ A2ij −
1
3
Tr(A2)δij = 0

§
2*ﬃ
 d
dt
K&O"~6MŁSZ|&TLE0F|.KMAS:%FTS
H
%FAK
H;H
K
GzS/Z
H
S:{AQ;K
§
2FﬃBK.O"~&
HZH
QZK6O"FQ;OMAK
H
F{ ZK6Z
H
S{}R8QZKY25BQ;MRK&T YK.O"~LTLK&
H
~K:GB2¦*7
ﬀ:~Z&OLKl2ﬂROL:~LTLF;RK@ZKlMŁS ;T"K&O"OLA
H H
2ﬂK.O"~<SO¥;*WO"AQ;K x{SAOK.MAMRKyK&O~<OLQOLS:{}{K
H
~
O"A{;MAK}(FQZTT"K
H
ZTLK<M=2¦|&QS~LA
H

§
 2*ﬃ9OL:MAQ;;MRK<S
H
S:ME~AQ;K.{}K
H
~'K
H
 
H
1~A
H
ZK&O
H
0S7
T"ŁS
H
~O
Q
K.~
R
 5
H
K1?K1~9
§
 2*ﬃhR{};MRAQ;K

dA2ij
dt
+ 2A3ij −
2
3
Tr(A2)Aij = 0

§


ﬃ
dA3ij
dt
+ 3A4ij − Tr(A2)A2ij = 0

§
  *ﬃ
5
H
;TLK
H
S
H
~NMRK&O~TLS:&K.O;K&OY|&QS~LA
H
O9
§


ﬃxK.~9
§
  FﬃK1~YK
H
QW~AMRAOLS
H
~MAK.O|&%*S:MRR~L|&OV
§
 I:ﬃ1 

§
ﬂ)*ﬃhK.~9
§
ﬂﬁ*ﬃ1 ;RM08AK
H
~

dQ
dt
= −3R

§
J#Fﬃ
dR
dt
=
2
3
Q2

§
ED

ﬃ
¥
H
SS:Z;MAR8QZ|MAKN~L;|&:TL&{K/;KV+xS-8MAK17 NS:{AME~
H
M=2¦|&QS~LA
H

§
ED^ﬃh(:Q;TxK
>
;T"A{K&T
Tr(A4)
K
H
 
H
.~LA
H
;K
Tr(A2)

GUK/ﬀFT"~LTS:E~;KX;S:O"K9SOLOL8&R|XS:Q$O"8O"~L&{K
§
ﬂ#Z 
§
ED

ﬃxK&O~6MRK/OLQ;E0S
H
~

D-ﬁ;D
  '  %K('e%-\'ﬃSx(   ﬃ*! x
 & $4
–1
–0.5
0
0.5
1
Q
–0.6 –0.4 –0.2 0 0.2 0.4 0.6
R
8:9,;=<
§
JIW

 
L^N&P!NFO,PŁDSB=AﬂQ'F^X`B DSB	JF0D ^CEFRaO!cdIﬂB D Y
 
I2J#BN BXP!NBO,CﬂP4Bdz
GUK&OBO"FMAQW~A
H
Od;QO"8O~&{K
§
J#Z 
§
ED

ﬃO"
H
~P;TL|.OLK
H
~L|&K.OhS
H
O   F)

*GUKT"|&OLQZMR~S~P{S3"K.Q;Td;K
.K.~L~LK|.~QZ;KK&O"~MAK qS:R~BQ;KYﬀFQ;Td~:QZ~K&
H
;R~LA
H

H
E~ŁSMAKS:QZ~T"K8QZK
R < 0
 
27R2 +4Q3
 
MRK~K
H
OLK.Q;T/;K%:TS:;RK
H
~ZK908R~K.OLO"K|.0:FMAQ;K0FK&T"OXQ
H
K%F|.F{|.~T"AKX~K.MAMAKVQ;K'MAKV~K
H
OLK.Q;T/;K&O
;|1 FTL{}S~LA
H
O
S = 1
2
(A + At)
S:E~X;K&Q
>
0S:MRK&Q;T"O;T"F;T"K&OV(FO"R~LR0FK.OK1~9Q;KMŁS¥0F:T"~R&E~|
O"FR~NS:MAR%
H
|.K9S-0FK.'M=2ﬂS
>
KS:O"OL8&R|MAS0S:MAK.Q;TY;TLFZTLKﬀFOLE~E0FKV
H
~K.TL{|&;AS:AT"KVZK
S
3+hK1~L~K
&S:TS:1~|.TLAO~R8QZK6SV|.~L|6T"K.~T"FQZ0:|&KN;S
H
O;K&OhV5  2

8GzSVW
H
S:{}RQ;K
§
ﬂ#Z 
§
ED

ﬃd(K.TL{K.~
S:QZOLOLh32ﬂ
H
~K&T";TL|1~K.T&K.T"~S
H
K.O'-S:TLS:.~L|&TLRO"~LAQ;K&O9;K&OPm3"F
H
~LK&OZK
Q
K1~
R
-S:MR&Q;MR|&K&O
STV5¥S
H
O   

   


5ySAO¢M=2¦
H
.
H
0F|
H
AK
H
~{S3"K.Q;T¢;Kx&K{}8;.MAKPTL|.OLAZKhS
H
OdMAKP qS:R~¢Q;KxMRK&O¢OLFMRQZ~R
H
O¢;KhMAS6Z*7
H
S{}R8QZKB325BQ;MRK&T YK.O"~LTLK&
H
~K;R0:K&TL%:K
H
~K
H
~LK&{;O
;H
=^NK;MRQ;O& K.MAMAK.O
H
KZ|&ﬀK
H
;K
H
~d32ﬂS:QW7
.Q
H
KN.
H
;E~R
H
V%FTS
H
;KY|&;K.MAMAKZGB2¦*Wﬀ:~L;&O"K32¦AOL~TL:;AK;K6MŁSX;TLK.OLOLR
H
 8Q;
H
2ﬂ|1~S:E~hS
;T"AFT"SO6;*8OLRQ;K: ,K&O~NZ
H
V'TLKk3"K1~K.T& ,{SAOx.K&T"~S:
H
K&O-S:TLS:.~L|&T"AO"~LAQ;K.OYZK&OYOLFMRQZ~R
H
O
;KYMŁSXZ
H
S:{AQ;KY32 5BQ;MAK.T K&O"~LTLK.
H
~KYOL
H
~hK
H
.FQ;TS%FK-S
H
~LK&O& WK.~AMO"K&{;MRKN;T"F{K.~L~LK&Q;TP;K
.
H
~
H
Q;K.TXOLQ;TV&K1~L~K0F:AK(:Q;T/&
H
O"~T"Q;AT"K}Q
H
{WZ&MAK'ﬀFQ;T/MAS¥Z
H
S:{AQ;K;Q~LK
H
O"K&Q;T
;KX%FTLS:;RK
H
~Y;KV08E~K&O"OLK+N2¦K&O~S
H
O6.K&S:;T"KQ32ﬂS|1~|V;TL:(FO"|MRKX{}8;&MRK/;Q<~|.~LTS:.;TLK



D-ﬁ*I
   


 - 


    
O
H
TLS:OLO"K&{ZMAKS
H
O<.KS;R~LTLKQ;K&MR8QZK&O$TL|&O"Q;MR~S~O<;K T5 S-0FK.MRK&O"8QZK&MAO<
H
(K.QZ~¥.F{};S:TLK.TMAK.OO"FMAQZ~LA
H
O};Q {}8;&MRK:+hK&O¥T"|&O"Q;MR~S~O}
H
~¤|.~L|-SMA&QZMA|&O}S:T
§
MAS:
H
BQ;{AT. S-0:K&MAK.WZK';OLK.Q;;7 OLﬀK&.~LTS:MBO~S
H
S:TL;|.&T"R~/K
H
  F#

UGUK.O/TLQ
H
O
.
H
OLR;|&T"|&Od
H
~dQ
H
KxT"|&OL:MAQZ~LA
H
ZK
2563
:GUKx;MRQ;Od%FTLS
H

H
F{;T"Kx32¦
H
;KxZKxMŁSNO"A{QZMŁS~LA
H
 
kmax
 K&O"~VO"QOS:{{}K
H
~X%FTS
H
 ﬀFQ;TN;|&.TLAT"K'MAK.O/;MAQ;O/ﬀK.~LR~LK&O/|&ZK&MAMRK&O/;KMj2ﬂ|.&FQ;MRK&{K
H
~

kmaxη ≥ 1.4
ﬃ!zGzK
H
F{9;TLK;K YK1
H
FMAZOK.O"~
Rλ = 130
 UK.~MAK'TLS:;ﬀFT"~VK
H
~LTLK}M=2¦|&;K.MAMAK

H
~L|&%FTLS:MAK9K.~VM=2¦|&;K.MAMRK';K ,6FMR{}F%:FTL 0@K&O"~
L/η ∼ 100
UGUKS:OX;KMŁS¤%*S{}{K'
H
K.T"~LAK&MRMAK
O"K6~T"FQZ0:K/S:;;T"
>
R{S~R0:K&{K
H
~h9Q
H
K|.;K&MRMAK6;K
10η
ZGzS%FS:{}{KY
H
K.T"~RK&MRMAKS9;
H
NS
H
O
.K&OOLR{Q;MŁS~A
H
OhQ
H
KV~S:AMRMAKY32ﬂK
H
0WRTL
H
D

FTLZTLK&O;KX%FTLS
H
;K.Q;TK
H
|&;K.MAMRK:
5WQZTMAS

%FQ;T"Kﬀ6RDOL
H
~TLK.;TL|.OLK
H
~L|&K.OxMAK.OMRFAO32ﬂ|.;K&MRMAK.O;K.OPOLK&.
H
;O{}:{}K
H
~LOB;K
S
K.~;K
MAS0:FT"~LA&E~| ﬀK1~;Q~LTS
H
O" K&T~32¦|
H
K&TL%:AK9ZR08AO"|ST
r2
 
〈−Tr(M2M t)〉
?5WK&MR
H
MRKO"-S:MR
H
%
,/ﬁ;DF 
∆u(r) ∼ r1/3
 UK1~Z
H

M
;K108TS:E~VS 0:FATXQ
H
KZ|&ﬀK
H
S
H
&K0WROV<08AO/ZK}Mj2ﬂ|.;K&MRMAK
K
H r−2/3
¢
H
O.2JS~"~K
H
Z
H
}<.K}Q;K
〈Tr(S2)〉
K1~
〈ω2〉
0:STLAK
H
~K
H r−4/3
K1~<.K}Q;K
〈−Tr(M2M t)〉 ∼ r−2
FQ3 d;K{S
H
A&T"K|.8QZR0S:MAK
H
~K: &K¥Q;K¥MRK}~TLS
H
O K&T"~2ﬂ|
H
K&T"%FAK
〈−r2Tr(M2M t)〉
OLFE~9
H
;|.(K
H
S
H
~';K
r
ﬃ!GUK}OL-SMA
H
% ,/ﬁ;DK.O"~'Z
H
0:|&TL

|¤;K qS&
H
OLS~RO" qS:ROS
H
~K/O"K&MR
H
MAK&OT"|&O"Q;MR~S~O;KVT5(

H
S$T"K&;T"|&O"K
H
~|}OLQ;TXMŁS

%:Q;TLKﬀNJI¤;K&OX 
H
1~A
H
O/;AO~T"A;QZ~LA
H
O/;K;TLF;S:;AMRR~L|3"F
H
~LK&O
P (R,Q)
&S:MA.Q;MA|.K&OS:TT5 ;MAQ;O"AK.Q;TLO|&ZK&MAMRK&O;K$MA
H
%:Q;K&Q;T.  Mj2ﬂ|.;K&MRMAK¥
H
~L|&%FTLS:MAK
L
 3MAS;AO~T"A;QZ~LA
H
K&O"~XQSOLA{K
H
~/O8{}|1~TLRQ;K'S:T/TLS:;ﬀFT"~X¤Mj2JS
>
K
R = 0
UGUFT"OLQ;K'MAS
0S:MRK&Q;TY;K9Mj2ﬂ|.;K&MRMAKX;R{}
H
QZK: ,MŁS;AO~T"A;QZ~LA
H
;K108AK
H
~/ZK9;MRQ;O6K
H
;MRQ;ON|1~AT"|&KVMAKVMA
H
%};K
MASX;S:T"~LAK
R > 0
;K6MAS/OL|&;S:TS~LTLR&K:8+K.~L~LKS:O8{}|1~TLRKS:Q;%F{K
H
~LK6;MRQZ~
~PMAK
H
~LK&{K
H
~8Q;S
H

r
;A{
H
Q;K~S
H
~x8Q2ﬂRMTLK.O"~LKS
H
OMAS%*S{}{K6
H
K&T~RK&MAMRK

%FQZTLK&O ﬀ6 I;qS74ﬃLﬃ1WSTx&
H
~LTLK: WMŁS
;RO"~LTLAZQZ~R
H P (R,Q)
FZ~LK
H
Q;K'ﬀFQ;T6Q
H
K0S:MAK.Q;TNZKM=2¦|&;K.MAMRK9S
H
OMŁS ﬃ&
H
K'ZAOLO"AS~R0:K: 
r ∼ η
 8

%FQ;T"K ﬀ6 I;K ﬃ"ﬃzK.O"~¢(K&S:Q;.FQ;9ZMAQ;O¢S:OW{|.~LTLR8QZK:GUK&O¢K.?(K.~O¢;ROLOLRS~LR O& 
H

H

H
.MAQ;O
S
H
O¥MAK{8;&MRKy;Q ~|1~TLS:&;T"K: xO"K&{ZMAK
H
~<;
H
lTLK.OLﬀ
H
OS;MAK.O$ZKl&K.~"~K S:Q;%:{}K
H
~S~R
H
32ﬂS:OW{|.~LTLRK;K
P (R,Q)
d
H
;:R~.F{S:TLK.TMAK.OOL:MAQZ~LA
H
OV;K
H
~TLK{}8;&MRK¤S-0FK.¥MAK.O
.FQ;TLﬀK&O ﬀNJI;qS74,ﬃ!
GzS

%FQ;T"K ﬀNJ) TLK.;TL|.OLK
H
~LK MRK&O¥;K
H
OLE~|&O$S
H
O$MRKl;MŁS
H (R,Q)
;KQ;K&MR8QZK&O$%FTS
H
;K&Q;T"O
;*8OLRQ;K&O. ;K&MRMAK&OS:Q;O"OL(-S:MR&Q;MR|&K&OS:ThV5

MŁS/0S:TLAS
H
&K6;K&Oh;|. FT"{S~A
H
O
Tr(S2)
 WMj2ﬂK
H
7
O~TL:;;AK
ω2
 3MŁS¥;T"W;QZ.~R
H
32¦K
H
O~TL:;;AK
ωSω
 (MAK~TLS
H
O K&T"~V32¦|
H
K&TL%:AK
−r2Tr(M2M t)
K1~
−Tr(S3)

D-ﬁ*)
1 10 100 1000
r/L
1e−01
1e+00
1e+01
1e+02
<
S2
>
, 
<
ω
2 >
<S2>
<ω
2
>
(a)
r
−4/3
1 10 100 1000
r/L
1e−04
1e−02
1e+00
1e+02
1e+04
<
−
Tr
(M
2 M
t )>
(b)
r
−2
8:9,;=<
ﬀNEDF
? L^O#XoD Yw@HQﬂBJ,J#BXaqkFyKDSBXxX`BHL^CED^X	RKL^RKBCﬂP,X DSBX DS@g L^N&R\FPO]L^C'XoBPpDSB JFKlL^N&P!O,b
HO,Pk@n=BP+q
  y_DI PNvFC'Xg BN&P=D Yw@C?BNMO]B DO,l`O#X`@ŁA'FN r2 n 〈−Tr(M2M t)〉 n=HFJ#HISJ#@BX
A'FNT>   qvBvZP!NvFO,PpDSB   S}

yz
D-ﬁ:ﬁ
 1e%[? ! V V/
dﬃ* ]%'
T(T 
8:9,;=<
ﬀNJIW
?>	O#XPN&O dISPO]L^C'XDSBoAENL F dO,J O,P4@  L^O,CﬂP4BX P (R∗, Q∗) HFJ#HISJ#@BX A'FNK>    0AEJ ISb
XO]BI2NXo@HQﬂBJ,J#BX ŁqkFy.N`|= n=q
  yaN |=eEnqvH4yaN |=eS~'nqkDy.N |=E$0BPqvB4yaN | η z
 BXŁcdI'FCﬂP!O,Pk@X R∗ BP Q∗ X`L^CﬂPEC?L^N&R\FJ O#X`@BX?A'FNsJFTl^FN&O!FC?HB:DSBXŁDS@g L^N&R\FPO]L^C'X 
Q∗ = Q/ 〈Tr(S2)〉 n R∗ = R/ 〈Tr(S2)〉3/2 z  BXoJ OMC?BX.D Y O#X`LAENL F dO,J O,P4@xX`L^CﬂP
BX4A'FSH@BXxJ#LMGFN&O,PQSRaO!cdIﬂBRKBCﬂP,npBPsX`@4A'FN@BX	DSBsg[FSHPkBISNX e qvBvZPNvFO,PŁDSB   S}

yz
D-ﬁ
C
8:9,;=<
ﬀNﬂ)Z
?>.BC'XO,Pk@XDSBfqkFy Tr(S2) n_q
  yhBC'XPNLAﬂQSO]B ω2 n_qvH4y AENLdDIeHP!O]L^C D YwBC'XP!NLAﬂQSO]B
ωSω npqkDyoPNvFC'Xg BN&P:D Yw@C?BNMO]B −r2Tr(M2M t) BPqvB4y −Tr(S3) DGFC'XxJ#BŁAEJFC
(R∗, Q∗) n2AﬂL^ISN:N |=e$n HFJ#HI2J#@BX A'FN >  $z' BXpJ OMC?BXsX`L^J O!DSBX=HL^N&NBX4AﬂL^CEDSBCﬂP
FIZol^FJ#BISNXAﬂL`XO,P!O,lBXn J#BXJ OMC?BXTBC AﬂL^O,CﬂPO,J,J#@XFIZ.l^FJ#BISNXC?@]MGFPO,lBXdz qkFy.BXP
BvZPNvFO,PŁDSB   
 
nq
  y`n+qvH4y`nqkDy BP+qvB4yKDSB 

z
D-ﬁ 2




  



 


   

  
O
H
;T"|&O"K
H
~KA&MAK&O{|.~L;8;K&O32¦FZ~LA{AOS~A
H
QZ~LAMAROL|.K&OS
H
OYMAS;TLK.{}R&T"K/S:T"~LAK
 \ ]¤\ }r u v
gxwi@s
`
s
`
s
`/bdc`
kVg
`
s o
b
e
u
f
tj`'`
GzS';K&O"&T"AZ~LA
H
;KXMŁS{|.~L;8;KXK.?(K&.~LQ;|&KV&74;K.OLO"FQ;OK&O~6
H
OLZATL|.K/;K JI 


+hK1~L~K{}|1~;8;K ﬀZTLFﬀFOL|.K9STYK&MAZK&TNK1~/5$K-S: ¦#*I

 ,(K.TL{K.~6;K~LTLFQW0FK&TNMAK}qQ
H
ﬃY{
H
7
{QZ{ 32¦Q
H
K 
H
1~A
H
ZK0S:TLAS:;MRK&Od
H
;|&ﬀK
H
S
H
~K.O 
>
D^ﬃ1NS
H
OMAK-SO}MAS/ 
H
.~LA
H
.
H
OLR;|&T"|&KY(:OLOL.;KNZMAQ;O"AK&QZTLOP{}
H
A{}SNMRW&S:Q
>
 FMŁSX{|.~ZW;K
H
K%*STS
H
~E~PS:OQ
H
KY&
H
0:K&T7
%FK
H
&K<0FK.TLOMAK<{
H
R{Q;{ %FMA:S:M=E5BMAMAK
H
2ﬂQZ~LAMRAOLK<SQ;&Q
H
K@{|.~L;WZK$ZK${
H
A{AOS~A
H
;K
 
H
.~R
H
;|.(K
H
S
H
~}32¦Q
H
K¥OLK.Q;MAK¤0S:T"ŁS:ZMAKK1~
H
K
H
|&.K&O"OLR~LK<8QZK$ZK&O'|.0S:MRQS~LA
H
O9;K¥MŁS
 
H
.~R
H
'{}
H
A{AO"K&TqS:O;KX&S:MA.Q;M3;KX;|.TLR0:|&K.Oﬃ1
GB2¦FS3"K.~ 
H
S:{K
H
~SM;KX&K1~L~LKV{|.~L;8;KK&O~YQ
H
OLA{;MRK
>
K: W:2¦K&O"~77 ;AT"K: ;;S
H
OQ
H
K&O"S:&K
;K$;R{}K
H
OLR
H
V PQ
H
K
H
OLK&{9;MAK@;K  DyﬀF
H
~O}S:
H
OLQ;KyMRK&OOLK.%F{}K
H
~O:Q MAK.O qS&K&O
ﬀFMR8%F
H
S:MAK.OQ;/MRK&O¥TLK.MARK
H
~-¨S:T<K
>
K&{;MRKlS
H
O<MAKy;MŁS
H
2ﬂK.O"~$Q
H
~T"ŁS
H
%:MAK: S
H
O<Q
H
K.OLS:.KX;K/;A{K
H
OLA
H
~T"FAOQ
H
~|.~LTS:.;TLKGzS{}|1~;8;KZK/;K&O"&K
H
~LK;Q<O"A{;MAK
>
KNQZ~RMAAO"K
;K.O6O"A{;MAK
>
K&O
H

H
Z|&%F|
H
|&T"|&O& ﬀ&KQ;zOLA%
H


KXQ;KV&K.ON;K.T
H
RK&TLOYK
H
~LFQ;TLK
H
~;K.O60F:MAQ;{K&O
 K.TL{|&O;K9;A{K
H
O"A
H
U+h:{}{K~LFQZ~K9{}|1~;8;K92ﬂFW~A{AOLS~R
H
 K.MAMAKS:O"OLK'S:T6~TL:AO
|1~S:ﬀK&O

;|
H
R~LA
H
32¦Q
H
(:
H
~;K;|&ST"~- ¢R~L|&TLS~R
H
32¦Q
H
K;TL8&|.;Q;TLK(K.TL{K.~L~S
H
~;K
.
H
0FK&T"%FK&T¢0FK.TLOd;K.O¨0S:MRK&Q;T"O¨;K;MRQ;O¨K
H
;MRQ;O¨;S:OLO"K&OZKhMŁS 
H
1~R
H
 ^S:T"T.~¨;K&K.OR~L|&TLS~R
H
O
MRFTLO"8Q2ﬂQ
H
&T"R~L&TLK/ZTL|&Z|
H
zK.O"~0F|.TL

|:
	  ";+%H+-(&*ﬁ)

H
ZFR~
Z>
K&T9S:Q Z|&;QZ~9;KMAS$ZTL8&|&ZQ;TLK}Q
H
O"A{;MAK
>
K
H
R~AS:M=?5W
H
.
H;H
Sﬂ<A~S@;T"AFT"
Q
H
(:
H
~hﬀFQ;TMAK.Q;K&Mﬀ
H
O"FQ; &
HZH
KNQ;KMASX0S:MRK&Q;TP;K6MŁS/ 
H
1~A
H
&
H
OLR;|&T"|&KNK.O"~h;MAQZ~
:~
SOLOLK FS:MRFTLO¢
H
(K.QZ~B;FROLRT¨.F{}{KP(:
H
~ZKx;|&;S:T"~Q
H
OLR{}ZMAK
>
K;
H
~dQ
H
;K&O¨OLF{{}K1~O
P0
K.O"~6&KXﬀF
H
~- ZMAK&OSQZ~T"K&OOLF{{K.~O
Pi
|.~S
H
~Y;|
H
ROY;S:TMŁST"K&MŁS~A
H
Pi = P0 + λeˆi

λ
K&O~Q
H
K¥~S:RMAMAK-S:TLS:.~L|&TLRO"~LAQ;K<;Q£O"8O"~L&{KyK.~
{eˆi}i=1,...,N
Q
H
K$S:O"K
H
FTL{|&K<;K
Mj2ﬂK.OLS:.KX&
H
O"A;|.TL|
D-ﬁ

   '  +d`ﬃ 
v#-0ﬃ*!/
	 ﬁ $ -E 
ﬁ)%  *+ *
";   %(ﬁ J%ﬁ   %(ﬁ)N,%E  *+ﬃ!,%E  *+,%B +ﬁ  +% ,*
) #
+hS8QZK/S:Ox;KNM=2ﬂS:MA%F:TLR~L;{K&
H
O"AO~KK
H
Q
H
KN~TLS
H
O FTL{}S~R
H
;Q¥OLR{};MRK
>
K'Q
H
89{FQW7
0:K&{K
H
~
:
ﬃ1ﬀ+hKX{FQZ0FK.{}K
H
~6ﬀK&QW~ 1~T"KVZKVQS~TLK/~48ﬀK&O90F:ATR%;+NED^ﬃ
¡
S
H
OMŁS<{S`3"FTLE~|';K.O9-SO& zMŁS¥~TLS
H
O" :TL{}S~R
H
K&O"~9Q
H
KTL| ﬀK
>
A
H
;Q ﬀF
H
~VK
H
MAK.Q;K&M
MŁS'0S:MAK.Q;T;KMAS 
H
.~LA
H
K&O~N{}S
>
A{}S:MRK 8;MAQ;OSQZ~NﬀF
H
~
:
ﬃxST6TLS:;ﬀFT"~6MŁS' qS:&K
F;ﬀFOL|.K;Q O"A{;MAK
>
KjR%;+NEDq,ﬃK.~ %ﬃLﬃ!x+hK.O¤TL| ﬀK
>
A
H
O¤OL
H
~¤&
H
O~T"Q;R~LK&O¤ﬀFQ;T
&
H
OLK&T0FK.TNMAK0:FMAQZ{}K/;Q$OLR{}ZMAK
>
K ZK.~Y.
H
OLK.T"0:K&TS
H
O"3OS
H

H
7 ;|&%:|
H
|.TLK&O"&K
H
&K
¡
S:;T"&O.K}~48(K;K{FQZ0:K&{K
H
~- ¨OLM=2¦|.~RTLK.{}K
H
~;QO"A{;MAK
>
K}S
H
O9MAS@;RTLK&1~R
H
;K}MŁS
TL| ﬀK
>
A
H
FQ¤S
H
OMŁSZATLK..~LA
H
F;ﬀFOL|.K/K&O"~h qS 0:FTS;MAK6(FQZThMŁS&
H
0FK.TL%FK
H
&K ,S:MA:TLO&K.~
|.~LATLK.{}K
H
~K&O"~6K.?(K&1~Q;|j¨A%;;+NRD ﬃxK.~,ﬃLﬃ!
¡
MAFT"OLQ32¦AMZS~L~LK&
H
~PQ
H
K80S:MRMA|.K
:
 FM=2ﬂS:MA%:FTLE~;{KP&
H
~TLS:.~LKMAKOLR{}ZMAK
>
Kx;S
H
OBMŁSZATLK..~LA
H
~TLS
H
O"0:K&T"OLK9ZKV.K&MRMAK17 &3ﬀFQ;TﬀFQZ0:FATZK&OL.K
H
ZTLK9ZK&S
H
O9qA%Z+NEDq,ﬃxK1~ ﬃ"ﬃ1
¡
M=2ﬂS:MA%:FTLE~;{KP(K.QZ~S:Q;O"OL&
H
~LTS:1~K.TBMAKxO"A{;MAK
>
KhS
H
OB~:QZ~K.OBMAK&OBZATLK..~LA
H
O(FQZTdO&2ﬂS:W7
;TL8;K.TY2ﬂQ
H
{}
H
A{9Q;{ ;KXMŁS9 
H
1~R
H
jR%;+NEDqK-ﬃxK.~ 3ﬃ"ﬃ1
3
H
K9O"|&Q;K
H
&KS:;;T"F;T"A|&K;K9.K&O;S:O&
H
0:K&T"%FK9~:Q^3"FQ;T"O60FK.TLO/Q
H
{}
H
A{QZ{ qMRW&S:M ﬃh;K
MAS9 
H
.~LA
H


ﬁ=D(ﬁ)%/L*ﬁﬂﬁ  
GB2ﬂS:MA%F:TLR~L;{K'O&2ﬂS:TLT .~KMAFT"OLQ;KMAS@;R{}
H
QZ~R
H
TLK&MAS~E0FK;K¤MAS<0S:MRK&Q;T;KMAS$ 
H
1~R
H
S:Q
ﬀF
H
~hMAK;MRQ;OxSO32ﬂQ
H
;S:OS:Q¥OLQZR0S
H
~K&O~
H
 |.TLRK&Q;T"K/Q
H
K0S:MRK&Q;T;|
H
AKXS:Q¥;|.;QZ~;K
Mj2JS:MR%FFT"R~Z{}K
¨S:T;T"Q;;K
H
&K: Q
H
K¤ FRO.K.~L~LK¥&
H
;R~LA
H
TLK&{;MRAK
H
(K.QZ~'T"K&MŁS
H
&K.T9M=2ﬂS:MR%FFTLE~;{KS-0FK.
.F{}{K(:
H
~hZK6;|.S:T~xMAKYﬀF
H
~P0FK.TLOxMRK&Q;K&MﬀAMﬀSV&
H
0FK.TL%F|NMŁSX;TLK.{}R&TLK FROK1~ S:QZ~LTLK&O
ﬀF
H
~LOVq;E?|.TLK
H
~LOYZK&OOLF{{K.~OZQ@;K.T
H
RK&TOLR{}ZMAK
>
K-ﬃ1
 \\ ` F`/c
o¥eg
b
e
u
o
tjv

 !  -(-ﬁ *+,.- 
GzS {}|1~;8;K ;Q T"K&&QZR~$OLR{Q;MA| ¦#F)W Y#:ﬁ

K&O"~yQ
H
K~K.
H
AQ;K32¦FZ~R{}ROS~LA
H
ﬀFQZ0S
H
~
O.2JS:Z;MAR8QZK&T@;K&Q
>
~48(K.O';K¤;T"F;MA.{}K.O

M=2¦FZ~R{}ROS~LA
H
.F{;
H
S~:ATLK@qS:;;MRA-S~A
H
O
¤MASTL|.OLFMRQZ~R
H
;Q;TL:;MA.{}K;Ql0F *S:%:K&Q;TX;K&:{}{K&T"&K: ¤MŁS¤.
H
&K.Z~R
H
;K'T"|&OLK&S:Q
>
32¦|&;S
H
%FK.Q;TLO/;K';S:MAK.Q;T& (;K;R(K.MA
H
K&OYFQl;K&S:OL&S:;K&O/ZK'TL|-S.~K.Q;TLO. UMj2JS:T"TS
H
%FK&{K
H
~
32¦|&MR|&{K
H
~OPS
H
OP;K&O&RTL&QZR~OB
H
~|&%:TL|&OP.F{}ZMAK
>
K.O& ,REJﬃ1 *K.~Mj2ﬂFW~A{AOLS~R
H
32ﬂQ
H
KY 
H
.~LA
H
;
H
~MAK.O0S:T"ŁS:;MRK&OOL
H
~&
H
~
H
Q;K&O.+hK.~"~K@{}|1~;8;KyﬀK&T"{}K1~ZKyMA8-SMAAO"K&TM=2¦K
>
~LTLK&{9Q;{
{}
H
A{QZ{ :Q {}S
>
A{QZ{¤ﬃ
MJ#L FJ
32¦Q
H
K< 
H
.~LA
H
 d{ .{}K¥MRFTLO"Q;K@.K&MRMAK17 &xﬀFO"OL&ZK@;K
D-ﬁ  
 1e%[? !
 
 j/`1$S(
x(  !#-\#
%2!`
Point le plus bas
(a)
(b)
(c)
(d)
(e)
Point le plus haut
(f)
(g)
(h)
(i)
(j)
8:9,;=<
+NEDF
?>xO  V@NBCﬂP,XKP  AﬂBXDSBKRKL^ISlBRKBCﬂPX B  VBHPIﬂ@X A'FNKJY FJ MSL^N&O,PQSRKBnVDGFC'X_J#BX HF^X
  |+uqkFbB4y BP   |jqg&b  yz
qkFyjBPaqg y pXO,RTAEJ#BvZ2B DSB DS@4A'FN&Pn.q
  y BPaqMy N@ BvZO]L^C DI AﬂL^O,CﬂP+J#B AEJ IGX\Q'FI2P,naqvH4y BP
qQ`y 7N@ BvZO]L^CjBP@P!O,NBRKBCﬂPn=qkDy BPq Oy sHL^CﬂP!NvFSHPO]L^CjDGFC'XVI2C?B DO,RKBC'XO]L^C'n=qvB4y_BPTq  y 
HL^CﬂP!NvFSHPO]L^CjDGFC'XxPkL^ISPkBX J#BXoDO,RKBC'XO]L^C'Xdz
D-ﬁ*#
   '  +d`ﬃ 
v#-0ﬃ*!/
H
:{;TLK.Q
>
K
>
~T"K&{}SMA8-S:Q
>
+hF{{}K}MŁS@{|.~L;8;K¤;Q O"A{;MAK
>
K ¨K.MAMRK
H
K
H
|&&K.OLO"R~K¥Q;K
;K.Oh|10:SMAQS~LA
H
OZK6MASX 
H
.~R
H
8NFT"|
H
S-0S
H
~x
H
OLQZ;(:OLK: WOS
H
OhﬀK&T"~LK6ZKN%F|
H
|&TLS:MAE~|: *Q;K
Mj2ﬂ
H
T"K&;K.TL;KMAK/{
H
R{Q;{ 32¦Q
H
KX 
H
1~A
H

GzS¥{}|1~;8;K;Q TLK.&Q;E~O"A{QZMA|K.O"~S:OL|.K}O"Q;TV;K&OX&
H
&K.Z~O;K{}|.-S
H
RQ;KO"~S~AO~R8QZK: 
ST¤S
H
SMAF%FRKyS-0:K&lMŁS {S
H
A.TLKyZ
H
~¥MAK.OMARQ;A;K.OO"K&T"AO"~S:MAMRAO"K
H
~K
H
%FK&MAS
H
~- FQ ;
H
~
Q
H
{|.~S:MK.O"~XTLK.&Q;E~-3+h
H
OLR;|&T"
H
OXK
H
K1?K1~XQ
H
MAAQ;R;K¥SQZ~K~LK&{(|.TS~LQ;TLK3GUK&O/{7
MR|&&QZMAK&OVQ;hMRK}.F{(FO"K
H
~'O"
H
~'S:MRFTLOVMAR;TLK.O;KOLKZ|&;MAS:&K.TMAK.OQ
H
K&OST9TS;(:T"~'SQ
>
S:QW~TLK.O}jS:%FE~S~LA
H
~;K.TL{AQ;K ﬃ! 5WB
H
;R{}
H
QZK;TL:%FTLK.OLOLE0FK.{}K
H
~MŁS~LK&{(|.TS~LQ;TLK zS:MA:TLO
MRK&OS~F{K&OPO"K

%FK
H
~xS
H
OhQ
H
KY&
HZ
%FQ;TLS~R
H
&TLRO"~S:MAMR
H
KST" qS:E~K: *Q;ﬀ&:TLTLK.OLﬀ
H
Q
H
K
0S:MRK&Q;T{}
H
A{}S:MAK'ZK¥M=2¦|
H
K.TL%FRK;Q O"FMAR;K:¨S:T'.
H
~T"K: dS
H
OMAK-S:O MŁS@~LK&{(|.TS~LQ;TLK
K.O"~YS:SAOLO"|&K/;T"Q;OLQ;K.{}K
H
~- ,&K.Q
>
74&
H
2ﬂ
H
~SOMAKN~LK&{;O;K/OLKXT"K&;RO"~T"A;QZK&T& WK.~MRK&T"AO"~S:M
FW~K
H
Q
H
2ﬂK.O"~9S:O9;S:T" qS:E~-UGB2¦|
H
K.TL%FRK}ZK&KOL:MAAZKK.O"~9;MAQ;OV|&MRK.0:|&KQ;K}&K.MAMAK;Q&T"AO"~S:M
ST" qS:E~-¢GzS{}|1~;8;K¤;Q T"K&&QZR~'O"A{Q;MR|K.O"~S:O"|&K¥O"Q;T'Q
H
K<S
H
S:MAF%:AK}S 0:K&¥.K¥;TL8&|.;|: 
K
H
.F{};S:TS
H
~/Mj2ﬂ|
H
K&T"%FAKS-0:K&MŁS 
H
1~R
H
${
H
A{AOLK.T& ,MŁS¤.
HZ
%:Q;TS~LA
H
S~F{AQ;K';Q
.TLAO~S:MS-0FK&VM=2¦|.~S~;K.O0:STLŁS;MAK.Oh;KXMŁSV 
H
.~LA
H
 ZK.~YMj2ﬂ|1~S~ZK/;MAQ;O;S:OLO"KV|
H
K&T"%FAKXS-0:K&VMAK
{
H
R{Q;{ %FMRFS:M(;KXMŁS9 
H
1~R
H


 M, JJﬁﬂ 
K % +%  % ﬁ)$&
$,#
BMAQZOVZTL|&.AO"|&{K
H
~- ¢MŁS¥{|.~ZW;KK.O"~Z|&TLE0F|.K};K&K.MAMRKZK¤5@K1~T"F(:MAAO ¦#
C
 UQ;S:;;MRAQ;K
<Q
H
O"8O"~L&{K
H
Q;{|&T"AQ;KMAK';T"
H
.AﬀKZKMAS¥MAFdZK ﬀh:MR~ ﬃ.{S
H;H
;AK
H
.
H;H
Q;KK
H
{|&&S7
H
RQ;K9O~S~LAO"~LAQ;K?58K&MA
H
&K1~L~K9;K&T
H
A.TLK: ﬀM=2¦|
H
K&TL%:AK
E
32¦Q
H
OWO~.{}K'}M=2¦|&Q;AMRA;T"KV}Q
H
K
~LK&{(|.TS~LQ;TLK
T
SQ
H
KX0S:MRK&Q;TZAO"~LTLR;Q;|&KXSMA|-S~FRTLK&{K
H
~hOLK&MR
H
MŁSMA:

P (E) =
1
Z
exp
(
− E
kT
)
,
k
|1~S
H
~MŁS@&
H
O~S
H
~LK$ZK ﬀhFMR~ ﬃ&{}S
H;H
K1~
Z
MŁSy 
H
1~R
H
;K¥S:T~E~A
H
;Q£O"8O"~L&{K:3
H
OWO~.{}K~ZK&TL{8Z
H
S:{AQ;KhO"A{QZMA|xO"K&MA
H
M=2ﬂS:MA%F:TLR~L;{KZKY5@K.~LTLFﬀFMAROﬀK&QZ~SMAFT"OdS:O"OLK&T
32¦Q
H
KX.
HZ
%FQZTS~LA
H
32¦|
H
K.TL%FRK
E1
'Q
H
KVS:QZ~LTLKX32¦|
H
K.TL%FRK
E2
S 0:K&VMŁS;T"FS:ZAMAE~|

{
exp[−(E2 − E1)/kT ] si E2 > E1
1 si E2 < E1
=+NED^ﬃ
§

H
O"= FMAS/~LK
H
;S
H
&K6%F|
H
|&TSMAK;KYM=2ﬂS:MA%F:TLR~L;{Kh;K65@K1~TL:(FMRAOB.
H
OLRO"~LKNV;A{
H
Q;K.TdM=2¦|
H
K.T7
%FRK';Q O8O"~.{}K~LFQ;OXMAK.O{FQZ0:K&{K
H
~OVQ;PMŁS¥;A{
H
Q;K
H
~O"
H
~S&&K.Z~|.Oﬃ! ¨{}S:AO/
H
K
H
S:QW~FT"AOLKY|&%FS:MAK.{}K
H
~M=2ﬂS:Q;%:{}K
H
~S~R
H
+hK1~L~LKNﬀFOLO"A;RMAR~L|32ﬂS:Q;%F{K
H
~K.ThMR|&%F.TLK&{K
H
~M=2¦|
H
K.T7
%FRK/;Q$O"8O"~L&{KVK.O"~6Q
H

H
%FT"|&;RK
H
~K&O"OLK
H
~LAK.M¢ZKVMAS'{}|1~;8;K/;K5@K1~TL:(FMRAOVK.~;
H
;Q
T"K&&QZR~6OLA{9Q;MA|-ﬃh-S:T6K&MAMRKX(K.TL{K.~6;KO"FT"~LATY;KVMŁS&QZ0:K.~L~LK9 FT"{}|.KST6Q
H
{}
H
A{9Q;{ MRW&S:M
K1~P;KTLK&;S:T"~LATBS:
H
OL;XMASTLK.;K&T";KN32¦Q
H
S:QZ~LTLK{
H
R{Q;{ |.0:K
H
~Q;K.MAMRK&{K
H
~hZMAQ;OBSOYjR%;
+NJIFﬃ1 Y:~
H
O6|.%*S:MAK.{}K
H
~6Q;KOLK.MA
H
M=2¦|&QS~LA
H
=+NED^ﬃ;MAQZO6MAS'~LK&{(|.TS~LQ;TLKVK&O~SOLOLKK.~
;MRQ;OM=2ﬂS:{}ZMAR~LQ;;KxZK&OhOLS:QZ~LO32¦|
H
K&TL%:AKSQZ~FT"AO"|&OPK&O~h qS:R;MAK


H
8V-SMA{K
:
MŁSXZ
H
S:{AQ;K
K
H
;R{}
H
QS
H
~MŁS9~LK&{(|.TS~LQ;TLK
D
C!
 1e%[? !
 
 j/`1$S(
x(  !#-\#
%2!`
E
8:9,;=<
+NJIW
?	Y FJ MSL^N&O,P,QSRKBfDSB  BPNLAﬂL^J O#XhFISPkL^N&O#X`B HBN&P]FO,C'XjRKL^I2lBRKBCﬂP,Xag[FO#XdFCﬂP_FIMb
RKBCﬂP4BNaJF l^FJ#BISN\DSBaJYw@C?BNMO]Bn+@l`O,P FCﬂP+FO,C'XOŁJ#BTAEO]@]MSBF`MSBDGFC'X.J#BX HI2lBP!P4BX
g L^N&RK@BXpA'FN	J#BX	RaO,CﬂO,R\F\J#L`HFIZ0DSBxJYw@C?BN]MO]Bdz

   -BK * B-B-(ﬁ)*+,$+%', L*
, JJﬁﬂ 
K %  ﬁ)% " + CK  
,-
GB2ﬂS:MA%F:TLR~L;{K/;K'5@K1~T"F(:MAAO. Q;O.2JS:Z;MAR8QZK9K
H
;TL
H
&R(K}MAS}OLR{Q;MAS~R
H
;K9OWO~.{}K.O
~L;K&T"{}8Z
H
S:{AQ;K.O& dK.O"~}TLK&ZTLAOS
H
O}MASl{}|1~;8;K¥;Q TLK&.Q;R~O"A{Q;MR|:P:A&hMAK¥OLZ|&{}S
%F|
H
|&TLS:MZK&K1~L~K/{|.~L;8;KNS
H
OxMAK6-S:O¤M=2¦
H
;K.TL;KXMRKN{
H
R{Q;{ %FMRFS:Mﬀ32¦Q
H
KN 
H
17
~LA
Hl
D:	
	ﬀ
H
ZFAO"R~/Q
H
K}.
HZ
%FQZTS~LA
H
;Q O"8O~&{K: z2ﬂK.O"~9<ZATLKQ
H
K
H
OLK.{;MRKVZKX0S:MRK&Q;T"O;K&O0S:T"ŁS:;MRK&O;KXMAS9 
H
.~LA
H

I8ﬁﬂﬃ !"#$%&
'(*),+-ﬃ.0/ %12$34657.0/-89
H
;TL:(FO"K@Q
H
K@O"Q;R~LK@ZK
n
{FQZ0:K&{K
H
~OxS:MA|&S~FRTLK.OZK&K1~L~KN&
HZ
%FQ;TS~A
H
 K
H
M=2ﬂS:.&K&W~S
H
~x:Q¤K
H
MASTLK1 Q;OS
H
~
O"K&MR
H
MAK.TLE~&T"K$=+NED^ﬃ13GP2¦|
H
K&TL%:AK32¦Q
H
K.
HZ
%FQZTS~LA
H
;QOWO~.{}K'~ZK&TL{8Z
H
S7
{AQ;KK&O~R&¨TLK&{;MAS:&|.KS:TMAS}0S:MAK.Q;T;K'MAS} 
H
1~R
H

kT
K.O"~VTLK.{}ZMŁS:.|9S:T/Q
H
;S:TS:{.~LTLK
TRS
 :S:Z(K.MA|8Y;OLK.Q;;7=~K&{ﬀ|&TS~Q;T"K
:
FQ 8Y~K.{}ﬀ|&TLS~Q;T"KhT"K&&QZR~K
:
 Q;
%:&TLKVMŁS';T"FS:ZAMAE~|/32ﬂS:.&K&W~S~LA
H
;K&OY{}:QZ0FK.{}K
H
~LO&(GzS0S:MAK.Q;T;K
TRS
ZFR~ 1~TLK
ﬀFQ;T'Mj2ﬂ
H
O"~S
H
~
Z>
|&KP¨FQZTLOLQZR0S
H
~M=2ﬂS
H
S:MRF%FAK}S-0FK.@MRK¥TLK. T"FAZAOLO"K&{K
H
~'32¦Q
H
O"8O7
~L&{K/~;K.TL{WZ
H
S{}R8QZK: ;
H
(K.QZ~Y;AT"KX8QZKMAST"|-S:MRAOS~A
H
;KV&K&O
H
{FQZ0:K&{K
H
~O
S}(FQZTN;QZ~N;KﬀK&T"{}K1~L~T"KS:QyO"8O"~L&{K'32JS~L~K.
H
ZTLK9O"
H
|&Q;RMAR;TLKX~;K.TL{AQ;K9MŁS
~LK&{(|.TS~LQ;TLK
TRS

)W;:<ﬃ=>$?& !@!AB
2=>CDCDE+FCﬃ5ﬀG$#$/$CH8I
H
T"K&.F{}{K
H
&K/MŁS';T"W.|&;QZTLKIKJ;K
H
ZA{
H
QS
H
~MLS:Q;KX FROxMŁSONS:MAK.Q;T;K
TRS
J
P
J;QR$$STﬂ,M UJS:MWVFFT"R~XLZ{}KOAUJS:T"T1~KMRFTLO"8QYUﬂQZ&TLE~X[A\^]N#\L|@_a`b_:`W]&{c]"Z*~;|

Z Y]"d~eNF|A\L

|fJ

    Jﬁ % F%   *+ﬃ!,%Eﬀ % 9 ﬁ %E +DMCK  +,#-
g
_@{|.~^L;8]hﬀ\^]&Ah;R~idLR{Oh`A|c]"d~O`j_@`WhdiVF|AZ;|"\^_f`j]}(fh\"_f`AAh`j]A\kZh;{|"\"Ah].{l]AZ~O`j]
{jZ;R{Oh;{YUmhZ#] >Z;1~AfZ0JE5G`W`j]	]AhZ~nd"Um_:;#`AAh]A\@~L>hZ~^] >Z;1~AfZ0oz&>Z*~WZh]¤>h_fd"o
p$qKp
   S &  %* 2]1-0  %-0 
%
ﬀ>h\ NKhyﬃhYUﬂ>ZDdX_:ML]'| Na_f`jh]A\;`j_cNa_f`W]"h\Y]9A]"`W`j]

&]"Z fZ;.~LA>Z@]id ]"dNa_f\"b_:`W]"dAJ hZ~^\^]
` U _fZ_f`A>V:j];_Nf]& `b_{|&"_fZ;Ah] d~M_~Ljd~Ah]ao;"]1~L~^]V{|.~^L;8] ]"d~6.>Zd~X\^hZR~X] d h\ `b_9~^L;|&>\"j]
]AdPMLB_=<bZ#]"dB]D_f\ :N'h;B`Wh;_fd d^h\ ]"Z*~]"dP\"F\LR|.~L|"dB].>ZTN>]"\ V>]"Z "] _ad8{}W~:~LAh]

]A`j`j]/.>ZTN>]A\^V>]V~>h^3"fh\^d N>]A\^d;`j]/{jZ;R{Oh;{ V>`AF_f`3] `b_ >Z;1~R>Z<(>h#\h#ZDZ;F{9\^]XjZ

Z;
0U¦R~L|"\^_~R>Zd 
	

J

].	]AZ;B_fZ*~@o¨fU ]"d~ hZ]¤{|.~^L;W#]R_fd d^]ﬃ; &W`j]}y{c].~L~^\^]l]"Zﬃ]"h#Nﬃ\ ]¤@_f\k]"`W`j]cZ;|&A]"d^d"R~^]
hZ#]N;|

Z;R~LA>Z];` U ]"dL_:"]Y]\ ]&ML]A\LML] ]1~x]`b_ ZB_~^h\^]6]"d{}fh#N>].{l]AZ~^d"oK_:jZ#dL,h]N]
Z;:{\^]Ah B_f\X_{l[1~X\^]Ad

`b_<~X]&{ﬀ|"\X_~Xh\ ]ﬂ\^]."h;E~X]¤WZ;R~Lb_f`W]fo0`W]lZ F{\ ]]¤{>h#Nf]&{c]"Z*~Xd
n
Z;|&A]"d^d^_:j\ ]¤ﬀ>h\k_~L~^]&jZ \^]l` U¦|&h;j`RA\ ]~XL]A\L{Ah]ao2`W]ld"ML;|&{l_]Z|&"\"Fjd dX_fZ "]¤]l`b_
d ]"h;Z

~^]&{(|A\X_~^h\^]qh]ﬂd"jV>Z 

] 8@;|."\L:jd^d^_fZ;A]Rd^hcd^_:{}{c]"Z*~i`j]"Z*~^]
:
o`j]"\"R~X[A\^]
0Um_f\ \.~"o JWJ J
5GZ MLZFjd"jd^d^_fZ*~.3 h;;A.j]Ahd^].{l]AZ~`W]"dRNa_f`j]Ah\^d<]A]"d$B_f\X_{l[1~X\^]Ad"o>Z &]"hZ~
dAU _fd d^h\ ]"\chZ]<&fZNf]"\ V>]"Z;A]`Whd'>h£{}FWZdO\^_:;A#]$#]` U _a`jVF>\"R~^L;{l]aJ

]"d Nf_a`j]"h#\^dndLfZ~
]AZ7VF|"Z |"\X_a`h;}.j`W]"dy\L| NFFW\OdX_aZdO]	]&1~Xh]A\]Ad~X]"d~Xd#\L|"`RA{jZB_j\^]Ad d^h\i`b_$ fZ;.~LA>Z
.>ZdLR;|"\"|"]aJ
   

r¥t 	ﬀ ﬂﬁﬃ
w
u  ! r<u  "$#&% '
3Z](fZZ]x{|.~^L;W#]x(fh\d@_a`A"h#`j]"\ ZﬃhZ{}|A\LAh].{l]AZ*~G`j]x{jZ A{Oh;{ Vf`AFB_a`W0U hZ]x fZ;.~LA>Z
](Na_f\Lj_:`W]"dhWZ;;|.	]AZ;B_fZ*~X]Ad( 
>
p

ﬀ>d^d"|&B_fZ*~#] Z;F{#\^]"h)¥{jZ;R{ﬂ_ `A8@_ahl]"d"~x;|

\"WNF|A]]Ad]"h¥{}|1~XL;8]"dh0Uﬂ:Z~R{}WdX_~LA>Zc]*Wﬀ>dL|A]"d&

]Ad^d^h#d"J Y>hd _@NF>Z#d _:jZd"Y\ ].~X]AZh
` U _f`WVF>\"R~XLZ{l] 8 _:{l].dX_
:
\L:(>d"|XB_fZd ,+-	

J

F{{c]B_aZd `b_{}|1~XL;8]h d"A{`j].K]foﬀ"]"`Wh;

&2_:;`RAh]9ﬂhZ dLR{}#`j]*K]]iNa_f\Lj_:`W]"d
] `j_6 >Z;1~R>Z]AdP~^\X_fZ#d" >\"{ﬂ_~LA>Z#dﬀ>h#Na_fZ*~ .~^\^]]AdG\L| ﬀB]*WAfZd"o*]AdG]*WB_fZ#dLAfZdP>h']"d
.>Z*~X\X_.~R>ZdAJ  `¨jZ;.>\Lﬀ>\^] ]"Zl#`jhdN"]1~L~X]9{}|1~XL;8]ih#Z]\"W.|&h\ ]'] ]1~X\"F(f`Ajd]
`j_N _&>Z d h;WNa_fZ*~X]

ML_:"hZ#]6]AdGNf_a`j]"h#\^dB] `b_N fZ;.~LA>Z'.>\^\ ]"dLﬀ>Z;_fZ*~x hZ dL:{}{c].~Ph
d"A{`j].#] d^] N:FR~ _3">hZ~^]"\ h#Z] Na_f\Lj_:`W] _f`R|@_~LFj\ ]ﬀ>d"R~ N>];jd~X\LRh;|A] `AfVT_f\LE~XL;{Ah].{l]AZ*~
]1~/{Oh`E~A#`AA|A]_f\ hZ]d ]"h;Z

~^]&{(|A\X_~^h\^]ao0].~/ML_:h]}ﬀFWZ~]"d dX_/F|&F{{c](:jZ*~]
\ ]&{`b_:A]&{c]"Z*~ d ] N:FR~edL>hd~X\^_:j\ ] hZ] Na_f\Lj_:`j]_f`A|"_~:j\^]6h${ .{l]N~08&]fJ

F{{c]B_fZd
`W]y@_ad¥]` Um_f`WVF>\LE~XL;{c]¥]1 ]1~X\"F(f`Ajd}>\LZjZB_:W\^]aoP~L>hdR`W]"d¤{>h#Nf]&{c]"Z*~Xd¥#]l]"d""]"Z*~^]
d">Z*~ _:&A]&Z~L|"dAo _f`Af\^dNh]'A]"h _fhVF{c]"Z*~X_fZ*~ `b_cNf_a`j]"h#\N]O`j_ >Z .~R>Zd">Z*~ _:&A]&Z~L|"d/]
 _.>Z\L:B_:;W`Ajd~X]aJ
g
>\ dLh] `b_N~^]&{(|A\X_~^h\^]] \ ]&"hZR~B;R{}WZh]foa` Um_:{}#`AR~^h;]]"]~08	]
]{>h#Nf]&{c]"Z*~XdV;A{jZh] _ahd^d" Jz _fZ#di`j]'"_fdVA].~"~X]d^]Ah;;

~X]&{ﬀ|"\X_~Xh\ ]l]Ad"~kZﬃh#`j`j]ao
` U _f`WVF>\"R~XLZ{l] _:;`RAh] dLR{}#`j]&{c]"Z*~ `j_X{|.~^L;8]hld"A{`j].K]fJ

F{{l]_fZd `b_/{}|1~XL;8]
hF\ ]&"hZR~ dLR{Oh`R|foA].~"~X]'~X].{}ﬀ|"\^_~Xh\ ]';FE~ .~^\^]B_:Wd^dL|A]nd^hcd^_:{}{c]"Z*~ `j]AZ*~X]&{c]"Z*~Xﬀ>h\
_fd d^h\ ]"\ `b_&>ZTN>]A\^V>]AZ;"] N>]A\^d `j]/{jZ;R{Oh;{'V>`RFB_f`(] `b_9 fZ;.~LA>Z0J; Z$ZFR~e_fhd^d" d^]

K]"\
] Z;:{\^]Ah<B_a\X_:{c[.~^\^]"dAoV>\:"]V']"d~X]Ad"~^dY#\L|"`RA{jZB_j\^]Ad

¡32
5ﬀ2C54 C 
2 $%B
76>h\ hZﬂZ869;:\ ]=<WZ8>BZ?<A@YU,<CBED"\^_FBE<G6>ZdG`W]=HML86<C@#hld<I9KJ`j].#]L<WZ?<GBM<b_f`ﬃZ0Um_NJB_adO@0U
<I9KJP6>\BX_fZ?H"]aJ

]J	]AZ?@B_fZ5B@oF@B_fZd2`j]QH@_fdR@0U hZ;H@_a`IH"h#`ﬃ\D"]A`<W`ﬃ]AdBﬂS h?@?<IH<j]AhN@]THML86<jd<j\` U hZ$@]Ad dM6-99c]B^dR@h
p$q
+
  	
 ﬀﬂﬁﬃ
 
! "!ﬁﬂ#$
d<I9KJ`j].#](<WZ?<GBM<b_f` H69K9l] hZJP6<WZ B@?6>Z5B6>Zd6>h?J  6>ZZ#]%h0U
<j`d^]"\^_J\6HML#];@h 9K<jZ8<I9Oh?9
\ ] HML]A\MHML?DaJ
&('
4?& 43C %F !"Cﬃ/?ﬀ) Cﬃ5ﬀG$#$/6C 
%B%C
g
_Na_f`j]Ah\ @] `j_BX]9JPD"\^_FBXh#\^] \^]H"h?<CBX]<WZ?<GBM<b_f`W]Q@8D H <G@]@] `j_ JB_f\BM<j]O@] ` U ]"dJB_-H"]*%h?<#Na_,+*BX\^]
d6>Z?@?DA] JB_f\ ` Um_f`WV6>\M<CBXL?9c]fJ.-<ﬂH"]*BMBX]Na_f`j]Ah\ ]"dBOBX\6J0/_-<G:`j]ao6>Z J&]"hB Z]JB_fdQJB_f\H 6>h\<j\ hZ]
_fd d^] ﬃ V>\X_fZ8@]J`b_aV>] @]eNa_f`W]"h\ d @]"d Na_f\<b_-:#`j]"dR@] `b_1/6>Z?HBM<I6>Zn]*B&JB_f\ H6>ZdD2%h]"Z5BO9ﬂ_aZﬀ%h]"\
`W]K9K<jZ8<I9Oh?9 V>`G6:B_f` J43h H 6>Z5BX\^_-<j\ ]fo d< `j_ J#d^]"h8@?6

B^] 9KJ DA\X_FB^h\^]K<jZ8<GBE<j_f`j]i]"dBNBX\6J DA`j] ND"]
_f`G6>\^d` Um_f`WV6>\M<CBXL?9c] Na_ JB_ad^d^]A\ :&]@_fh?H6>h?J;@#]TBX]9Jd5;].8J#`I6>\ ]"\ @#]"d \D"V<G6>Zd <WZ?<jZ5BMD"\^]Ad^d^_fZ5BX]"d
@]i` U ]"dMJ_-H"] @]Ad Na_f\M<j_-:`j]Ad"o&`j] H@_f`GH"h`RDBM_aZ B _a`I6>\ d H 6fZdM<G@?D"\^_-:`j]9l]AZ5B \X_f`W]"Z5BE< J  ` ]"d B @?6>Z?H
Z?DH"]Ad^dX_F<j\^](@] B^\M6>h#Nf]"\hZ : 6>Z H69J#\M69K<jde]AZ5BX\^](HA]"d=@]"h d6>`jhBE<I6fZd"J
&76
?&
98&/Cﬃ/  ) /
BCkC<$Cﬃ=T/%0:^
?&5 12$CRC<5ﬀ?&/<;&CK5 CK
&$!ﬃ=Cﬃ5ﬀG$#$/$C
$CK=T/ C?>74 Cﬀ@
g
] J#\M6:`W[ 9c]l]AdBn`W]9"+ 9c]A%h] J 6>h#\k`W] HML?6<  @]R`b_ Jd ]"h?@?6

BX]9JPD"\^_FBXh#\^] <WZ?<GBM<b_f`W]fo0hZ
H69J#\M69K<jdODBM_aZ BZ?DH"]Ad^dX_F<j\^] ]"Z5B^\^](@]"dLBX]9J#d@](H@_f`GH"h` B^\M6J `I6fZV>d ]B h#Z] ]*J`I6f\X_FBM<I6>Z
B^\M6J JB_f\ BE<W]"`j`W] @] ` Um]AdMJB_-HA](@]"d Na_f\M<j_-:`j]Ad"J
&32
=64K5 ﬀCﬃ=>6?&!@!"B
=>C C %F@CK5 Gﬃ$#/$C6Cﬃ=T/%@C
B
Z _ @?D0SC5NﬃhD%h]l`j] d^h?HH"[Ad;@0U hZ _f`WV6>\M<CBXL?9c];@]c\^]H"h?<CBid<I9Oh#`ID JB_fd d^]JB_f\ `b_ @?D HA\M6<Wd

d^_fZ?H"] d^hFEcd^_-99c]"Z5Bﬂ`j]"Z5B^] @] H"]BBX] BX] 9KJPD"\X_ BXh\ ]fJ
B
Z J	]Ah8B B^]"d BX]"\ @]"d@?D HA\M6<Wd^dX_aZ?H"]Ad
].8JP6>Z]AZ5BE<j]A`j`W]"d"o ]AZE`I6<Wd @] J#h?<jd dX_fZ?HA]foO6>h @?6fZ Bﬂ` Um_-9KJ`I<CBXh?@]ﬂ]"dB J\M6-J 6>\ BE<G6>ZZ]A`j`j]G5H`b_
@?<C DA\^]AZ?H"]n]AZ B^\^] `b_ 9c] <W`j`W]"h\ ] Na_f`W]"h\ @]n`j_A/6>Z?H*BE<I6fZ @B_fZd `W]OdM<G9J`W]*K] @];>BZ@]JB_a`I<j]A\
]*B `b_ 9l]<j`W`j]"h#\^];Na_f`W]"h\ \ ]"Z?H6>Z5BX\D"]k_fh?JB_f\^_@Nf_aZ B"J
&('
?	
%$%?&
3 ) $6ST
B
Z J	]Ah8Bd^] >8K]"\H5n` Um_@Nf_aZ?H"] hZ Z?69$:\^](@](JB_f`G<j]A\^d @] \ ] H"h8<GB@J
p$q

 
& 


 
C  ﬀ 
 
  

ﬁ 

p$q
P
  
  	
    ﬀﬁﬃﬂ  ﬂ 
C
!
H#"%$-J?<'&)(
!
(
!+*
(-,/.?J
!102!435!76
J8(
!+393
<2,;:
3=<>!+3@?A!+?CB
(
!+3@<8!43ED
%F.%$&M<2,/:
3@<HGJI
.
0K!
(MLONE$
*
()$:
*/!
<
$;:
3P0K!+3P<
<KQ
D
(
!
:R&
!43
$;S8S8(9,UT#"
!43
.U&E<
0
<
39D+!+34V@W
$;:
3
&-,/.
3P02!43
TX$
3
,/:Y$Z$;.[S8(
D
$
0
$
B>02!
!
Q
!
T7&).
D\02!
T#"%$:
*/!+?A!
:R&
<8!P]
$;(M<2$
B802!43^3
.8<
]
$;:R&P_
{
dt′ = ε−1/3ρ2/3dt
M = ε1/3ρ−2/3m
`badceabfhgigkj/lnmAoqp rtsqu[jFsivCuxwypzvivqp {Zp r|s }Cpzj/~wylv
ml[ girp {  ln{iAryp Ł
C/ = C⊥ 
W
$:
3
T
!
TX$
30K!+3]
$;(M<2$
B802!43
T+,;:
3
<
<8D
(
D+!+33
,;:F&
m !
&
ρ V
B
:Z$i_
L = Tr (Dm.Dm
t)
2Cη
+
Tr (Dρ.Dρt)
2C⊥ρ2
√
Tr (mmt)
$
]/!
Tz_
Dm = dm
dt
− 1
3
d ln ρ2
dt
m+ (1− α) (m2 − Tr(m2) Π)
!
&
Dρ = dρ
dt
− ρm
N
!+3D
%.8$&E<K,/:
3<5GI
.
02!
(LNE$
*
(-$;:
*/!
$
3-3
,UT<
D+!433
,/:R&
02!+33
.?<
]
$;:R&
!+3
_
d
dt
∂L
∂m˙ab
= ∂L
∂mab
!
&
d
dt
∂L
∂ρ˙ab
= ∂L
∂ρab
,/[_
/
 	

     $ $ﬀ$H ﬀﬁ


ﬁﬂ $ﬃ2  

 ﬁ!ﬃ#"  # 
∂L
∂mab
= −1
3
d ln ρ2
dt
Dmab
Cη
+
(1− α)
Cη
[
(Dm.mt)ab + (mt.Dm)ab − 2Tr(Π.Dm)mtab
]
− (ρ
t.Dρ)ab
C⊥ρ2
√
Tr(mmt)
− Tr(Dρ.Dρ
t)
2C⊥ρ2 [Tr(mmt)]
3/2
mab
∂L
∂ρab
=
2
3
d ln ρ2
dt
Tr(Dm.mt)
Cηρ2
ρab − 2
3
Tr(Dm.mt)
Cηρ2
ρ˙ab − (1− α)Tr(m
2)
Cη
∂Πcd
∂ρab
Dmcd
− Tr(Dρ.Dρ
t)
C⊥ρ4
√
Tr(mmt)
ρab − (Dρ.m
t)ab
C⊥ρ2
√
Tr(mmt)
∂L
∂m˙ab
=
Dmab
Cη
∂L
∂ρ˙ab
= −2
3
Tr(Dm.mt)
Cηρ2
ρab +
Dρab
C⊥ρ2
√
Tr(mmt)
$
!+?
$;(C%F.
!
_%,/:
<
,<'&$ﬁ%9,/.>&
!
(.8:
?
.
0
&M<2S
0
<2T+$&
!
.8(
<8!
NE$
*
(-$;:
*/!
S ,/.8(&
!
:?<2(T4,
?
SU&
!<8!\0
$
T4,/:
<
<'&E<2,;:
Tr(m) = 0 V
`ba'&[abfhgigkj/lnmAoqp o si w)r l[v wypzvivqp {ip r|s }qpzjR~wl[v
ml[ girp {  ln{iAryp
N
!+3]
$;(M<2$
B80K!+3
T+,/:
3
<
<>D
(
D4!+33
,/:R&
m !
&
g
$-<K:
3
<)(F.
!\02!
.8(
3]
$;(M<2$
B802!43
T+,/:*%9.
*
.
D+!43 pm !
&
pg
+,.-ﬁ/
V
B
:n$ _
H = −1
2
CηTr(pm.pm
t) + Tr(pm.Dmt)− 1
2
(pg)abGab,cd(pg)cd + Tr(pg.Dg)
$
]/!
Tz_
Dm = dm
dt
− 1
3
d ln ρ2
dt
m+ (1− α) (m2 − Tr(m2) Π)
Dg = dg
dt
− gm−mtg
10
  #





 
" 
	  " 






!
&
Gab,cd = 4C/
√
Tr(mmt)gabgcd
+C⊥
√
Tr(mmt)
[
ρ2(g
bd
δac + gbcδad + gadδbc + gacδbd)− 4gabgcd
]
N
!+3D
(.8$&E<K,/:
3<5GI
.
02!
(LNE$
*
(-$;:
*/!3
,/:R&$
0
,;(
302!433
.?<
]
$;:R&
!+3
_
d
dt
∂H
∂m˙ab
= ∂H
∂mab 
d
dt
∂H
∂g˙ab
= ∂H
∂gab 
d
dt
∂H
∂ ˙pmab
= ∂H
∂pmab
!
&
d
dt
∂H
∂p˙gab
= ∂H
∂pgab
,/[_
∂H
∂mab
= −1
3
d ln ρ2
dt
pmab + (1− α)
[
(pm.mt)ab + (m
t.pm)ab − 2Tr(pm.Π)mtab
]
−1
2
pg.G.pg
mab
Tr(mmt)
− 2(g.pg)ab
∂H
∂gab
=
1
3
Tr(pm.mt)
Tr(g˙)
ρ4
δab − (1− α)Tr(m2)pmcd∂Πcd
∂gab
− 1
2
pgcd
∂Gcd,ef
∂gab
pgef
−(m.pg)ab − (pg.mt)ab
∂H
∂pmab
= −Cηpmab +Dmab
∂H
∂pgab
= −1
2
Gab,cdpgcd − 1
2
pgcdGcd,ab +Dgab
∂H
∂m˙ab
= pmab
∂H
∂g˙ab
= −1
3
Tr(pm.mt)
δab
ρ2
+ pgab
∂H
∂ ˙pmab
= 0
∂H
∂p˙gab
= 0
B
:
<
,<'&$ﬁ%9,;.>&
!
(
<8!+3?
.
0
&E<KS
0
<KTX$&
!
.8(
3<>!
N$
*
()$;:
*/!
S ,/.8(&
!
:?<K(T+,
?
S>&
! <8!+3
T4,/:
<
<'&E<K,/:
3
Tr(m) = 0

Tr(pm) = 0

!
&
g !
&
pg 3?AD
&-(M< (F.
!43+V

-
 
 
  

  


 .   ﬀ 


	'  	ﬂ


  #"

 
`ba[abfhgigkj/lnmAoqp rtsqu[jFsivCuxwypzvivqp {Zp r|s }Cpzj/~wylv
~w# g r)w	
p {  ln{iAryp
W
$:
3
T
!
TX$
30K!+3]
$;(M<2$
B802!43
T+,;:
3
<
<8D
(
D+!+33
,;:F&
m !
&
g V
B
:Z$i_
L = Tr (Dm.Dm
t)
2Cη
$
]/!
Tz_
Dm = dm
dt
− 1
3
d ln ρ2
dt
m+ (1− α) (m2 − Tr(m2) Π)
N
G D
(F.%$&M<2,/:
<5GI
.
02!
(MLNE$
*
()$;:
*;!
$
3-3
,UT<
D+!!43
&
0
$
3
.?<
]
$;:R&
!
_
d
dt
∂L
∂m˙ab
= ∂L
∂mab
,/[_
∂L
∂mab
= −1
3
d ln ρ2
dt
Dmab
Cη
+
(1− α)
Cη
[
(Dm.mt)ab + (mt.Dm)ab − 2Tr(Π.Dm)mtab
]
∂L
∂m˙ab
=
Dmab
Cη
B
:
<
,<'&
<
$;:
3
T
!
TX$
3
$ﬁ%9,/.U&
!
(.>:
?
.
0
&E<KS
0
<KTX$&
!
.8(
<8!
NE$
*
(-$;:
*/!
S ,/.8(^&
!
:?<K(^T+,
?
S>&
!<8!P0
$
T4,/:
<
<'&E<2,;:
Tr(m) = 0 V

   
^ h 

V
N
!
S8(
!4?
<
!
($;(9&M<2T
02!
(-$;:
3
<K&E<K,/:P&),S%$&E<K,;&
!4?
S ,/(-$
0
	
"%$;,
3
<2:q$

,L
W
<
?A!
:
3
<2,/:8$
0

<
(-,
< 
:%$
?
<2T
3
&
!+?

S8.
B80
<
DC<
$;:
3
"
3
<2T+$
0
$
!7]
<
!
N
!
&-&
!
(
3
+-

/

<8D
T+(M<'&
0
$
&-()$;:
3
<K&M<2,/: $. T#"%$,
3z3
S%$&M<2,Lt&
!+?
S ,/(
!40^<
$;:
3A02! 3 3
&
?z! !76
S
D
(M<
?z!
:R&#$
0
S ,/.8(k.8:
!
"F.?<
02!<>!P]
<
3
T+,
3
<K&
D

?z? 2  3W!
.
6
<
?A!ﬀ
$;(M&E<
!ﬂﬁ7V
,
V
N
! 3-!
T4,/:
<
$;(M&E<KT
02!ﬃ
TX$
0K! <8!
S
!
:
<8!
:8T
!
,&)"
!
T4,R$;(
3-!
L
*
()$F<2:
!4< ]/!40
,T <'&
 <8!
(<
]
$ L
&M<
];!
&
!
:
3
,/(
3
&)(9.8T4&-.8(
!
<K:&).>(
B
.
0K!
:8T
! 

$;T4T
!
SU&
D
S%$;(

"
3
<2TX$
0
$
!7]
<
! I

&-()$-<'&
!
<>!A0
$ (
D+3
,
0
.U&E<2,;:
<
.
?
,
<

02! <
.[&
D
&)(-$
<
(
!z<
$;:
3\0tG
$;S8S8(9,
6
<
?
$&M<2,/:
3-!+?
<'L|T
0
$
3-3
< (F.
!
!
(
!+?
<"4(
!ﬀ
$;(9&M<
!#ﬁ V
$
  #




 
 

  	
 0>
 0
,
  #




 
 

  	
 0 
 0 
  #




 
 

  	
 0R
 0 0
  #




 
 

  	
 0
-
 0 
  #




 
 

  	
 0 $
-

  #




 
 

  	

-

- ,
  #




 
 

  	

-
 

  
b   

-

 H 
 ﬂ    
+

/
V
$;:8:
!7]
<
020K!
	

ﬁﬀﬃﬂ! "$#&%ﬃﬂ'()+*ﬃ,
.-/012 
	^I43 D4<5V
ﬂ$ $>
ﬁ V
+ ,*/
N
VWqV
NE$;:
<
$;.
!
&
IVﬁ V
N <
3
"8<K&5
6708:9;%ﬃﬂ1< 
=!
(
*
$
?
,/:
	=
!
L>,/(@?

#$.0
ﬁ7V
+
 
/
N
VWqV
NE$;:
<
$;.
BAC1D!%Eﬀ
'-/0F 'HGI,
.-/012 
	V
$
VJ3
TX$
<HV
UT <
VLK
$
 NM	M

 >/

#$    
ﬁ V
+
 
/
WqV
$
.
!4020K! !
&PO
V 
$?
!
:
3
$AC1Q!%1ﬂ,
R'HG),
.-/012 
	
,
?A?ZV
$ &)"
V 
"
3+VTSU

 0
-

#$
-

ﬁ7V
+

/
K\V
O%(M<
3
T#"
V*ﬃ,
.-/012XWB*%:0<YZﬂ[\'HG^]`_ba'c08FX'@Y'c
'c 
	
$
?CB
(M<
<8*/!:K
:8<
]/!
(
3
<K&


(
!43-3

	
$
?CB
(M<
<8*/!
#$ $R
ﬁ V
+
0
/^d
V
d
$;:
!
?;,
efﬀﬃﬂ<'cgFhﬀ'c
iﬂ02!1g
F!g12[R!1Q'c(ﬀ0@:F:ﬂﬀj0kﬂ< 

(-,
*8V 
"
!
,/(
V

"
3+Vml
M

ﬂ  

#$ R
ﬁ7V
+ -*/
 V 	
"
!
(9&@?;,
]

3 V 
.
?
<2(
!
&`n
Vpo#V
U">()$-<
?
$;:
eqﬂ(Y
@ﬂ1Yﬂ1jg
@ﬂZr[c1ﬂF<)ﬂ1X!%
ﬀ%12'cFX12'c0'@Y[X'HGV
/-/012 

"
U34V
O
0
.?<
<83Ps	s

,
  $  
L
,
 8ﬂ

#$$ $
ﬁ7V
+

/
O
Vct
$;:
<8!
(4n,
3

n
V 
$,

	Vf !
:
!7]/!
$;.
!
&Ju
V
d
$ &5
wvx`yz'HGLF:ﬂ0!08{<(@ﬂ0|
.-/,01
FX'c<'c1ﬃ}'c1~!%E708g
@ 0'(![QY
iﬂZ<1H1ﬃ('c
;ﬂc;@	@IG
'cF %'c0'@Y
iﬂﬀ%<
ﬀﬃﬂ
<0+!F:ﬂ(YV 0'(!FX
[:FX@ﬂc
FX1! 

"
3+V
O
0
.?<
<83Ps
M

,
 R 0
L
,
 
-
 

,
 
,
ﬁ V
+
$
/
	V 
<2(-$&

	Ve
$&-"?<
3

=V
$
3-3
$
!
&N
Ve
<
0
e	
	
:'HG^ﬂ'c1!1'cZ08[zG@XL'c{
!FX1ﬃ<'c1ﬂ07 (('cZ`708F1
ﬂQﬂZ-/!08kŁ/!1YY
iﬂ (!ﬂ<'c1ﬂ0eG'c
 

"
3+V
$
!4] V
N
!
&9&
V	S

#  F >

,
  
ﬁ7V
+
#
/

V 	
"%$&
D!
&
Vc
$;:8:
!7]
<
020K!
fﬀﬃﬂ<'cgFhﬀ'c
@ﬂ0Z!1g
F!g12[h!1X'c(ﬀ0@`F:ﬂﬀ:0kﬂ< 

"
3
<2T+$
y3?A3
&
!
(
<
$
? ﬁC	S

   $

ﬂ$  
ﬁ V
+
/
/
=
VC
,;(
<
$;:R&

VC !
&5

V|
<2T#"
!40!
&u
V
O
V 
<K:R&),/:
C9;@ﬂc,
FX1E'HG0kﬂ(Y
@ﬂ1Yﬂ1
 0'(![R!1^G,0!08[X 0'ﬀ@R,
.-/012 

"
34V
$
!4] V
N
!
&9&
Vel

,
  F >

,
>
ﬁ7V
+

,*/
3 V
NE$

,/(9&)$

 Vp3 Vt
,;&-"

3qVﬁ V
	
(-$

 ,;(
<

u
VZ302! 6
$:
<8!
(
!
&
IV
n,
<>!
:
3
T#"%$&5
6708,
ﬀﬃﬂ
<0)ﬂ0
@ﬂ<'c1ﬃV!1^G,0!08[ 0'ﬀ@:,
.-/012 	=
$&-.8(
!
M
U

#>
-

,
 >
ﬁ V
+
  
/
V
d
V
>
!
.>:
*

WqV3qVEW
,/:5 <
3P!
&
d
V
$
V
U(
!+!
:?<
]
$
3
$;:
hkYc%{<[c12'c0kc{g1F:-
^!F,0kﬂ{
<'c1'HGV,
.-/01LFf!1Y 

"
3+V
O
0
.8<
<83Vsﬃl

 >
-
 

,
 R
ﬁ V
+
  
/
N
V
nT< 
!
(-$
02!

 V
n,Q
!
&-&#$

3qV 	!+0
$;:?<

n
V
u
VRW!4];!
:?<
3
"

3 V
NE$;:8,;&9&
!^!
&7O
V 
,
3
T#"?<
,908{
 G
iﬂﬂ04ﬂ<'HGR0kﬂ(Y
@ﬂ1Yﬂ1 0'(![\ﬂ1\ﬂ0
iﬂ<'c1!1
.-/,012 

"
3+V
$
!4] V
N
!
&9&
V	

.0  F
,

,
  
ﬁ7V

-.-
      




 
+

/
n
Vo#V
U"8(-$-<
?
$;:
!
&
IVWqV
<
*/*
< $
e@ﬂ0kﬂ
V,
.-/012 =
$&-.8(
!
M
U

0  $

,
  
ﬁ V
+
 0
/
 V
O $
0
?,
]
<KT#"

d
V 
$
!4<
5/? <
!
&
YV2t !
(
*
$
3-3
,
0
$


ﬂ
<0:ﬂ1PC0kc!1


{
-/012 
$
!4] V
,
<5V 
"
34Vml

$>  

,
 >
ﬁ V
+

-*/
3 V
=
V
d
,
02?
,
*
,/(9,
]
V*%R0'(@ﬂ07
	
'HGX
/-/012r!1!12'cFhﬀ
-/0: (('cw

,zG'c
P 
[:0kﬂ
<Yh[c12'c0kcP1F:-
 
	V
$
V3
T+$
<5V
UT<
VK
 
$
U

  >

#$  8
ﬁ V
+
 
/

V W
,/.%$
< 

>
V 	
,/.
<8!
(
!
&
 VIV
n()$;T#"
!
&


!
B'-(
 cﬂ<'c1 'HGr!1g1ﬃ(r 'c
gi
70kﬂFX1!P!1j,
.-/012 

"
34V
$
!4] V
N
!
&9&
V	el

$  

ﬂ$ $>
ﬁ V
+
#$
/
IVWqV
<
*;*
< $
_h,FX
<@ﬂ0e['HGV!1g
F!g12[:!1j!%
{ !FX1ﬃ<'c1ﬂ0e
/-/012 
u
V
O
0
.?<
<IZ!
T#"
VTswU2l

 
-


#$ >
ﬁ7V
+,

/
u
V
u-<
?A!
:
!
5

3 V

(-$


=V
>$Q
?
$:
!
&
$
V
$
,
*
$
0K0
,
*%J
	
'HG|!1H1ﬃ(| 'c
<![
!1%'cFX'@Y12'cZV('c
'ﬀ<P
.-/,012 
u
V
O
0
.?<
<I !
T#"
V2S	S	

0R

#$$ 
ﬁ7V
+,

/
N
V U<>0
$;(
3
? <

3qV 
.
?
<2(

n
Vo#V
"8()$-<
?
$:

IVWqV
<
*/*
<2$
!
&
V

$;(-"%$  &
		


ﬂ1`F08ﬁﬀ'c!1&'c

0kﬂg'c
G'c
|
.-/,01TﬂZ <'c1:Wfﬀ
@<<'c1ﬃCﬂ1)i.ﬀ
!FX1! 

"
3+V
$
!7] V
N
!
&-&
V s

   
-
 

#$ $ 
ﬁ7V
+,.,*/
3 V 	!40
$;:?<
!
&
 Vt !
(
*
$
393
,
0
$
Z	ﬂ<@ﬂ0ZY'cFX
[V!1E(@ﬂ0kﬂ
L,
.-/012 

"
3+V
$
!4] V
N
!
&9&
V	

 
,
 

,
 >
ﬁ V
+,
 
/
3 V 
.
?
<2(

n
Vo#V
"8()$-<
?
$:
!
&
YV	
"
!
(9&@?;,
]
&*%|0kﬂ(Y
iﬂ1Yﬂ1 (<}'HG12
Y[h
iﬂ1ﬃyG

!1j,
.-/01

'c 
I
.8(-,;S8"
U34V
N
!
&-&
V

 
-
$

,
 U
ﬁ7V
+,
 
/
3 V 
.
?
<K(
!
&n
Vpo#V
U">()$-<
?
$;:
	qﬂ(Y
iﬂ1Yﬂ1:ﬀﬃﬂ
<0^ﬂﬀZﬀ
'/ﬂ%rg'qmﬂ
Y`vCZ[	!F{
0kﬂ<'c1ﬃB'HG`%[
'/[c1ﬂF<P,
.-/012 
u
V
&)$&
V 
"
3+V&s	s,

0$ 

,
   
ﬁ7V
+,

/
 V	
"
!
(9&@?;,
]

3 V 
.
?
<2(
!
&)n
Vpo#V
U">()$-<
?
$;:
&	<ﬂ<@ﬂ0 Y'cFX
[ﬂ10kﬂ(Y
@ﬂ1Yﬂ1
[c1ﬂF<^'HG`
.-/,012 
<2:
1H
F!H12[!1
.-/,01

'c 
D+<
<K&
D
S%$;(
	V,t
$
3-3
<'L
0
<2T+,
3

	
$
?qB
(M<
<8*/!VK
:?<
];!
(
3
<K&
 
(
!+3-3

,
   
L
,
0>

,
 >
ﬁ V
+,
0
/
tqV
n,/(9.
!!
& 
V3qV

(
3
5X$
*
q '(@ﬂ0T12
Y[

Xﬂ1ﬃ-gY
(@ﬂ0ﬂ<`!1!%
{
!FX1ﬃ<'c1ﬂ0e
.-/,012 
u
V
O
0
.?<
<I !
T#"
Ve		



#$ $ 
ﬁ7V
+,.-*/
n
Vo#V
U"8(-$-<
?
$;:
!
&
IVWqV
<
*/*
< $
$qmﬂ(Y
iﬂ1Yﬂ1ﬀﬃﬂy%D!1g<Y
iﬂ0ﬁ;ﬂ1

ﬃﬂ<'c1ﬃj!1

iﬂ1'cF

'c 

"
U34V
$
!4] V I
M


,
$U
,

#$ $ 
ﬁ7V
+,

/

 V

V 
(
!+393


Vp3 V !
.ﬃ?;,
0K3
?



 V V	t !
&-&
!
(
0
<2:
*z!
&Vn
V =V
O
0
$:8:
!
(

_h,FX
<@ﬂ0${
ﬁﬀP!1#
	
$
?CB
(<
<8*/!PK
:?<
];!
(
3
<K&
 
(
!+393

   
L
 8
,

#$ $
,
ﬁ V
+,
$
/

 V

V 
(
!+393


Vp3 V !
.ﬃ?;,
0K3
?



 V V	t !
&-&
!
(
0
<2:
*z!
&Vn
V =V
O
0
$:8:
!
(

_h,FX
<@ﬂ0${
ﬁﬀP!1#
	
$
?CB
(<
<8*/!PK
:?<
];!
(
3
<K&
 
(
!+393

 FU
L
 F/

#$ $
,
ﬁ V
+
  
/
 VIV
n()$;T#"
!
&
	'cF
<L7

|ﬀ!H%0!0LZﬂ1ﬃJ0J 'c
gi+P*	ﬂ[c0'c
{
C
1
	V
$
V3
T+$
<5V
UT<
V 
$;(M<
3 s	s

-.-


#$ $ 
ﬁ V
+
 >
/
3 V

Vc
,/:?<2:
!
&
3qVﬁ V
> $
*/0
,
?
 	<ﬂ<@ﬂ067089Q%ﬃﬂ1< 
Io  
(
!43-3

	
$
?qB
(M<
<8*/!

#$
-

ﬁ V
+
 
,*/

Vﬁ V
>$
<8<
,/.
*
"?<
!
&
V tCVet !4!
(-$
]
$
0K0
<
2qT'(@ﬂ0T('c
'ﬀ[X!1,
.-/01-'c,1Zﬂ
[0kﬂ[Z

ﬂ4%kYc%$[12'c0kc+1F:-
 
u
V
O
0
.?<
<IZ!
T#"
VeS		

    

#$ $ 
ﬁ7V

-

      




 
+
  
/
3 V 
.
?
<2(
!
&`n
Vo#V
"8()$-<
?
$:



H14F:ﬂ0!02(@ﬂ0)ﬂ1('c
'ﬀ[:!1 %'cFX'@Y12'cw
%@ﬂ


'c 

"
34V
$
!4] V
N
!
&9&
V2l 

 >/  

#$ $R
ﬁ7V
+
   
/
3 V 
.
?
<K(
*ﬃ,
.-/012$!1%'cFX'@Y12'cw|%@ﬂ


'c 

"
U34V
O
0
.?<
<837

 >/
,

#$ $.0
ﬁ V
+
 R
/

V
"
!
:
!
&
V 

$;(-"8$  &
4*%`ﬂ1('c
'ﬀ[E'HGh!%$F:ﬂ0!0(@ﬂ0$
	,
`!1r%kYc%E$[c{
12'c0kcP1F:-


Rλ ∼ 

/-/01J%@ﬂ


'c 

"
3+V
O
0
.?<
<83VsS

,
$
-
0

,
  
ﬁ7V
+
 .0
/
u
V
UT#"F.
?
$T#"
!
(

d
V
$
V
(
!+!
:?<
]
$
3
$;:
!
&
=V
d
V
>
!
.8:
*



! cﬂ! `FX'cFX1!h!1,
.-/{
014%@ﬂ


'c 

"
3+V
O
0
.?<
<83`s

  

,
  
ﬁ V
+
 
-*/
o#VT3
(-$
<

tCV
N
G ]
,
] !
&
o#V 
(9,UT+$;T+T< $
#|'c

0kﬂ<'c1G12<'c1ﬃX!1('c
'ﬀ<Xﬂ1;ﬂ1!{
('c
'ﬀ<r,
.-/012W!%
'c0'HGXy%[cFFX
[IY
'c(ﬀ 

"
U34V
$
!7] V I 	

0
-
  

#$ $ $
ﬁ V
+
  
/
N
V
nT< 
!
()$
02! !
&
 Vt !
(
*
$
3-3
,
0
$


('c
'ﬀ[ /Xﬂ1('c
'ﬀ[!1F:ﬂ0!08{<(@ﬂ0
/-/012 

"
3+V
O
0
.?<
<83Vs

,
  $

,
 >
ﬁ7V
+
  $
/
N
V
nT< 
!
(-$
02!^!
&
o#V 
(-,TX$;T4T < $
Z]h1('c
'ﬀ[+!1,
.-/01

'chﬂ1^!1r,
.-/01&
iﬂ1ﬃ{
ﬀ'c


"
3+V
$
!
S ,/(9&
3
M
s
M

   

,
 R
ﬁ V
+
  
/

V
d
<
<
$
!
&
 V 
$;:%$?$


[c1ﬂF<^'HGh 'c
<@ﬂ0	

P!1\ﬂ%'cFX'@Y12'cZ%@ﬂ


'c 
u
V
O
0
.?<
<I !
T#"
VeSel
M

   

#$ $  
ﬁ V
+
 8
/

Vz3 
$
0
$
3
,
?
$

$ﬁ%9.
0
$
!
& 
V

$;(9"%$  &
P_+'c108!12@ﬂ
\!1H
iﬂ<'c1ﬃ!1 
iﬂ!12@ ﬂf!{
[cFFX
<`%kYc%r$[c12'c0kcP1F:-
V
.-/,012 
3
,/.
?
<
3
	
u
V
O
0
.8<
< !
T#"
V 
,
R
ﬁ7V
+
 
,*/
	V|
,/(<5
!

O
VJ
,-<
3 !
&
 V
$
$
B
$;.
<


@ﬂ[c!1Y Y
{Y12
iﬂH@\
.-/,012I!1 ﬂ

'c<ﬂ!1YX<ﬂ1 

"
U34V
O
0
.?<
<83Vsﬃl

 $RU#/

,
 /
ﬁ7V
+
   
/
 V 	
"
!
(9&@?;,
]


%12'cFX12'c0'@Y['HGBCﬂ[0kYc%{*ﬂ[0'c

/-/012 

"
U34V
$
!4] V
N
!
&9&
V
ms

/>

,
 
ﬁ7V
+
   
/
 V 	
"
!
(9&@?;,
]

o#V
d
,
0
,f?;,
0
,
] !
&
tqV
N
!+B !+<8!7]
vx`!B'HG`,
!G.ﬂPg1ﬃ<'c1Q'c1 !FF{
-/0`Cﬂ[c0kYc%{*	ﬂ[c0'c
V
.-/,012 

"
3+V
$
!4] V I l2s

R/  >

,
R
ﬁ7V
+
 F
/
V
n
!
(
*/D

>
V 
,
?A!
$;.
!
&
	Vt
<
<
$
0
q gﬀﬃﬂB%ﬃﬂ'c/"
D+<5V

!
(
?
$;:>:

#$ $ 
ﬁ7V
+
  0
/
V
n
!
(
*/D

>
V 
,
?A!
$;.
!
&
	Vt
<
<
$
0
q 'c
i
^Zﬂ1ﬃP0%ﬃﬂ'("
D4<5V

!
(
?
$;:8:

#$  
ﬁ7V
+
 
-*/
 V
u
V
O
!
<
*/!
:
B
$.
?
Cﬂ1!<ﬂ! B,1! 
/ﬂ08![`G'c
Eﬂ\0kﬂc:'HGB12'c1{g08!12@ﬂ
)
iﬂ1ﬃyG'c
{
F:ﬂ<'c1ﬃ 
u
V
&)$&
V 
"
3+VTs

,


#$
-

ﬁ7V
+
  
/
	V

(
!+393-!
(
!
&
V 	
,/.
0202!
&


 
iﬂ<'c1ﬃ` 1'cFX'c
ﬀ%FXVTY
'c ﬀVh
12'c
F:ﬂ08/ﬂ{
<'c1
	V
$
V3
T+$
<5V
UT <
V 
$(M<
3
S	el


-.-

#$
-

ﬁ V
+
  $
/
>
V 
,
?A!
$.
!
&
=Vw
$;:8:
!7]
<
020K!


1H
F!H1 
iﬂ1ﬃ!<'c1rg'P,
.-/012!1ﬁﬀﬃﬂ! 
[c1ﬂF<@ﬂ0e[(HF) 
	
,
?z?ZV
$ &)"
V 
"
3+Vml
M

  $

#$ 
ﬁ7V
+

/

V 	
"%$ &
Dx!
&
=VL
$;:8:
!4]
<
0K02!
fﬀﬃﬂ<'cHFhﬀ'c
iﬂ0

1g
F!g12[ 
<K:
*
.-/,012W]
*1ﬂ! 

<<'c1ﬂ
[ 
D+<
<'&
D
S%$;(
=V

$
B !+0K0
<K:
*P!
&

V 	
$;(
<
,
3
,

102!
:F.
? 
(
!+393

;/
L
/ 0

=
! 
>,/(i?

ﬂ$ $R
ﬁ V
+
U
/

V 	
"%$&
De!
&BO
V=W
$
]
<2$;.
<
Jfﬀﬃﬂ<'cgFhﬀ'c
iﬂ07!1H
F!H12[ 
<K:
_+ ﬂﬀZﬀ
'/ﬂ%Rg'
!%)(
ﬁﬀ<'c1\ﬂ1:y%+FX'/08!1Y'HGP
.-/,012 
t
,;:
d
$;(
?
$;:
o
:
3
&E<'&).>&
! 
#$ $U
ﬁ7V

-
$
      




 
+

,*/
>
V 
,
?A!
$;.
 62
'c1zFX'c<'c1ﬃ"FXﬂc<ﬂZ-/!08![ ﬂ1Iﬃ-
!<@ﬂ0J-/ G
@ﬂ<'c1ﬃ:!1%[
'c{
[c1ﬂF< 

"
U3
<2T+$
W S	

 

#$ .0
ﬁ V
+
  
/

V

<2:8(<2T#"
39!
:
	_^'c12 /!08-/
!,F # 
!<@ﬂ0

%12'cFX1ﬂ:ﬂ1

%ﬃﬂc(X*ﬃ
iﬂ1ﬃ!<'c1ﬃz!1g'
]V-('c
.-/!1Y:	<ﬂH 
3<>] V 
"
3+V
M


>

,
 
ﬁ7V
+
 
/
 V
$
,/.
3-3-!
$;.
J	[ 

FX[1ﬂF/,
R
 (@ﬂ W$ﬂﬀZﬀ08<@ﬂ<'c1ﬃXﬂQF!08<!1g
{
g0!0kﬂ!
B X0kﬂ:
iﬂ1ﬃ!<'c1  
P0kﬂX
.-/,012 

" 
39! <8!P<
,T4&-,/()$ &
<8!P0tGpK
:?<
]/!
(
3
<'&
D
<8!
$;(M<
3$tho@o
#$$ 
ﬁ7V
+
/
/

V 	
"%$&
D !
&
Vm
$:8:
!4]
<
0202!
*ﬃ
iﬂ1ﬃ!<'c1\g'r,
.-/012 (ﬂrgﬀﬃﬂ<'c{ggFhﬀ'c
@ﬂ0 !1g
{
F!H12[ 

"
U34V
$
!7] V
N
!
&-&
V	

/
,

#$ 
-
ﬁ V
+
 0
/

V 	
"%$ &
Dn!
&
VC
$:8:
!4]
<
0202!
P#|'c1!1'cZjﬂ1 ('c1!1'cwI
iﬂ1ﬃ!<'c1Dg';gﬀﬃﬂ{
<'cHFhﬀ'c
iﬂ07!1g
F!g12[!1L'c{ !FX1ﬃ<'c1ﬂ0|'c(ﬀ0@ F:ﬂﬀ0kﬂ< 
I
.>(-,/S8"
3+V
N
!
&9&
V

$>

#$  
ﬁ7V
+

-*/

V 	
"8$&
Dz!
&
=V
$;:8:
!7]
<
020K!
$'c0r'HGXyGy:!1 !%R
iﬂ1ﬃ!<'c1H',
.-/012: (ﬂ
gﬀﬃﬂ<'cHFhﬀ'c
iﬂ0!1g
F!g12[ 

"
3
<2TX$
3?z3
&
!
(
<
$
? ﬁel

   

#$  $
ﬁ7V
+
 
/
O
V;W
$
]
< $;.
<

 VRW
.
B
,<
31!
&
V
n
!
(
*/D
ﬃfﬀﬃﬂ<'c{ggFhﬀ'c
iﬂ0ﬃ!1g
F!g12[^!1 /ﬂc&'c12{
!FX1ﬃ<'c1ﬂ0	ﬂ[c0kYc%{

1ﬂ
ir'c1 <'c1
I
.8(9,/S8"
3+V
N
!
&-&
V	

   8

ﬂ$  $
ﬁ V
+
$
/
O
V W
$
]
< $;.
<

YV
n,;:
!
&9&E<
!
&
 V W
.
B
,<
3
$*
iﬂ1ﬃ!<'c1\g'
/-/012) (ﬂgﬀﬃﬂ<'cHF{
ﬀ'c
iﬂ0!1g
F!g12[P!1'c12{ !FX1ﬃ<'c1ﬂ0fﬂ[c0kYc%{

1ﬂ
i'c1 <'c1

"
3+V
$
!4] V
3
M
S

    

#$ $ 
ﬁ V
+
0 
/
O
V W
$
]
<2$;.
<

u
V
N
!4*
$

V
n
!
(
*/D

V 	
,/.
020K!
&
!
&
 V1W
.
B
,<
3
Cfﬀﬃﬂ<'c{gHFhﬀ'c
iﬂ0J!1{
g
F!g12[!1Dﬂ


'c1 ! ^ﬀﬃﬂg
1~WR*%'c
<@ﬂ0CFX'/0$ﬂ1i.ﬀ
!FX1! 

"
3
<2T+$
W 	

,

-

#$$
,
ﬁ7V
+
0>
/
 V	
$S ,/:
!
(M<
!
& 
V	
<
0
<
B !
(9&-,
*%
FX'/[c1ﬂF<:ﬂcgﬀ!'HGE!%E
iﬂ1ﬃ!<'c1 H'rgﬀﬃﬂ{
<'cHFhﬀ'c
iﬂ0&%ﬃﬂ'( 

"
3
<KTX$
W 	

 .0R

#$ $
,
ﬁ V
+
0
,*/
 V
$
$
B
$.
<


V
<2T#"%$
020
$:
<e!
&>
V 	
,/.
<8!
(


[c1ﬂF<@ﬂ02
<Y!FX^'HG+!
<'c1ﬂ0 ({
'cZ71Y
!1YjW|gﬀﬃﬂ<'cHFhﬀ'c
iﬂ0L%ﬃﬂ'(Xﬂ1Jﬂ Pﬀ
'ﬀﬃﬂ(YZﬂ<'c1

"
3+V
$
!7] V
N
!
&9&
V

M

   

ﬂ$ $ 
ﬁ V
+
0 
/

V
<KT#"%$
020
$;:
<

YV
$
$
B
$;.
<q!
&T>
V 	
,/.
<>!
(
T*
iﬂ1ﬃ!<'c1:g'B#&%ﬃﬂ'($-/[zgﬀﬃﬂ<'c{ggFhﬀ'c
@ﬂ0
!1g
F!g12[E!1

!
<'c1ﬂ0

('cw`64!1Y
!1Y 
I
.8(-,;S8"
U34V
N
!
&-&
V	S	S


-

#$ $ 
ﬁ V
+
0  
/

V

<
020
$F<
?A!
ﬃ
V 	
$;(
<
,
3
,
!
&
=V 
$
B !40
<2:
*
fﬀﬃﬂ<'cgFhﬀ'c
iﬂ0m!1H
F!H12[X!1;08!12
'HGP 'c
< 

"
34V
$
!4] V I
M


,
 

#$ $ 
ﬁ V
+
0R
/
 Vﬁ V W!4*/!
:

o#V
.U&#$
B
$5 <
!
&
	VWqV	3
:
<>!
(
!
T?
*ﬃ
@ﬂ1ﬃ!<'c1 g':L@ﬂ E,
.-/012+ (ﬂ
gﬀﬃﬂ<'cHFhﬀ'c
iﬂ0!1g
F!g12[+!1y%E*ﬂ[0'c
{

@ﬂ1E[ gF 

"
3+V
$
!7] VFI 	

    $R

#$ $.0
ﬁ V
+
0.0
/
V 
 V 	
,
0
,
]
$
3!
&
	VJWqV 3
:
<8!
(
!
T?
P*
/-/01h-/,
!1Y ﬂ1Igﬀﬃﬂ<'cgFhﬀ'c
iﬂ0!1g
{
F!H12[R!1jy%'c1g

'c<ﬂ!1Y*ﬂ[0'c
{#|'cgV[ gF 

"
U34V
$
!4] V I 	

,.-
 .0

#$ $
-
ﬁ V
+
0
-*/

V
n,;&9&E<K:
e
V W
$.8T#"8,;&
!
&VO
V W
$
]
< $.
<


1g
F!g12[!1Qﬂq '(@ﬂ0!08[:6T'c
@

0kﬂ12
#|'cgV670'c 

"
3+V
$
!4] V
N
!
&-&
V2l

  
-.-

ﬂ$ $
-
ﬁ V
 
      




 
+
0 
/

V
n,;&9&E<2:

O
VHW
$
]
< $.
<

V
$;:8:
!7]
<
020K!q!
&

V5W
$;.>T#"8,;&


('c1!1	'cZ^
iﬂ1ﬃ!<'c1
g'Bgﬀﬃﬂ<'cHFhﬀ'c
iﬂ0!1H
F!H12[E!1:ﬀ0kﬂ12#|'c	g

'c 
I
.8(-,/S>"
34V
N
!
&-&
V
M



-


#$ $ 
ﬁ V
+
0 $
/
WqV =Vt
$
020K!
&9&
!

 V
u/$;T+,
B>3!
&Vu
V Vm
,
020
.
B
4A|(!0!0kﬂ<'c1ﬃBﬂ1Rgﬀﬃﬂ<'cgFhﬀ'c
iﬂ04%ﬃﬂ'(
'HGB'c12{ !FX1ﬃ<'c1ﬂ0

zG
'c1y 

"
3+V
$
!4] V I 	

 
,.-
 

#$ $
-
ﬁ V
+-

/
V
$
.8S>S

$
V
$
<2T#"R&
!
(
!
&
o#V
$
!
"
B !
(
*
^# 
!<@ﬂ0i.ﬀ'c121! 'HG!
g@ﬀ
'c0kﬂ<'c1
FX@ﬂc
@R!1gﬀﬃﬂ<'cgFhﬀ'c
iﬂ02!1g
F!g12[

"
3+V
$
!4] V I el

 .0
,
$

,
   
ﬁ7V
+-

/
	V 
<2()$ &

3qV
=
$
3
,

u
V
LON
VZ!
.8:?<
!
(

V
$
393
$
!
&
	V&
$&-"?<
3
+*ﬃ
@ﬂ1ﬃ!<'c1}g'gﬀﬃﬂ{
<'cHFhﬀ'c
iﬂ0%ﬃﬂ'(z!1 ﬂL'c{ !FX1ﬃ<'c1ﬂ0,%[f
'/[c1ﬂF<$[ gF 

"
3+V
$
!7] V
N
!
&9&
V

M

    F 
,

,
R
ﬁ7V
+-.,*/
	V 
<2(-$&
|	

 ,1708F ( /	 -/!FX1ﬃ<'c1120C'c1!1
 
FX1^ﬂ08!FX1 
('cZ:Y
iﬂ (! I <ﬂZ-/!08/ﬂ1H 

" 
39! <8! <
,UT7&),/(-$&
<8! 0yGﬁK
:?<
];!
(
3
<K&
D <8!
=
<KT
!
U,/S>"?< $
3
:F&M<2S ,
0
<
3ﬀ
,
   
ﬁ V
+-
 
/
O
VB
<K,/(
*
<2.>&9&E<

3qV
n
02!
&-,/:

N
V
N <
?
$&
!
&u
VIV 
!43
 (
!
<
<


[c1ﬂF< 'HG ﬂ 'c12{
!FX1ﬃ<'c1ﬂ0ﬂ

iﬂ[r'HGV08/I'c08,F1ﬃ 

"
3+V
$
!4] V
N
!
&-&
V2l
M

   

#$$R
ﬁ7V
+-
 
/
 V
O
!
(
?
<
*
<
!
(

N
V
N <
?
$&

u
VIV 
 !+3
 (
!
<
<

=V
n,/.
<
<2:
!
&
!
&
	V
.?<
020
<
!
&
;* L'c{
!FX1ﬃ<'c1ﬂ07ﬀﬃﬂg
1ﬃ\!1 Cﬂ[0kYc%{*ﬂ[0'c
!1ﬃﬂZ-/!08![ 'HG;ﬂ y%!1~0kﬂ[w
 
u
V
O
0
.8<
<
 !
T#"
VeS	

    $

#$ $
,
ﬁ7V
+-

/
N@,/(
<
$
$
0K!
<
*
"


1 kYZﬂ<'c1N'HG:!%%ﬃﬂ
@ﬂg
r'HGR!% /,!08-/
!F 'HGRﬂ1!12'cF{
ﬀ
-/0C%@ﬂ ([

:'HG$ cﬂ
ﬂZ-/0h1ﬃ![ 

(-,T
V
N@,/:
<5Vw
$&-"
V
U,T
V	s
M


-


   
ﬁ V
+-
0
/
 Vpo#V 
$
0
,/(
)*%!1ﬃ<ﬂZ-/!08!['HG08/, ,
!G.ﬂ%1 ﬂ0
@ﬂg@j!1Dﬂ}!
<'c1
ﬀ
ﬀ1<0kﬂ
VH':!%!
Cﬀ0kﬂ12 

(-,T
V
$
,
/V
U,T
V
N@,/:
V S	U s

#$
,

#$R
ﬁ7V
+-.-*/
WqV
"%$;(-S
h]h1 'c 
 (< 'HGCﬂ[c0kYc%{*	ﬂ[c0'c
!1ﬃ<ﬂZ-/!08![ 

"
U3
<2T+$
3?z3
&
!
(
<
$
? ﬁ
sS

 

#$   
ﬁ7V
+-

/	
ﬀﬂﬁﬃ "!ﬁ#$%&ﬁﬂ'(
V
+-
$
/
 V%<>!
n
!
(
*

 V>]
$;:
d
(
!7]/!+0K<

 V

];!
(
?
$;(
3!
&

V
UT#"

$(@5/?,/S 

US8(<2:
*/!
(ML
t !
(
0
$
*

#$ $
-
ﬁ V
+
 
/
N
V 
<
0

u
V
N
!4*
$
!
&^u
V
LN
V Z!
.8:?<
!
(
	ﬂ<@ﬂ0ﬀ
'ﬀ
<<R'HGEyG{gFX@ﬂH@r
{
-/012 

"
U34V
$
!7] V	3
M
s

/   

#$ $ 
ﬁ7V
+
>
/+d
VIVHW
$;:?<
!+0K3!
&
IV
n,
<>!
:
3
T#"%$&5


yG)*ﬃ,
.-/012B!1

1208!12@Rqﬂ[w
r#|'c1 {
<'c1

"
34V
$
!4] V
N
!
&9&
V	

   F >

,

,
ﬁ7V
+

,*/
u
V
LN
V
O
D4?zD
:?< $
3



'-ﬂZ-/!08! C	<ﬂ/ ﬀ'c,
704(<122ﬀ%[(/"
D+<5VdW
.8:8,
<

,
  
ﬁ V
+
 
/
n
V
u
V 	
$;:R&
 !+020
hvwﬂ('c08<'c1 'HG;ﬂN

<H@}vL0
 /ﬃﬂ<'c1G'c
y%\ 0'(![
Y
iﬂZ<17H1ﬃ('c
 

"
3+V
O
0
. <
<83C3
M

-

,
L
-
$  

#$ $
,
ﬁ7V
+
  
/
Vwt
<
!
<
020K!
 ,
393-!
,q '(@ﬂ0!1g
iﬂ<'c1I-L1 'c
<![Eﬂ1+%@ﬂ
!1ﬂzﬀ
!G!12'cF{
ﬀ
-/0

, 
u
V 
"
3+V  
$;(M<
3 ﬁ
M


 
-

#$ 
,
ﬁ V
+
R
/
V t
<
!
<
020K!
 ,
393-!


1g
1ﬂ0 FX'c<'c1 'HGRﬂIF:ﬂ0!0J0FX1P'HGRﬂ

, !1 !1 ((

'c 

"
3
<2T+$
sS	 


L
 0
,

#$   
ﬁ V
 >
      




 
+
.0
/

 V|33
"F.8(
3
&

3qV
d
!
(
3
&
!
<K:

$
V
d
!
(-(
!
&
	VC
<
B83
,/:
C]h08kY1FX1E'HG 'c
<![ﬂ1
(@ﬂ0kﬂ
RY
iﬂZ<1)4!!% 
iﬂ!1D
iﬂH!1 !F0kﬂH@Q_Vﬂ (<
{	H' ZI,
.-/012 

"
3+V
O
0
.?<
<>3 

,
    

#$ 
-
ﬁ7V
+

-*/
n
V
u
V	
$;:R&
!4020
eAC1:y%$-%ﬃﬂ (<'c
'HG|y%C 0'(![$Y
iﬂZ<1mg1ﬃ('c
L!1 cﬂ
ﬂ1!C!1

_z
'HGP,
.-/012 

"
U34V
O
0
.?<
<83C3 

,
  

#$ $ 
ﬁ V
+
 
/

V
n
0
$;T?
B
.8(-:
2=
Vm
$;:
3
,/.8(
!
&Vn
V
u
V 	
$;:R&
!4020
$*e'ﬀ'c0'@Y['HG|712{<(@ﬂ0^FX'c<'c1ﬃ^!1
,
.-/01%ﬃﬂ1120

'c 
u
V
O
0
.?<
<I !
T#"
VemswU

,
0 $

#$$.0
ﬁ7V
+
 $
/
3 V 
.
?
<K(
] 1FX
<@ﬂ0[r'HGLﬀ
,


ﬃﬂ<'c1ﬃ+!1y%
{ !FX1ﬃ<'c1ﬂ0ﬁ"!1{
'cFhﬀ
-/0"%'cFX'@Y12'cZ"4('c
'ﬀ<P,
.-/012 

"
3+V
O
0
.?<
<>3

,

-


ﬂ$ $  
ﬁ V
+
$ 
/
3 V
=
$
3
,
!
&
3 V

.
?
<K(
@ﬂ0Vgﬀ112V'HGz!%+'/ﬂ
({Y
iﬂ!12@) 0'(![E
! cﬂ! 
g1ﬃ('c
`

)!1
.-/,012 
$;T4T
!
S>&
DP<
$;:
3
"
3+V
$
!7] V I 
,
R
ﬁ7V
+
$>
/
3 V 
.
?
<K(

T4,
?A?
.8:?<KTX$&M<2,/:eS>(M<
];D+!V
+
$
,*/
u
V3qV
=
!+02<>!
(
!
&
$
V !
$
<

	
,
?
S8.U&
!
(zu;,/.>(-:%$
0l

  
L
 U  

#$ 0R
ﬁ7V
+
$ 
/

V
d
<2(@?FS%$ &)(M<KT?

	VWqV !+0
$&-&
!
&
YV Vet !
T4T#"?<
CA&ﬀ!FkŁ(ﬂ<'c1Q-/[X!F,0kﬂg@ﬂ112@ﬂ{
08!1Y 
T <
!
:8T
!^S	SU

0
-

L
0  

ﬂ$ 
,
ﬁ V
+
$  
/

 V

V 
(
!+393


Vp3 V !
.ﬃ?;,
0K3
?



 V V	t !
&-&
!
(
0
<2:
*z!
&Vn
V =V
O
0
$:8:
!
(

_h,FX
<@ﬂ0${
ﬁﬀP!1#
	
$
?CB
(<
<8*/!PK
:?<
];!
(
3
<K&
 
(
!+393

     
L
   F

#$ $
,
ﬁ V
+
$R
/
=
V !
&-(-,/S ,
0
<
3

3 V
$
,
3-!
:
B80
.>&)"

 V
$
,
39!
:
B80
.>&)"

3 V =!4020K!
(
!
&
IV =!4020K!
(
v /ﬃﬂ<'c1
'HGC<ﬂHP@ﬂ00kﬂ<'c1ﬃh-/[JG.ﬂc7'cFhﬀ!1Y)F:ﬂ%!12 
u
V
	
"
!4? V

"
U34V,S s

# 
-
L
ﬂ $
,

#$R  
ﬁ V
 
,
 	
ﬀﬁﬂﬃ ﬁ!"#"#$&%'ﬃ(*)+,.-0/(*1324(5ﬃ#)ﬂ+,)67$"&+,78$#19ﬂ:ﬁ;"#2,"#
$#)<#$#2,1ﬀ6>=&"&)ﬁ;"&=?1(*ﬂ+,@?$Aﬃ#)71?B(*1>CBﬁ$24(5DEﬁ)ﬂ:6"GF $#1H=;ﬂ:"GFI7@?$(*+,ﬁ1:"&+KJG7)1>+,2L2,
ﬁ;ﬀ(+,@?$.- MN15ﬃ#)71>O"(*1P$#1Qﬃ#)ﬂ+,)RﬂﬃN2,Rﬁ2L$#+,ﬁ1N"#SﬀT=&ﬂ:Tﬀ.(*2,ﬀ$#2,7U"(*1P2VFW(*ﬃ&X
ﬃ#)ﬁ%&+LﬂC(*+,ﬁ1Aﬂ+KXYﬀ24(+,@?$!Z;ﬃ#$#+,[ﬀ2L2,ﬁ<#1?$\ﬃ(*)$#1Nﬂ:7ﬁ;"#]"#R^=?ﬃ_U`Qﬁ1?aXb[(*)2,ﬁ:("(*ﬃ#7T(*$
ﬃ#)ﬁ<#2,ﬂ:!Z>"(*12,Pﬀ.(cﬁd:2,[Deﬁ)f.(*ghPc$#ﬃ#ﬃ ﬁ!7\B(*+,+,@>$ﬂ:1?ﬁﬂ:ﬁgh1Nc+,ﬁ)ﬁﬃ_!-?ﬁ2L$#+,ﬁ1
ﬃ#)71>1?$#1'<_ﬁ19(ﬀﬀﬁ)"9(ihﬀ"#j)7$#2LB(*3"GFIa%;ﬃ_7)+,1ﬀ3j"#+LﬂS$#24(*+,ﬁ131?$#ﬂ:7)+,@>$3"&+L)ﬀ
"#2VFI7@>$(*+,ﬁ1k"#6lU(.i?+,)mXbn?ﬁoh.-p/(*1$#1qﬀﬁ1"9ﬂﬃCBﬁ1>ﬃ#)71?7:2,:ﬁ2L$#+,ﬁ1C"&$q=;ﬂ:
2,ﬁ)@?$rF $#15ﬀ+,B(*+L2L2,ﬂ:1>UR(*ﬃ#ﬃ#2L+,@?$7Ss32VFI7ﬀﬁ$#2,ﬂ:1>.-
t
(Uﬀﬁ1"#ﬃ(*)+,[uﬀﬁ1v(ﬀ)7[sR2VFI7$"#["#24(N)B(*1+L+,ﬁ1:(*$3ﬀ(ﬁ!wﬃ(*+,ﬁ*XVﬂﬃ_ﬁ)2#ﬃ(*)u+L1>)ﬂ+L1ﬀ
"(*1$#18=&ﬂ:N>=&"&)ﬁ?"&=;1(*ﬂ+,@>$N)72V-#N)B(*1+L+,ﬁ1"GFW(*< ﬁ)"7$"&+,7U@>$(*1?+LB(*+Lihﬂ:1>.Z#ﬃ#$#+,
$#1jﬂ:ﬁ;"#2,"GF +L1?)ﬂ+L1ﬀ\ﬃ(*+,ﬁ*XVﬂﬃ_ﬁ)2L2,u(*ﬃ#ﬃ#2L+,@?$7(*$&%Sﬀﬁ1"&+L+,ﬁ1w(*$&%T2L+Lﬂ+L0"#c2VFIa%&ﬃ 7)+,1ﬀ!-
ﬁﬂﬂ:P2,P=;ﬂ:[)72VZ>2,cﬁ2L$#+,ﬁ1"#Pﬀ[ﬂ:ﬁ;"#2,Pﬃ#)71?1>ﬃ ﬁ$#)ﬀ)B(*+L1i(*2,$#)p"#cﬃ(*)B(*ﬂ:)
"#ﬁ1>\+L2G"#7ﬃ_1"8$#1)7g!+Lﬂ:"#N<#+,B(*<#+L2L+L7!Z&ﬃ#)\"&$6$#+L2VZ&1>)]2VF +L1?)ﬂ+L1ﬀTﬃ(*+,ﬁ*XVﬂﬃ_ﬁ)2L2,T[$#1
)7g!+Lﬂ:TﬁdA2,"#7ﬁ)"&)S1rFI\ﬃ#)71?R@>$S$#)\2,\<_ﬁ)"#.-
xzyG{h:|#}Y
_~r$#)<#$#2,1ﬀN>=&"&)ﬁ?"&=;1(*ﬂ+,@>$!Z?Rﬃ#ﬃ#)ﬁ;ﬀP24(*g!)B(*1#g!+,1#1!Z?`ﬁ?"#2,Rﬁ?ﬀB(+,@?$!ZhRﬃ#ﬃ#)ﬁ.%;+KX
ﬂC(*+,ﬁ1:ﬂ+KXYﬀ24(+,@?$!Z!~r$#)<#$#2,1ﬀRﬁ$wﬀ+,B(*+L2L2,ﬂ:1>.Z>Y1?)ﬂ+L1ﬀPﬃ(*+,ﬁ*XVﬂﬃ_ﬁ)2L2,!Zh~r)B(*1+L+,ﬁ1(*$
ﬀ(ﬁ!Nﬃ(*+,ﬁ*XVﬂﬃ ﬁ)2VZR7.(*$&%6"GF +L7)B(*+,ﬁ1Uﬀﬁ$#ﬃ#2,7.Z^1B(*<#+L2L+L7T"#N(.=?2,+Lg!&XY~u(=;2,ﬁ)
{!>Łe{{!p|;Ł^mp}Y}Vc#}Vyr\{hhpp}Vp|&'GŁ^y}^ŁY_cwG	Ł^|#

p{!hG|;{
;~[#+,+,G+,"&+Li?+,"#"+L1?ﬁP^pﬁNﬃ(*).-.^1w)ﬁ1c+,$"&+,"S(\ﬂ:ﬁ?"#2>ﬁ*D#?=;"&)ﬁ;"&=?1(*ﬂ+,ﬀ
$#)<#$#2,1ﬀ6\#+,ﬀkﬀﬁ1+,:ﬁ*D(QB:ﬁ*DUﬁ;ﬀ(+,ﬀ6"&+KJG)1>+4(*2U@>$(*+,ﬁ1-w[3).Z0ﬁ1ﬃ#)1>C
ﬁ2L$#+,ﬁ1ﬁ*D_#+,p=&ﬂﬀ.(*2,ﬀ$#24(*"8+L1:Rﬂ+,ﬀ24(B+,ﬀ.(*2 (*ﬃ#ﬃ#)ﬁ.%;+LﬂC(*+,ﬁ1rZ;1Cﬁ!BPﬁ<#B(*+L1"C#)ﬁ$#g!
(:`ﬁ1>aXb[(*)2,ﬁ*XV^=?ﬃ_Oﬂ:ﬁ?"("(*ﬃ#"5ﬁCTﬃ#)ﬁ<#2,ﬂAZ+L15Sﬀ.(B\)STDEﬁ)ﬀ+L1#g8+,R$#ﬃ#ﬃ_ﬁ!"5ﬁ
< [B(*+,+,ﬀ.(*2L2L=Sﬁﬂ:ﬁgh1ﬁ$p(*1"O+,ﬁ)ﬁﬃ#+,ﬀ!-!~[BBﬁ2L$#+,ﬁ1c(*)ﬁ.\1ﬁU< +L13ghﬁ;ﬁ?"3(*g!)ﬂ:1>c\+L
)$#2Lﬁ*D#a%&ﬃ )+Lﬂ:1?u(*1"T"&+L)ﬀ1>$#ﬂ:)+,ﬀ.(*2&+LﬂS$#24(*+,ﬁ1uﬁ*D&l](i;+,)mXbn?ﬁoh@?$(*+,ﬁ1r-n?$#<@?$1>2L=hZ
(*)ﬃ#)1?"A=&ﬂﬁ2L$#+,ﬁ1U(R(3.(*)P+,R(*ﬃ#ﬃ#2L+,"AﬁUﬁ.T-
~[5ﬀﬁ1"Hﬃ(*)C+,:"#ihﬁ"kﬁQ$"&= ﬁ*D]5)B(*1+L+,ﬁ1Hﬁ'ﬃ(*+,ﬁﬂﬃ ﬁ)B(*2]ﬀ(ﬁ!8#)ﬁ$#g!	+L1&X
)ﬂ+L1ﬀ=Q+L1¡(8).(*20>=&"&)ﬁ?"&=;1(*ﬂ+,ﬀ=&ﬂA-_¢u+L)N#+,])B(*1+L+,ﬁ1+,U$"&+,"@>$(*1?+LB(*+Lih2L=hZG1¡(
ﬃ(*+,ﬁﬂﬃ_ﬁ)B(*2G+L1>)ﬂ+L1ﬀ=ﬂ:ﬁ?"#2_+,\(*ﬃ#ﬃ#2L+,"ﬁO]a%;ﬃ_)+Lﬂ:1>\<_ﬁ$#1"(*)=8ﬀﬁ1"&+L+,ﬁ1.-#UU).(*2
=&ﬂAZu6ﬁ2L$#+,ﬁ1ﬁ*DN#+,3ﬂ:ﬁ;"#2\ﬃ#)1>.ZuDeﬁ)ﬀ)B(*+L1 i(*2L$ﬁ*DUﬃ(*)B(*ﬂ:)+L"#ﬃ 1"#Cﬁ1rZ
(6<#+,B(*<#+L2L+L^=)g!+Lﬂ:C1.(*)j#)ﬁ2,"¡<_Y1£ﬃ(*+,ﬁﬂﬃ ﬁ)B(*2+L1>)ﬂ+L1ﬀ=¤(*1"£(6)g!+Lﬂ:C+L1'\#+,ﬀ
"&+,ﬁ)"#)N(*)+,Rﬁ1A<_ﬁ$#1"(*)+,Rﬁ1#2L=h-
¥'§¦yr>p
O¨R=&"&)ﬁ?"&=;1(*ﬂ+,ﬀ$#)<#$#2,1ﬀ!Z
t
(*g!)B(*1#g!+4(*1(*ﬃ#ﬃ#)ﬁh(ﬀrZUn?ﬁ?ﬀB(+,ﬀﬂ:ﬁ?"#2VZPn;ﬂ+,ﬀ24(+KX
ﬀ.(*2(*ﬃ#ﬃ#)ﬁ%&+LﬂC(*+,ﬁ1rZn?.(*)$#)<#$#2,1ﬀ!Zn?ﬃ(*+,ﬁﬂﬃ_ﬁ)B(*2c+L1>)ﬂ+L1ﬀ=hZ~r)B(*1+L+,ﬁ1'ﬁ6ﬃ(*+,ﬁﬂﬃ ﬁ)B(*2
ﬀ(ﬁ!.Z ﬁ$#ﬃ#2,"AﬂC(*ﬃA24(*+,ﬀ.ZN(=;2,+Lg!&XY~(.=?2,ﬁ)N+L1B(*<#+L2L+LY=

ŁY|#ŁYp}YŁ^cq


"
U3
< (F.
!
K
:?<
];!
(
3
<K&
D\<>!
=
<2T
!
L ,/S8"?<2$
3
:R&E<KS ,
0
<
3
o
:
3
&E<'&).>&
=
,;: N <K:
D
$-<K(
!<>!
=
<2T
!3© Kh
$
0.0> 
	
=
$

   0>

(9,/.>&
!<>!+3
NE.>T <2,
02!+3
 0R 0 
t
$
0KB
,;:8:
!

O (-$;:8T
!
